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PREFACE. 


The  following  Treatise  is  respectfully  submitted  by  the 
author  to  the  teachers  of  Canuda,  in  the  confident  belief 
that  it  will  materially  lighten  the  labor  of  the  instructor, 
and,  at  the  same  time,  facilitate  the  pupil's  progress  and 
his  thorough  comprehension  of  the  principles  of  the  science 
of  algebra.  It  is  the  earnest  hope  of  the  author  that  it 
may  meet  with  the  same  flattering  reception,  and  very 
general  introduction  into  the  schools  of  the  country,  that 
his  fellow-teachers  have  so  kindly  accorded  to  his  previous 
productions. 

The  order  of  succession  of  the  different  chapters  depends 
of  course  mainly  on  their  importance  and  difficulty,  and 
that  here  adopted  is  the  one  that  appears  preferable  to  the 
author ;  but,  as  every  chapter  is  nearly  independent  of  the 
others,  the  teacher  can  easily  modify  the  arrangement  to 
suit  himself. 

The  aim  of  the  work  is  to  embrace  all  that  can  be  pro- 
fitably discussed  in  the  time  usually -allotted  to  a  comnic-n 
and  grammar  school  course;  and,  indeed,  this  volume  will 
be  found  to  contain  at  least  as  much  of  the  subject,  as  is 
required  to  be  read  for  the  ordinary  degree  of  B.  A.  in 
the  British  and  Canadian  Universities.  Chapters  on  con- 
tinued   fractions,    logarithmic    series,    probabilities,   and 


IV  PREFACE. 

the  general  theory  of  eciuutions  were  prepared,  but,  in 
accordance  with  the  advice  of  some  oi'  the  leadin*^  educators 
of  the  province,  they  were  omitted  as  unsuited  to  tlie  de.siti;n 
of  the  work,  and  to  the  requii  emonts  of  cduimon  or  gram- 
mar school.*. 

The  author  has  approaclied   the  subject  with  the  cou- 
viction,  founded  on  many  years'  experience  as  a  teacher  of 
mathematics,  that  the  science  of  algebra  tries,  beyond  all 
others,  the  powers  and  patience  of  the  learner.     The  ])upil 
is  commonly  introduced  to  it  while  his  mind  is  yet  in  an 
undeveloped  state ;  its  language  is  new  to  him,  and  he  is 
unprepared    by    previous    training    to    comprehend    its 
abstractions.     The  difficulties  which  thus  beset  his  path 
are,  of  course,  for  the  most  part,  only  to  be  overcome  by 
his  own  perseverance,  aided  by  the  knowledge  and  ingen- 
uity of  his  instructor,  yet  it  appears  to  the  author  that 
very  much  also  depends  upon  the  style  and  thoroughness 
and  adaptation  of  the  text-book  employed.     Accordingly 
in  the  preparatiou  of  this  volume  no  pains  have  been  spared 
in  rendering  the  statement  of  principles,  and  the  demonstra- 
tion of  theorems  as  clear  and  concise  as  possible,  or  iu 
fully  illustrating  each  rule  by  numerous  examples  carefully 
worked  out  and  explained,  or  in  selecting  and  arranging  the 
examples  of  an  exercise  so  as  to  begin  with  the  simple, 
and  gradually  pass  on  to  the  more  difficult. 

The  author  hopes  that  while  he  has  insisted  upon 
great  thoroughness  by  numerous  and  appropriate  problems, 
he  has,  at  the  same  time,  rendered  the  pupil's  advancement 
easy  and  certain  by  the  many  explanations  and  illustra- 
tions introduced. 

The  great  majority  of  the  problems  and  exercises  are 
new, — being  now  published  for  the  first  time,  but  there  are 
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also  a  number  already  familiar  to  the  teacher.  In  select- 
ino;  those  the  author  has,  he  believes,  in  every  case  rigidly 
adhered  to  the  rule,  adopted  by  Todhunter,  Colenso,  and 
others,  of  not  inserting  a  problem  unless  it  had  already 
appeared  in  at  least  two  British  authors — in  which  case  it 
is  to  be  regarded  as  common  property. 

Kecognizing  the  fact  that  very  many  of  the  pupils  of  our 
common  and  grammar  schools  study  with  the  view  of  com- 
pleting their  education  at  some  one  of  our  excellent  Cana- 
dian universities,  the  author  has,  at  the  end  of  the  book, 
introduced  a  collection  of  problems  and  theorems,  embracing 
among  others  all  or  nearly  all  of  the  pass  and  honor  work 
in  algebra  which  has  been  given  on  the  examination  papers 
of  the  university  of  Toronto  during  the  last  eight  or  ten 
years.  These  will  serve  to  shew  the  pupil  the  style  of 
questions  he  is  expected  to  answer  at  our  universities, 
and  will,  at  the  same  time,  in  a  measure  prepare  him  for 
I  his  examinations. 

As  no  teacher  would  think  of  introducing  his  pupils  to 
arithmetic  without,  to  some  extent  at  least,  first  drilling 
tliem  in  notation  and  numeration,  so  no  intelligent  teacher 
will  neglect  to  drill  his  pupils  in  algebraic  notation  and 
numeration  before  inti'oducing  them  to  the  ordinary  rules. 
The  teacher  is  re.«pectfully  referred  to  exercises  ii,  iii, 
and  iv,  and  is  recommended  to  extend  and  continue  these 
until  his  pupil  is  thoroughly  and  practically  acquainted 
with  the  definitions. 

Well  knowing  the  great  inconvenience  to  both  teacher 
and  pupils  of  inaccuracies  and  mistakes  in  a  work  on 
algebra,  the  author  has  subjected  this  treatise  to  a  searching 
revision  ;  and  he  believes  that  the  few  corrections  marked 
on  the  back  of  the  title  page  are  the  only  errors  in  the 
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letter- press  of  the  exercises  and  anHWors  of  the  work 
The  teaeher  is  respectfully  recommended  to  cause  his 
pupils  to  make  the  six  or  eitjht  trifling  alterations  there 
indicated  in  the  body  of  the  work  with  pen  and  ink. 

A  key,  containing  full  solutions  to  all  the  more  difficult 
problems,  is  in  press  and  will  be  issued  almost  immediately 

Toronto,  January,  1864. 


CONTENTS. 


Page 

Definitions 10 

Axiom? 16 

Exercises  on  Definitions,  &c 17 

Addition 22 

Subtraction - 25 

Use  of  Brackets 27 

Multiplication . 33 

Division 37 

Division  and  Multiplication  by  detached  coefificients 42 

Synthetic  Division 44 

Theorems  in  Division  and  Multiplication 46 

Factoring 51 

Greatest  Common  Measure 57 

Least  Common  Multiple G4 

Fractions 66 

Reduction  of  Fractions 68 

Addition  and  Subtraction  of  Fractions  72 

Multiplication  of  Fractions 73 

Division  of  Fractions, 75 

Reduction  of  Complex  Fractions 76 

Miscellaneous  Theorems  in  Fractions 78 

Simple  Equations 81 

Problems  in  Simple  Equations 89 

Simultaneous  Equations  of  two  unknown  quantities 100 

Elimination  by  Addition  or  Subtraction 101 

Elimination  by  Substitution 103 


yill  CONTENTS. 

Page 

Eliminntion  by  Comparison 104 

Simullnncous  Kquations  of  more  than  two  unknowns 106 

Problems  producing  ^iniullaiicous  Equations 109 

Involution 114 

Involution  of  Monomials  115 

Involution  of  Binomials 116 

Involution  of  Polynomials 117 

Evolution  of  Monomials 119 

Evolution  of  Polynomials 120 

Extraction  of  roots  in  general 129 

Theory  of  Indices 130 

Sufds 137 

Reduction  of  Surds 139 

Addition  and  Subtraction  of  Surds 140 

llulliplicalion  and  Division  of  Surds 141 

Rationalization  of  Surds 141 

Theorems  in  Surds 144 

Square  root  of  Binomial  Surds 147 

Imaginary  Quantities ...   148 

Quadratic  Equations 150 

Theory  of  Quadratic  Equations 161 

Equations  which  may  be  solved  like  Quadratics 165 

Simultaneous  Equations  of  the  Second  degree 171 

Problems  producing  Quadratic  Equations 178 

Ratio 185 

Proportion 188 

Variation 192 

Arithmetical  Progression 198 

Geometrical  Progression 204 

Harmonical  Progression 209 

Permutations 213 

Combinations 217 

Binomial  Theorem 221 

Notation  and  Properties  of  Numbers 235 

Inequalities 240 

Vanishing  Fractions 243 

Indeterminate  Equations 244 

Uiscellaneous  Exercises 252 

Answers  to  Exercises 270 


ALGEBE  A. 


SECTION    I. 

DEFINITIONS  AND   AXIOMS. 

1.  Algebra  is  Arithmetic  generalized ;  or,  in  other 
words,  it  is  a  kind  of  Arithmetic  in  which  the  nunxbcrs  or 
qiuintities  under  consideration  are  represented  hy  letters, 
and  the  operations  to  be  performed  on  these  indicated  hy 
signs. 

2.  The  symbols  employed  in  Algebra  are  of  five  kinds 
viz. : — 

1st.    Symbols  of  Quantity, 
2nd.  Symbols  of  Operation. 
3rd.  Symbols  of  i?e?«<io/i. 
4th.  Symbols  o^  Aggregation. 
r)th.  Symbols  of  Z>e(fttc<ton. 

SYMBOLS   OP   QUANTITY. 

3.  The  symbols  of  quantity  are  the  Arabic  numerals 
and  the^letters  of  the  alphabet. 
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4.  Algebraic  quantities  are  of  two  kinds,  viz.  : — 

let.  Known  or  determined  quantities,  or  those 
whicli  may  be  assumed  to  be  of  any  value 
whatever. 

2nd.  Unknoicn  or  undetermined  quantities,  or 
those  whose  value  can  be  determined  only 
by  actually  performing  the  operations 
involved  in  the  solution  of  the  problem, 
&c. 

5.  The  tirst  letters  of  the  alphabet,  a,  b,  c,  d,  &c.,  are 
used  to  represent  known  quantities,  and  the  last  letters  of 
the  alphabet,  ar,  t/,  z,  w,  v,  &c.,  are  employed  to  represent 
unknown  quantities. 

6.  The  symbol  0  is  called  zero,  and  indicates  the  ab- 
sence of  quantity,  or  it  represents  a  quantity  infinitely 
small,  i.e.  less  than  any  assignable  quantity. 

7.  The  symbol  oc  is  called  infinity,  and  denotes  a  quan- 
tity infinitely  great,  i.e.  greater  than  any  assignable  quantity. 

Note. — The  symbol  ol  is  also  employed  to  indicate  that  one  quantity 
varies  as  another.    [See  the  section  on  Variation.] 

SYMBOLS  OP   OPERATION. 

8.  The  symbols  of  operation  are  + ,  -  ,  '^j  x  , -^  ,*•'■■*•  *"■• 

9.  The  sign  +  is  called  plus  or  the  sign  of  addition,  and 
indicates  that  the  quantities  between  which  it  is  written 
are  to  be  added  together. 

Thus,  7  +  9,  read  7  plus  9,  means  that  7  and  9  are  to  be  added 
together. 

o  +  ft,  read  a  plus  b,  denotes  that  a  and  b  are  to  be  added 
together. 
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10.  The  sign  —  is  called  minus  or  the  sign  of  subtrac- 
tion, and  indicates  the  subtraction  of  the  quantity  following 
it  from  the  quantity  preceding  it.    , 

Thus,  11-6,  read  11  minus  6,  means  that  6  is  to  be  taken 
from  11. 

a-b,  read  a  minus  b,  implies  that  the  quantity  a  has  to  be 
decreased  by  the  quantity  b. 

11.  The  multiplication  of  one  algebraic  quantity  by 
another  may  be  indicated — 

1st.    By  writing  the  sign  x  between  them. 
2nd.  By  writing  a  dot  .  between  them. 
3rd.  By  writing  them  in  juxtaposition. 

Thus,  a  X  b  and  a  .  b  arid  ab  each  indicate  the  multiplication  of 
the  quantity  a  by  the  quantity  b,  and  are  read  a  multiplied  into 
b,  or  simply  a  into  b.  The  last  is  the  method  commonly  em- 
ployed to  indicate  multiplication  in  algebra.  Arithmetical 
multiplication  is  expressed  only  by  the  sign  X,  the  other 
methods  being  obviously  inapplicable  to  numbers. 

Note.— Quantities  connected  by  the  sign  +  or  x  may  be  read  in  any 
order.  Thus  6  4-  3  is  the  same  in  value  as  3  +  6,  for  each  is  equal  to  9 ;  so 
6  X  5  is  the  same  in  value  as  5  x  G,  for  each  is  equal  to  30. 

12.  There  are  three  modes  of  representing  the  division 
of  one  quantity  by  another,  namely,  by  writing  between 
them  the  common  arithmetical  sign  of  division  -^  or  by 
writing  between  them  either  the  sign  :  or  the  sign  - 

Thus,  a  ^  6,  and  a:b,  and  ^  each  represent  the  division  of  tlie 
quantity  a  by  the  quantity  b.  The  last  method,  i.e.  vrriting  tlie 
quantities  in  a  fractional  form  is  that  usually  made  use  of  in 
algebra. 

Note.— Quantities  connected  by  the  sign  —  or  -f-  must  be  read  just  as 
they  are  written.  Thus  8  —  3  is  very  different  in  value  from 3  — 8;  so 
12 -f- 4  is  quite  distinct  from  4  — 12. 


12  DKI'INITMNS.  [Sect.  I. 

13.  The  pyinbol  -  written  bi'twccii  twt)  (|u;intitic9  indi- 
cates tliat  tlie  less  is  to  be  subtnietod  from  the  f;;reater. 

Thus,  7-3  or  3-7,  ri'iid  the  diirerenco  between  3  nnd  7, 
denotes  that  3  is  to  be  taken  from  7.  Sort-/»  or  h-d  indi- 
cates that  II  is  to  be  taken  from  b  or  h  from  ff,  according  as  a  is 
less  or  greater  than  b. 

Note. — The  symbol  -  is  employed  only  when  it,  is  not  known  which  of 
the  two  quantities  is  the  greater. 

14.  An  exjionent  is  a  sniiill  fif^'ure  or  letter  placed  to  the 
right  of  a  quantity  to  show  hoio  often  it  is  taken  as  &  factor. 

Thus,  «*  =  (uui,  the  3  indicating  that  a  is  to  be  taken  three 
times  as  factor. 

m''  =  mmmmmmm,  the  7  showing  that  m  is  to  be  taken  seven 
times  as  factor. 

(rt-f  6)"  =  (a +  6)  (a  +  b)  (a  +  b),  &c.,  to  n  terms,  the  n  denot- 
ing that  the  quantity  (a  +  b)  is  to  be  taken  as  factor  as  many 
times  as  there  are  units  in  n. 

Note.— When  the  exponent  is  unity,  it  is  not  conunonly  expressed. 

15.  The  extraction  of  a  root  is  indicated  either  by  writ- 
ing it  with  a  fractional  index  or  by  placing  it  under  the 
radical  sign  V* 

Thus,  V7  or  7^  denotes  the  square  rout  of  7. 
^a  or  a^  denotes  the  cube  root  of  a. 
\'a  or  a"  denotes  the  n'*  root  of  a,  &c. 

16.  The  number  3,  or  4,  or  5,  &c.,  placed  in  the  radical 
si<»n  or  as  denominator  in  the  fractional  exponent,  is  called 
the  index  of  the  roof.  The  index  2  is  never  used  in  con- 
nection with  the  radical  sign ;  thus,  V«  is  the  same  as  ^a. 

17.  When  a  fractional  exponent  is  employed  the  nume- 
rator denotes  the  power  and  the  denominator  the  root  to 
be  taken. 
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Thus,  rt'  denotes  the  4'''  power  of  the  7'*"  root  of  a  or  the  7'''' 
root  of  the  4""  power  of  a. 

X "  indicates  the  «""  root  of  the  m"'  power  oix,  or  the  ?ft"'  por\ver 
of  the  «"»  root  of  x. 

SYMBOLS   OF    RELATION. 

18.  The  symbols  of  relation  are  : ,  =  ,  : : .  > ,  and  < . 

19.  The  symbol  :  denotes  ratio. 
Thus,  a  :b  denotes  the  ratio  of  a  to  b. 

20.  The  symbol  —  is  the  sign  of  equality. 

Thus,  7+4  =  5  +  G  denotes  that  the  sum  of  7  and  4  is  equal  to 
the  sum  of  5  and  6.     a  =  b  denotes  that  a  is  equal  in  value  to  b. 

21.  The  symbol  ::  is  also  a  sign  of  equality,  but  is  used 
only  to  denote  the  ajualifij  of  ratios. 

Thus  9  :  27  ::  5  :  15  denotes  that  the  ratio  of  9  to  27  is  equal 
to  that  of  5  to  15. 

a  .b  .:  c  :  d  denotes  that  the  ratio  of  a  to  6  is  equal  to  that  of 
c  to  d. 

22.  The  symbol  >  greater  than,  and  the  symbol  <  less 
than,  are  signs  of  inequality. 

Thus  7^5  denotes  that  7  is  greater  than  5. 
a  ^  b  denotes  that  a  is  greater  than  b. 
5  <  7  denotes  that  5  is  less  than  7. 
a  <^  b  denotes  that  a  is  less  than  b. 

Note.— Tho  opening  of  the  angle  is  always  towards  the  greater  quantity. 
SYMBOLS   OP   AGGREGATION. 

23.  The  symbols  of  aggregation  are  — ,  |  ,  (  ),  [  I,  and 
[]• 

24.  The  symbol  —  is  called  a  vinculum,  and  indicates 
that  the  quantities  over  which  it  is  placed  are  to  be  regarded 
as  constituting  hut  one  quantity. 
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TliU!),  a  +  b  -  c  >  (I  iiKuiis  llial  the  <jiiaiitity  funned  by  Iho 
bubtraction  of  r  from  tin-  sum  of  u  and  l>  is  to  be  multiplied  by  d. 

vmH-x;y  denotes  tliat  the  square  root  of  the  sum  of  m,  x, 
and  y  is  to  bo  taken. 

25.  The  symbol  |  is  called  a  har,  and  indicates  that  the 
•jiiantities  in  the  column  directly  precedini;  it  arc  to  be 
considered  as  forniini::;  but  one  (juuntity. 


■ia 
Thus,   :  h 

-  c 


denotes  that  tiie  quantity  formed  by  tlie  subtrac- 
tion of  c  from  the  sum  of  a  and  b  is  to  be  squared. 


20.  ThQ  2)aTentheses  (  ),  braces  \  \,  and  brackets  [  ], 
denote  that  the  quantities  contained  within  them  are  to  be 
regarded  as  constituting  one  quantity. 

Thus  (a  -i  b)x  denotes  that  the  sum  of  a  and  b  is  to  be  multi- 
plied by  X. 

\a-  {b+  c)  p  indicates  that  the  sura  of  b  and  c  is  to  be  taken 
from  a  and  the  remainder  cubed. 

[a  -  {  «i  -  (i  +c)  x\]y  denotes  that  (b  +  c)x  is  to  be  taken 
from  m  and  the  remainder  subtracted  from  a,  and  that  this  final 
remainder  is  to  be  multiplied  by  y. 

SYMBOLS    OF   DEDUCTION. 

27.  The  symbols  of  deduction  are  .'.  and  ■/ 

28.  The  symbol  .'.  is  equivalent  to  therefore,  whence, 
thence,  consequently ,  from  which  we  infer,  &c. 

Thus,  a  =  b  and  c  =  b  .-.  a  =  c. 

29.  The  symbol  ".■  signifies  since  or  because. 
Thus,  a  =  c  ■.•  a  =  b  and  c  =  b. 
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30.  The  parts  of  an  algebraic  expression  separated  from 
each  other  by  the  sign  of  addition  or  subtraction,  expressed 
or  understood,  are  called  terms. 

Thus,  a  is  an  algebraic  expression  of  one  term  and  is  called  a 
monomial. 

a  +  b  is  an  algebraic  expression  of  two  terms,  and  is  called  a 
binomial. 

a  +  b-c  is  an  algebraic  expression  of  three  terms,  and  ia 
called  a  trinomial. 

2a+3b-ic  +  x-y  is  an  algebraic  expression  of  five  terms, 
and  is  called  a  multinomial  or  polynomial. 

31.  The  parts  of  an  algebraic  expression  connected  by 
the  sign  of  multiplication,  expressed  or  understood,  ar« 
called  factors. 

Thus,  the  factors  of  the  expression  ab  are  a  and  6. 
The  factors  of  the  expression  a^bc^  are  a,  a,  b,  c,  c,  and  c. 
The  factors  of  the  expression  (x  — y)*(a -/ny)"*  are  (x-y), 
(x-y),  (a-my),  (a-yny),  and  (a~my). 

32.  The  terms  of  an  algebraic  expression  which  are 
preceded  by  the  sign  -f  are  called  additive  or  j^ositive 
terms  ;  those  preceded  by  the  sign  -  are  called  suhtractive 
or  negative  terms. 

Thus,  in  the  expression  1a-3c  -  4d  -r  5  m  + 7  x +  8y-»/ix -a6, 
the  terras  7a,  5m,  7x,  and  ?y  are  additive  or  positive,  and  the 
terms  3c,  4d,  mx,  and  ab  are  subtractive  or  negative. 

KoTB. — When  no  sign  ie  expressed  before  a  quantity  it  ia  understood  to 
be  additive.    Thus,  iu  the  above  expression,  7a  is  written  for  +  la. 

33.  A  coefficient  is  a  number  or  letter  written  to  the 
left  ot  a  quantity  to  show  how  often  it  is  to  be  taken  as 
addend. 

Thus,  7a  indicates  that  the  sum  of  seven  a's  is  to  be  taken  in 
an  additive  sense. 

-5x  denotes  that  the  sum  of  five  -x's  is  to  be  taken  in  an 
additive  sense. 

Here  7  is  called  the  coefficient  of  a,  5  the  coefiBcient  of  x,  &c. 
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34.  Lilcr  idgrlu-itic  i/iKiiitidiii  arc  tliosi;  that  «;onai«t 
of  the  same  letters  affected  by  the  same  exponents. 

Thus,  -3(1,  -  2rt,  4(1,  -  5(1  are  like  quantities. 

a*bc,  1a*br,  -3u*bc  are  like  quuntitios. 

5(u^-6fr'),  1(a-'-l,  :c>)  and  ;\-,  (a"- 1,  \  r')  are  like  quan- 
tities. 

But  ((''he,  and  ab-c  are  unlike  quantities,  because  the  same 
letter  is  not  all'ected  by  the  exponent  2. 

So  also  a'b>r\  «-'/;V,  and  (t*h*r'  are  unlike  (juantitics. 

35.  Jlonwgcncous  terms  are  those  in  whicli  the  sum  of 
the  exponents  of  the  literal  factors  in  each  are  equal. 

Thus  2a*y  and  7«»v»  are  homogeneous,  and  the  sum  of  the 
exponents  of  the  literal  factors  in  each  being  5,  tliey  are  called 
homogeneous  terms  of/we  dime7isions. 

3(w'!/3,  4„  j.t,j.i^  9,j6y^  laxy^,  and  y'  are  homogeneous,  the 
sum  of  the  exponents  of  the  literal  factors  in  each  term  being  7, 
and  they  are  called  homogeneous  terms  of  seven  dimensions. 

36.  The  reciprocal  of  a  quantity  is  unity  divided  by 
that  quantity. 

Thus,  the  reciprocal  of  3  is  ^,,  of  a  is  i,  of  ^  jg  f ,  of  ^  is  J,  &c. 
AXIOMS. 

37.  An  axiom  is  a  theorem  which  cannot  be  reduced  to 
a  simpler  theorem. 

The  following  are  the  principal  axioms  made  use  of  in 

algebra : — 

I.   The  whole  is  equal  to  the  sum  of  all  its  parts. 
II.  If  equal  quantities  or  the  same  quantity  be  added  to  equal 
quantities,  the  sums  will  be  equal. 

III.  If  equal  quantities  or  the  same  quantity  be  subtracted  frojti 

equal  quantities,  the  remainders  will  be  equal. 

IV.  If  equals  be  multiplied  by  equals  or  by  the  same,  the  pro- 

ducts will  be  equal. 
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V.  If  equals  he  (iivuled  by,  equals  or  by  the  same,  the  quotients 
will  be  equal. 
VI.  If  the  same  quantity  be  both  adiled  to  and  subtracted  from 

another,  the  latter  will  not  be  altered  in  value. 
VII.  If  equals  or  the  same  be   added   to   or   subtracted  from 
unequal   quantities,    the   sums   or  remainders   will   be 
unequal. 
VIII.  If  unequals  be  multiplied  or  divided  by  equals  or  by  the 
same,  the  products  or  the  quotients  will  be  unequal. 
IX.  Equimultiples  of  the  same  quantities  or  of  equal  quantities 
are  equal  to  one  another. 
X.  Equal  powers  or  equal  roots  of  the  same  or  of  equal  quan- 
tities are  equal  to  one  another. 
XI.  Things  which  are  equal  to  the  same  thing  are  equal  to  one 
another. 


Exercise  I. 

1.  What  is  algebra?  (1) 

2.  Classify  algebraic  symbols.  (2) 

3.  What  are  the  symbols  of  quantity  ?  (3) 

4.  What  are  the  symbols  of  operation  ?  (8) 

5.  Write  down  the  symbols  of  relation.  (18) 

6.  Express  the  symbols  of  aggregation.  (23) 

7.  What  are  the  symbols  of  deduction  ?  (27) 

8.  What  letters  are  employed  to  denote  known  quantities  ? 
Unknown  quantities  ?     (5) 

9.  What  is  the  meaning  of  the  symbol  0  ?      Of  the   sym- 
bol «  ?  (6  and  7) 

10.  What  is  an  exponent?  (14) 

11.  What  is  a  coefficient?  (33) 

12.  What  are  the  terms  of  an  algebraic  expression  ?  (30) 

13.  What  are  the  factors  of  an  algebraic  expression?  (31) 

14.  What  is  a  monomial  ?  A  binomial  ?  A  multinomial  ?  (30) 

15.  What  are  like  quantities  ?  (34) 

16.  What  are  homogeneous  terms  ?  (35) 

17.  What  are  additive  terms?  (32) 

18.  What  are  subtractive  terms  ?  (32) 
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19.  What  arc  posilivo  iind  negative  terms?  (32) 

20.  When  no  sign   is  expressed   Ijefore  a  term   how  i.s  it  re- 
garded ?     (32) 

21.  How  many  ways  liave  we  of  indicating  the  extraction  of 
a  root  ?  (If)) 

22.  What  is  tlie  index  of  the  root?   (IG) 

23.  \\  hat  does  the  denominator  of  a  fractional  index  denote? 
What  the  numerator?  (17) 

24.  IJow  are  quantities  connected  by  the  sign  +  or  X   to  be 
read?  How  those  connected  by  the  sign -or -^  ?  (11  &  12,  Notes) 

25.  What  are  axioms  ?  (3T) 

26.  Give  the  principal  axioms  employed  in  algebra.  (37) 

Exercise  II. 

Read  the  following  expressions  and  explain  what  each  indi- 
cates . — 

1.  a,  5a,  9c-,  4a%  x«,  ^(a-hb),  5x(y+  z  -  c),  -3m 

4x 

2.  3a +  4- 7c,    (x-j,-=)-',   abc,^,    Vab   (7/i  +  'a:7*") 

xz 
1  a«  +  2a6-x» 

3.  (7«  +  X)  ~  {x  +  y),  a-',a^-b'  =  (a-lb)  (a-b), -f-^- 

4.  7  +  a>c-3,    a^Ka^,    \a-{b  +  c)\^  =  ^(a^b'~cy' 

5.  ■.■a>6  and  6>c.'.c<a. 

6.  a-3ab  +  ia^c^  -  labx  -f  3y^  -  1^7y  +  (a~b  +  c)i-t/Iy  + 
(a  ~  m). 

Of  the  above  algebraic  expressions  : — 

7.  Which  are  monomials  ? 

8.  Which  arc  binomials? 

9.  Which  are  multinomials  ? 

10.  Which  are  coefficients  ? 

11.  Which  are  exponents  ? 

12.  Which  are  terms  ? 

13.  Which  are  factors  ? 

14.  Which  are  additive  or  positive  terms? 

15.  Which  are  subtractiva  or  negative  terms  ? 
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Exercise  III. 

1.  "Write  down  a  added  to  6. 

2.  Write  down  a  subtracted  from  b. 

3.  Write  down  the  difference  between  a  and  b. 

4.  Express  in  three  different  ways  the  product  of  a  and  b. 

5.  Express  in  three  different  ways  the  division  of  u  by  b. 

6.  Express  ihe  fourth  power  of  a  +  b. 

1.  Indicate  in  two  different  ways  the  extraction  of  the  fifth 
root  of  a. 

8.  Indicate  in  two  different  ways  the  fourth  power  of  the  fifth 
root  of  ab. 

9.  Indicate  that  the  sum  of  a//i  and  xy'^  is  greater  or  less  than 
the  difference  of  a'  and  r. 

10.  Express  the  equality  of  the  ratios  a  to  m  and  xy  to  cf. 

a^  X 

11.  Write  down   the  reciprocals  of  — ,  I  x'-',  J—,  a  i-  b  -  c, 

(x+y)-. 

12.  What  is  the  difference  in  meaning  between  a  +  b''  and 
a>=+62  and  (a+byi 

13.  What  is  the  difference  in  meaning  between  ox^y,  axy^,  und 
a''xy  ? 

14.  What  is  the  difference  in  meaning  between  iiix^,  m^'x,  and 
(mxf\ 

15.  What  is  the  difference  in  meaning  between  a-(x-y)  and 
(a-x)-y1 

16.  What  is  the  difference  in  meaning  between  am-c  and 
am  -  c  ? 

17.  Write  down  four  homogeneous   terms  of  7   dimensions 
each. 

18.  Write  down  three  homogeneous  terms  of  13  dimensions 
each. 

19.  Write  any  six  like  algebraic  quantities. 

20.  Write  down  in  an  abbreviated  form  the  product  of  a,  a,  a, 
a,  m,  m,  m,  (x  +  y),  (x  +  i/)  and  ain  (x  -i  y). 

21.  Resolve  the  expressions  7a*,  4a'y'^,  a^m'^y  (a^b)'^,  a*x'' 
(a-m)'^  into  their  simple  factors. 
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22.  K.\i)rcss    llio   division   of  llii-   diirii   I'l'  iiu'-'  atui  y'   by  the 
square  of  the  sum  of  n  and  b. 

23.  What  is  the  cocfliciont  and  what  tht  ex])onunt.^  of  u  and  x 
in  the  expression  ax  ? 


38.  To  find  the  numerical  value  of  an  algebraic  expres- 
sion, when  the  value  of  each  letter  entering;;  into  it  i-s  L^'iven  : — 

RuLK. — Stdistitute  for  each  letter  its  numerical  value,  and  per- 
form upon  the  resulting  numbers  ihr  operations  intlirated  by  the 
signs  connecting  them. 

Thus,   in   the  following  exercise,  wherever  a  occurs    in    an 

expression,  we  write  its  assumed  value,   1  ;  for  b  we  write  2  ; 

for  <•  we  write  3  ;  for  rf  we  write  4 ;  and  for  m  wc  write  0  :  then 

we  multiply,  divide,  add  or  subtract  these  quantities  as  directed 

by  the  connecting  signs.     For  example,  taking  a=l,  b  -  2,c-  3, 

and  m  =  7,  we  thus  find  the  value  of  the  expression  : — 

, ;—        be  -i-  a 

V'n(3a  -  4c  +  2b^) 


=  V7(3xl-4x3  +  2x2<  -    ?^li:    -V7(3-12+16)    -  — 
=  V7x  7  -^  =  V49 -1  =  7-1  =  6     Jns. 

39.  We  are  said  to  show  that  one  algebraic  quantity  is 
numerically  equal  to  another, 

W?ie7i  by  substituting  the  values  for  the  individual  letters  in  each 
we  show  that  the  numerical  value  of  the  first  expression  is  the  same 
as  that  of  the  other. 

For  example,  if  a  =  4,  6  =  3,  d  =  7,  and  /  =  0 

a'^bdf+  ab-d^2d-(a+2b)+  1 
Here  we  at  once  throw  out  the  quantity  a^trf/,  because /being 
=  0,  the  whole  quantity  into  which  it  enters  as  a  factor  mus;t  =  0, 
and,  therefore,  as  an  addend,  it  disappears  ;  then  substituting 
their  values  for  the  others, 

4x3-7  =  2x7- (4 +  2x  3) +1 
12  -  7  =  14  -  (4  +  6)  +  1 
12  -  7=  15-  10 
5  =  5 
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EXBBOISB   IV. 

If  fi  -  1,  6  -  2,  <:-3,  (1  =  4,  and  m=  0,  find  the  value  of: — 
1.  a»-l.  2.    c<-3f.  3.  ab+cd. 

4.  a"b^-lc-a).  5.    ^b  +  c  +  d.         6.  a'/ft^xrf^ 

7.  6(a~c'i).  8.  (62(Z2-f7/i«)'.    9.  (a  +  6)  (rf- //i)^ 

10.  4|ft-(d-c)f.      11.  (6'c'^rf2)-^.      12.  ((Z2-6c)2  (c»-6«/)-'. 

a+1  6+1  c+1 

13.  Show  that  ,— — ,- =  «,    "i-— ,=6,    -,— — r- =  f,  &c. 

n+i  i+1  J-+1 

14.  Show  that  14a- (3b  +  c)  <    d"" -b  (b+c). 

15.  Show  that  (a'^b -c^d+(ibc)m  =  a^b'^d-'m. 

16.  Show  that  ^ab^^-  i(b  +  ~d)~c  >  \  (b  +  c)  (d^  hc"^)  ['■ 

aA2c3-6i 

17.  Show  that r- y  =  b  (b +  c)  +  ab^c^m. 

a+b+c+d         ^         ' 

a'^c^  +  2abcdm-  (d-c^ 

18.  Show  that  ., —  =  idc-(d+c  +6-l-a)  { 

V2((i2  +  c2)  4-6  (c  +  rf)  * 


Find  the  numeral  value  of  the  following  expressions  : — 

10.   (2-6)   (3a  +  46  -  c)  +  { a6  -f  (3d  -  2c)  }  -  4a  (2c  -  36) 
-  { tt6c-  -(3c  +  a)  } -1-  { abd -  (c  +  d)a]b. 

20.  (c^-a^)  (b^-m^)+m{bcd(a-b-^)d}  +  3a{a  +  c(d-3(t)}. 

21.  {(a-6)+(c+rf)p  +  {(c  +  7n.)-(6-a)}-»-{(m-l-(f)  +  (26-c)}2. 

22.  V(a+c)<i  +  ^c^'JcT+'b)  +  |  2  (rf  +  6c)2  +  (  7  (Z  -6«c  )  {  i  - 
(6trf  +  a)^ 

7(affi)i  +  3Vrf-  (6fi  +4c)    ,    a'''6^c2-7rf+  \  d^  (a  +  c)\i 
;i  ^i6c+  (cdm)^  .      S Y6^)  +  a«y|7n  (  6 +'^)~| 

Vabcd-d-  . 

24.  i{(t6(a  +  6)}-J^j6c  (c  +  a)  }+  ^  {(ca-6)(a26  +  3)}  + 
md  +  c)  (l+36-2c  +  <f)2} 

c  («  +  6  -  c)3  +  11  ^  (3a  4-  2c)  (2a  -  b  +  id)l 
^^'  5  (3c"+  6)  -^dY{d  +  c~+  b^~m) 

\  (a  +  3dy-{cH5b)-(c  +  d)  |?       (2a6  4-cd-  bd)  (d  +  c) 
aim-^'^'dk^  -a  '7(d  +  ab^) 


23. 
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SECTION    11. 

yVDDITIOX,  SUDTRACTION,   USK  OF   HRACKKTS, 
MULTIPLICATION,  AND  DIVISION. 


ADDITION. 
40.   Whoa  the  (iuantities  are  siinihir  ami  liavc  the  same 
sign:— 

RcLK. — Md  the  coefficients^  annex  tlie  lilcnil  /xirt,  and  prefix  the 
proper  sign. 

(4) 

-A{cd-a'^) 
-3(cd-a^) 
-  (cd~a") 
-1  (cd-a-) 
-2  (cd-a-i) 


(1) 
7(1 
3(; 
5a 
11a 
'  3a 
2a 


(2) 
-2cd 
-3cd 

-  cd 
-bed 

-  cd 
-8cd 


(3) 
6(x  +  y) 
2(x  +  y) 
5(ar  +  j/) 
8(x+i/) 
{x  +  y) 
ll(x  +  y) 


(5)  ^ 

2(1  -  3//t  +    )/  -  e-V^tf  +  b 

3a-5m  +  6y  -  3^0+' b 

8a-1)ii  +  3y  -  5y/a  +  b 

5u-3m  +  2y  -  ^a  +  b 
3a-2m+  y 
a-  Im 


31a    -20cd     33(x  +  2/)      -25  (cri-a'^)      22(i-27m+13y-15\/a  +  6 

Exercise  V. 
Find  the  sum  of : — 

1.  3a,  2a,  9a,  lla,  a  and  I7a. 

2.  -Aab^,  -lab^,  -Uab^,  -ab'^,  and-3(/i^ 

3.  3(a  +  b-c^),  6(u  +  b-c'),    2(a-^-b-c^),  (rt  +  6-f^),  and 

^  V  .1  1  1 

4.  4a(x-3/2)^  9a(x--y'^)-«,  3a  (x-y'^)',  and  na(x-y^y<. 

5.  3a-4y+ 7,  Ca-3y  +  3,  5a-3y  +  3,  7a-7/-i-2,  and6a-2y+8 

6.  3  (x  +  y)+7a-a6c,  5(x  +  i/)  +  5a-3a6c,  2(x  +  y)+lla-7a6c' 
(x+y)  +  2a-a6c,  2  (x  +  y)  +  a-5abc,  and  3(x  +  y)  +  2a  -3abc. 

1.  (a-i-b)x-(c  +  d)y-(d+f)z,  5{a  +  b)x-6(c  +  d)y-1(d+/)z, 
2(a-i-b)x-3(c  +  d)y-4(d+f)z,  4(a  +  6)x-5(f  +  d)y- 
6(<i  +/ )z,  and  3(a+  6)x  -  4(c  +  d)y-5(d  +f)z. 

8.  a«63x*+a362xa-a«6fx3-a36iix2,  Stt^i'xa  +  7a''6«xf-5a26Sx-» 
-6a363x«,  7a263xf  +  3a362xf-5a''^6':tx3-2a'^6l5x^,  and  4rt''6»x3 
+  a3  6«x!  -  2a«63x3  _  sa^fcfx^. 
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41.  When  the  quantities  are  similar,  but  all  have  not 
the  same  sign  : — 

Rule. — ^rrans;e  the  quantities  so  that  similar  terms  shall  be  in 
the  same  vertical  column.  Jldd  separately  the  positive  and  negative 
coefficients ;  to  the  difference  of  these  two  sums  prefix  the  sign  of  the 
greater  ami  affix  the  common  literal  part. 

(1)            (2)  (3)  (4)  __ 

Aa         5a -3c  Zab-VQcy-   3  b{a  +  x)-Za?xy -V  1^[a-\^b 

-la          2a  +  4c  -8a6-3cy+ll  9(a  +  x)-6a^xy  -  8(a+b)' 

-3a  -3a+9c  ~1abl-4cy-   6  -1(a  +  x) +  oa"xy  -  6(a  +  b)' 

-2a         Qa-5c  Uab-8cy+    1  3(a  +  a;) -Sa^xy  -  5(a  +  6)* 

5a          4a  +  3c  3«6-4c!/+    6  ll(a4-x) -Salary  +  3(a  +  6)* 

6a  -7a-12c  -7a6+   cy-    1  -\3{a-vx)-¥Qa'^xy  -  8^/a  +  b 

3a  la-Ac      -3ffl6-4cy+14         8(a  +  x) -6a-ry-l'7(a+ 6)2 

Explanation. — In  (1)  the  sum  of  the  positive  coefficient.s  6,  5,  4  =  15, 
sum  of  the  negative  coef.  2,  3,  7  =  12 ;  then  15  -  12  =;  3,  which  is  positive, 
because  15,  the  greater,  is  the  sum  of  tlie  positive  coefficient. 

In  (2),  left  liaud  cohimn,  the  sum  of  pos.  coef.  4,  6,  2,  5=^17,  and  of 
neg.  coof  7,  3  =  10 ;  tlien  10  ~  17  =  7,  whicii  is  pos.  because  17  is  pos.  In 
riglit  hand  column  sum  of  pos.  coef.  3,  9,  and  4  =  16,  and  of  neg.  coef.  12, 
5,  and  3  =  20;  then  20  -  IG  =  4,  which  is  neg.,  because  20,  the  sum  of  the 
neg.,  is  the  greater. 

Exercise  VI. 
Find  the  sum  of: — 

-*"  1 .  al-b  and  a-b;  2a  +  b-c  and  a  -  6  +  4c  ;  4a  -  36  +  c  and  76  - 
8c. 

2.  2ab  +  3ay  -  cd,  Gab  -  2ay  -i-  6cdj  Sab  -  6ay  +  2rd.  and 
-3ab-2ay-}-1cd. 

3.  5a2x3 -3(a  +  6)-7x3r/+ 7,    a^x?  -  7(a  +  6) -8x?i/- 11,  and 
-7a2xs+3(a+6)-'r3x?y-  16. 

4.  a  +  b-c-d,a-b-r  +  d,  a-b  +  c-d,  -a-6+c4-r/,  -a-\-b-c  +  d 
and  a-b  +  c~d. 

5.  3xy+7a6-3,  5xt/-f3a6  + 7,  4ay- 7a6  +  ll,and-7xy+lla6+2. 
G.  3+7a-C6  +  c,  7a  +  3-46-2c,  76-3a-7  +  3c,  and  6c-26  + 

6 -3a. 
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7.  <tA  - xy  f  rd -  in. ^  c,  Cc - 3ai/  i- 4m  - cd -  3«/),    ^tcd - G/;i  +  5c  f 
8a6-3ry,  5m  4- 6f  -  Serf  +  2  ly  -  3«/»  and  llxy-3m-2c  +  3aA- 7crf. 

8.  nm^x  I  3xy  -  7,  7xy  +  3  -  8m'^x  (-  ijz,  1 7  - y:  1  7.ry  -  1  Im'^'r  and 
-llm'x  +  3xy  1  4. 

9.  6minl-9(iidl  llOmixi,    Ga^di -Qmix^  -  in'sni,    2(Odi  - 
3mixl-3inini  and  -nihil  -mixi  -\nhli. 

10.  ^/2+!^3  +  i/i-'^a  +  A,  llV2-9V3+''V«-6V'l■^Vf»  -^'ij3  + 
y2+yi-.1a^+8^c,  lla'^-V2  +  3V3  +  7V4,  and  9c^- 40* +  11^4. 

11.  Sxy-7ay  +  2fx-ii  +  3^y,  2xy  +  ll V-^^  -  Wi  13yi-llcx  + 
2«y,  12^y-7xi +3cx-ay,  llxy  +  3ay  +  6rx  and  4xy-Vx-3.yy. 

12.  (ax+by-cz)i^m+n-{x-y),  1'\Jm+n  +  3(x-y)-i/ax+by-C2, 
l{x-y)  +  8yax  +  by-cz-ll(m  +  n)i,  6^/m^-n+l1(ax^yby-c2)i^  - 
(x-y),-12  (ox  4- 6y-c=)l-3(x-y)  +  4(//i-l-n)i  and  l-^in  +  n- 
Ql^ax'+by  -cz+n(x-y). 

42.  When  the  quantities  are  unlike  : — 

Rule. — Connect  them,  together  by  their  proper  signs. 

3a 

-4c 

Id 

-5m 

Sum  -  3(t-  4c  +  1d-  5m 

(2) 

5a  +  3c  -  6^a  +  b 
2m-4a%  +  3ab'^ 
-6xy +  3a2  6i 

Sum  =  5a+3c-6V«  +  *  +  2ni  -  4a'''6  +  3db^-  %xy  +  3aM 


43.  "When  the  quantities  are  partially  similar: — 

licLE. Add  the  similar  quantities  by  Art.  38,   39,  arid  to  the 

partial  sum,  thus  formed,  affix  the  unlike  quantities  by  their  projjer 
signs. 
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(3)  (4) 

2a -4c +  6  3ax'y+7at/-10xi  4-3a*p 

7a  -  3c  +  7ft  -5ax^y  +   Sxi  +    1d^p-mn 

-9a  +  6c+3a6  -8aj/  -13a^/?+9P 

+  1am  4aj-!/4-   ay-^    Ixi  +m^ 


-c  +  i  +  7n  +  3a6  4- 7tt/ft       2ax^.!/  -  3a^/>  -  7/i7i  +  qp  -I-  7/i* 

Exercise  VII. 
Find  the  sum  of: — 

1.  a  +  6,  7ft  +  c,  x  +  y,  and  3/>. 

2.  2ap  -  Zxy  +  4/7i/i,  Sm/t  -  3x2  -f  7xj/,  3»m  -  5c'  +  2ap,  and 
-4ap-  4x1/-  127n7i. 

3.  3  (a  +  6)  4-  7(x  -  y),  7c  +  8  (fl  +  6),  11  (x  -  y)  +  4x^,  and 
-16(x-y)-ll(a  +  6). 

4.  5x^i/-3i/-2  +  4,     7i/-2-7m-3,    5x^y  +  3i/''=z  -  a^ft,    and    6+7//1 

-  7!/22. 

5.  a-\-bJrC,  3b-x-i-y,  5(a  +  b)+  3x,  7r-37?i27?,  5ab-i-Gb-3y,  and 
3(x  +  i/)-8c. 

6.  7ax^ -  3aby  +  Ix'y-  -  3^x  +  5,  7Vx  -  3  -  laby  -  6nx-,  3m.  -  5v'a+y 
H-lOaiy,  ll-ax^  +  SVx-QxV-"?™!  and  2xY''+ 4??i-3Vx  + 5. 

7.  x^-3xY-i/3_ry  +  j,^,  2y3  4-7xV  +  3i/==-9,  4yz+3  +  3x''-5y^ 
+  3xV)  21/ '  -  6x-y2  +  2y,  -  3y2  -x-y-+  4y''',  and  6  -  5y^. 

8.  5(xy  +  x2-ys)i+3(a  +  y)c-7aY,  8(xy+x2-y2)J  -  7  (a  +  y)c 
+  3771,  8^x2Txy-y2-4a77i,  7(a  +  y)c- 17^X2 -yz+xy,  5am -3m 
-3(a  +  y)c-  (xz-y2  +  xy)i  and  x^-ttj'. 


SUBTRACTION, 

44.  Theorem. — The  subtraction  of  any  positive  quantity  is  equiv' 
alent  to  the  addition  of  the  same  quantity  taken  negatively  ;  and  the 
subtraction  of  any  negative  quantity  is  equivalent  to  the  addition  of 
the  same  quantity  taken  positively. 

Demonstration  I.  a  =  a  +  b-b  (Ax.  vi)  ;  subtract +  6  from  each. 

Then  (Ax.  iii)  a-(+b)  =  a~b  =  a  +  (-b) 

"  II.  a  =  a+6-6  (Ax.  vi)  ;  subtract-6  fromeach, 

Then  (Ax.  in)  a-  (-b)  -  a  +  b  =  a+  (+b') 

C 
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45.  To  subtract ouc algebraic  quantity  from  another. — 

UuLK. — Chani^e  all  Ihc  signs  of  the  sublraJicnd  or  imagine  Ihem 
lo  be  cAanjfCi/,  and  then  proceed  as  in  addition. 

Ni>TK,— Onco  the  signs  of  tho  xubtrahcnd  arc  changed,  tlici|UU8tion  1«  no 
longor  one  in  c ubtractiou,  but  in  converted  into  an  eijuivalont  problem  iu 
addition. 

From  7a-13xy  +  27  e,.,,.,,.,  C      To         7a-13xy+27 

Take  5a-llxy  +  19  '"""""    I     Add- 5a4- llxj/- 19 

Remainder  2a-   2xyi-   S  Sum     2a-   2xy+   8 

(1)  (2) 

From   9ab+   3x)/-23  From     2x'^y-   1xy^  +  32^-4 

Take    bob-   Ixy  +  ll  Take     Sx^'yH-   4xy='-52'+ni 

Rem.    Aab+\0xij-40  Rem. -Gx^y- llxy^'-J- 8i' -4-ni 

(3) 
From        2(x-y)-;-2<(a-t) 
Take     -  7(x-y) -0^^+ 17 


Rem.        9(x-y)  +  2^(a-6)+a^t-17 
EXEECISE  VIII. 


1.  From  4aV2-7xy3 +  5as'''-  7xyH  13m-ll 
Take  3aV2  +  4xy* -Gas*- llxy-    7m -II 

2.  From     3a-1c  +  Axy'^-1^Ju-b'^ 
Take-lla+7c-    m^  +  Q^Ja-b'^ 

3.  From  {a-irb)^x'^ -y-\-1am^-cd 
Take  7a77i''* -3cd  +  4(a  +  6)(x^-y)i 

4.  From  9(xy  +  y^-2^)5+3Vx--y^+7aJxi- 11^/71+  llx-Ja  +  b 
Take  5(xy-23 +  y^)6  +  17x(6-i-a)J  +  3/ni -7aixi  +  3(x2_y2)i 

5.  From  3-i-V2-5x-r'^4-7y4-8i-6Va-i 
Take  V2-  13x4*  -CV8-5x-(- 16y  +  3(a-6)i 

6.  From  5a-66- 7c  +  4<f- lle  +  77n- 16x  +  y- 72 
Take  4(i  -  7 2  -f  5a  -  66  +  m  -  5c  +  9x  -  1  ly  +  abed 
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USE     OF     BRACKETS. 

46.  Much  difficulty  is  commonly  experienced  by  a 
beginner  in  the  management  of  brackets.  His  attention 
is  therefore  particularly  directed  to  the  following  rules, 
remarks  and  exercise. 

RcLK  1. — If  any  number  of  quantities,  enclosed  within  brackets, 
be  preceded  by  the  sign  +,  the  brackets  may  be  struck  out  as  of  no 
value. 

This  arises  from  the  fact  that  when  a  quantity  is  added 
the  signs  of  its  terms  are  not  changed. 

jiPLE  2. If  any  number  of  quantities,  inclosed  within  brackets, 

be  preceded  by  the  sign  -,  the  brackets  may  be  removed  if  all  the 
included  sigus  be  first  changed,  i.e.  +  into  -  and  -  into  -i-. 

The  necessity  of  thus  changing  the  signs  is  manifest 
from  the  following  illustration : — 

a-(^b  +  c)  means  that  we  are  to  subtract  the  whole  quantity 
b-rc  from  a.  If  we  subtract  b  alone  the  remainder  a-b  is  too 
great  by  c,  for  we  were  to  subtract  the  sum  of  b  and  c.  Hence 
to  obtain  the  correct  remainder  we  must  take  c  from  a-b,  but 
this  gives  a-b-c.     Therefore  a  -  (6  +  c)  =  a-b-c. 

Again  a-(b-c)  means  that  b  is  to  be  decreased  by  c,  and  the 
remainder  taken  from  a.  If  now  we  take  b  from  a,  the  remainder 
a-b  is  too  small  by  c,  because  we  have  subtracted  a  quantity 
too  great  by  c.  Hence  to  make  the  remainder  a-b  what  it 
ought  to  be  we  must  add  c,  but  this  gives  us  a-b  +  c.  There- 
fore a  -  (6 - c)  =  a-b  +  c. 

Kemakk  1,— The  learner  must  carefully  note  that  in  every  case  in  which 
he  meets  with  [  or  {  or  (  he  must  look  for  the  counter  part  )  or  }  or  ]  and 
that  the  above  rules  apply  only  to  the  signs  of  the  quantities,  simple  or 
compound,  included  within  the  complete  or  outer  bracket. 

Remauk  2. — In  removing  the  brackets  from  a  quantity  it  is  to  be  care- 
fully remembered  that  the  first  sign  within  the  bracket,  when  -f,  is  always 
understood,  and  that  the  rules  above  given  apply  to  it  as  well  as  to  the 
other  signs. 
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Ex.  1.  Siiuiilify  n^  (b-c^  d) 

lirKIlATlON. 

a  \  {b-c  +  d)=a-\  b-c^  d 
Ex.  2.  Simplify  fJa- (4c-rf  +  3a-;rt) 

OPBIIATION. 

3a-(4f-dH-3rt-m)  -  3rt-4c^  d-3a^- 7n  =  -4cH</ )  /n 
Ex.  3.  Simplify  3m  -  |  (H  (c- hi)  } 

OPERATION. 

3m  -[  an-  (<:-;n)  j-  3OT-a-(c-m) 

-  3m  -  a  -  c  +  /n  -  Am  -a-c 

Ex.4.  Simplify  1 -{  1  -  (l-{  1 -x  j  )  } 

OPERATION. 

l_j,_(l_jl_xj)j^l-l+(l-jl-x}) 
=  1-1+  1-jl-xj 
-  1  -  1  -!  1  -  1  +  a- 

Ex.  5.  Simplify  {a-b)-\-a~(b -a)\-\-{-\-{-a^■b)-c\-b)-c\ 

OPERATION.* 

(„_6)-{-a-(6-a)j-{-(-{-(-a-i-6)-r}-6)-rj 
=  a-i>  +  ax(6-a)  +  (-{-(-a  +  6)-c}-6)+f 
-a-6  +  a  +  6-a-{-(-aH-6)-c}-6  +  c 
=  a-6  +  a+6-a+(-a  +  6)+c-6H-c 
-a-b-^a-^-b-a-aA-b-'rC-b  +  c 
=  2c 

•  Although,  for  the  sake  of  illustrating  each  step,  the  process  is  here 
made  to  consist  of  several  lines,  the  student  is  recouimended  to  remove 
all  the  brackets  at  one  operatioii,  and  tlius  to  make  only  two  distinct 
steps  in  the  simplification. 

Exercise  IX. 

Simplify  the  following  expressions  : — 

1.  (a+  m)  -  (c -  6)  +  (5 - m)  -  (a  +  e)  +  (c  +  3)  -  (5c+;n) 

2.  (a-6-c)-(6-c-a)  -(c-6-a)  -(a  +  6  +  c) 

3.  (3a-4)-(6y-x)-(5a-4-62/)-(3a-4  +  {-6})% 

4.  e-{-(-{-(-!-(7n)j)})} 
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5.  (  2a  -  3c  +  4(/ )  -  { 5c/ -  (  TO  +  3tt  )  }  +  {  5a  -  (  -  4  -  c/ )  }  -  }  3a - 
(4a-5d-4)} 

6.  ma  _  (c^ _  a'O  - 1  -  m'^  -  (-  2(r)  }  -  {  -  (-  5/7i^  -  j  -  (a-  - c'-  +  3//i^) 
„c2}-m2)  _2a2{ 

8.  a^-i-  2x  -{ a''  -  (2x2-  j  _ ^^^.^^jii^  2a;  -  { -  7/i='-(3a'-'  +  3x  +  3w''')})} 
-2m2)-a2} 

9.  (tt26c+  3c2)  +  Sa^fif  -  (m  +  c)  -  j  -  (4a'bc  +  c)  -  (  -  3c--  m)  j 

10.  3a-(2a+l)  +  {a-(2-a)}-{-l-(-a-{-2-a+(-l)}-2a)J 

11.  (-a-6-c)  + (a-c)-(c-a) -{-(+{+(  +  {+(+{-*}-'' -c) 
-a}-36)}-36-2c)-2a} 

)(  12.  {(a//i*c)-7}  +  {(5-7(m  +  c)}-{-3tt-(-4a»i-{-c-  (-9 
-3c-4a)}-6)-5(m} 


47.  It  is  frequently  found  necessary  in  the  performance 
of  algebraic  operations  to  inclose  two  or  more  simple  terms 
within  brackets  so  as  to  deal  with  them  as  constituting  one 
quantity.  In  placing  any  given  terms  within  a  bracket, 
attention  must  be  paid  to  the  following  rules : — 

Rule  I. — jlny  term  whatever  may  be  selected  as  the  first  term 
within  the  bracket,  remembering  that  the  sis^n  of  that  term  must  be 
placed  before  the  bracket. 

Rule  II. — If  the  sign  thus  placed  before  the  bracket  be  +,  the 
other  terms  may  be  at  once  placed  within  the  bracket,  each  preceded 
by  its  proper  sign ;  but  if  the  sig7i  thus  placed  before  the  bracket 
be  -,  then  in  placing  the  other  terms  within  the  bracket  we  must 
change  the  sigji  of  each,  i.e.,  +  into  —  and  —  irdo  -V. 

Note.— The  signs  are  thus  changed  when  the  terms  are  put  into  a 
bracket  preceded  by  the  sign  -,  in  view  of  the  fact  that  when  the  brackets 
are  struck  out  this  -  sign  has  the  effect  of  changing  the  included  signs  back 
again  to  their  original  form. 

Ex.  1.  Inclose  a -6- c  +  (i  in  a  pair  of  brackets. 

OPERATION. 

+  a-6-c  +  (£  =  +  (a-6-c  +  (f) 
or  --  (6-a  +  c-d) 
or  --{c-a^^b-d) 
or  =  +  (d  +  a-6-c) 
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Ex.  2. — Inclosii  (I  -  b  <.  c--d-m+  f,  in  alphabetical  order,  in 
brackets,  using  an  outer  bracket  inclosing  two  pair  of  inner 
brackets. 

OrKRATIOX. 

<i-6  +  c-«i-m+/-{  (fl- ft +  c)-(rf +  ;/»-/)  ( 
or  =  {  {a- b)  +  (c-d-m  ■(-/)  } 
OT  =  \(a)-{b-c  +  d  +  m  -/)  ( 
or  =  {  (a  -  6  +  c  -  <f)  --  (m  -/)  | 
OT  ^{(a-b  +  c-d-  in)  i  (/)  j 

EZBRCISB   X. 

Express  a-b  +  c-d-e  +  m  -/-  r-  s  +  v  rw-r  x  in  brackets. 

1.  Taking  the  terms  two  together. 

2.  Taking  the  terms  three  together. 

3.  Taking  the  terms /our  together. 

4.  Taking  the  terms  six  together. 

5.  Three  together,  using  an  inner  bracket  after  the  model, 

•  +  (•  +  *)} 

6.  Three  together,  using  an  inner  bracket  after  the  model, 

(*  +  »)+'} 

7.  Four  together,  using  an  inner  bracket  after  the  model, 

•  +  (•  +  *+*)} 

8.  Four  together,  using  an  inner  bracket  after  the  model, 

(*  +  ♦+*)+  *} 

9.  Four  together,  using  an  inner  bracket  after  the  model, 

10.  Six  together,  using  an   inner  bracket   after    the  model, 

•  +  *  +  »+  (*+*+*)} 

11.  Six  together,  using   an   inner  bracket  after  the  model, 

(+*  +  *  +  *  +  *)  +  ♦  +  *} 

12.  Six  together,  using  two  inner  brackets  after  the  model, 

•±(*  ±  *)  +  *  +  (*  i  *)} 

NoTB.  — The  asterisk  is  used  merely  to  denote  the  position  to  be  occupied 
by  the  given  letters  with  reference  to  the  brackets,  the  sign  f,  read  plus 
or  minus,  implies  here  that  the  student  is  to  determine  which  one  of  these 
signs  is  to  be  employed. 
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48.  A  nuiuber  or  a  letter  written  directly  before  or 
after  a  bracket,  inclosing  one  or  more  quantities,  implies 
that  each  of  the  included  terms  is  to  be  multiplied  by  that 
number  or  letter.  So  the  line  that  separates  the  numerator 
and  denominator  of  an  algebraic  fraction  acts  as  a  vinculum 
in  uniting  the  terms  of  the  numerator  into  one  quantity, 
and  hence  when  the  several  terms  of  the  numerator  are 
written  separately  the  denominator  must  be  placed  under 
each. 

Ex.  1.  Remove  the  bracket  from  6  (a  ~  am  ^r  by^  -  c) . 

OPERATION. 

6  (  a  -  am  +  bi/-c)-Ga~  Gam  +  Gby^  -  Gc 
Kx.  2.  Remove  the  bracket  from  4:  [  a  -  b  -  (ex  +  dy  -  b'^  )  a  \  m 

OPERATION. 

4  }  a  -  6  -  (cr  -f  rfy  -b'^)  a  \  m-  47/i  {  a  -  6  -  (  ex  +  rfy  -  &■*  )  a  | 

=  4am - 46ot - 4?n,  (cx-Vdy-b^)  a 

=  4am,-4bm-Aam{cx  +  dy-b'^) 

-  iam  -  46m  -  Aaanx  -  ^adrny  +  4ab^m 

„      „    „              ,u      •       ^        r         3a-m-(c^-m^+x)y 
Ex.  3.  Remove  the  vinculum  from ^^ L-' 

26Vc 

3a  -  m  -  (c^  -  m^  +  x)y         3a  m  c'-y  —  m-y  +  xy 

26 Vc"  26Vc  ~  26Vc  2b^'^fc 

3a  m  c'-y  m^j  xy 

^  "26 Vc  ~  26Vc  ~  26-'Vc  "^  263Vc  ~  26  V<^ 

JsOTE.— In  the  first  step  of  this  operation,  when  the  bracket  inclosing 
the  last  three  terms  is  struck  out,  the  included  signs  arc  not  cbaufferl, 
because  the  vinculum  written  under  these  terms  still  binds  them 
into  one,  but  when  in  the  next  step  this  vinculum  is  removed,  the  niinux 
sign  preceding  it  has  the  effect  of  changing  the  signs  of  the  terms  as 
exhibited  in  the  operation. 

Exercise  XL* 
Remove  the  brackets  and  vincula  from  the  following  expres- 
sions : — 

1.  3(rt-6);  4a-(a  +  6--a-^);  3jy-x  ( 1  - 6 - c^) 

2.  m(a-6='+mp)  +  x*(l-3a-6)-m=*x2(3-6-»i=*x) 

*  See  Arts.  52,  53,  and  57. 
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3.  3  j  l-(j--y)a}  +  4{l  f  (rt-b  +  !/)x|-(Jja-(-3-w)!/j 

4.  a  \  a  (in  -  ii)  -  c  (  p  -  q  )  \  +  c  \  c  (  -  m  +  n)  ^  a  {  -  p  -i^  q  )  \ 

x  +  y-(c-d-in) 
0.  u-  b  -  ^j- 

a-{b-c-d) 


6.  m  + 


xyz 

6a  -  (m  -  3p) 


7.  a  j  (//I  -  y)x  -  f  ((J  ■[-  h)\  +  ay  - 

8.  36{-(a-c)(/  +  (ni-n)/i- 


2a -c 
l-}2(l-c)  +  3(  I-7n)-4(l-p)} 
5x» 


49.  Two  or  more  terms  of  an  algebraic  expression  that 
have  a  common  factor  are  often  written  in  an  abbreviated 
form  by  the  aid  of  brackets,  placing  the  factor  common  to 
the  several  terms  directly  before  or  after  the  bracket,  and 
the  remaining  part  of  each  term  with  its  proper  sign 
within. 

Ex.  1. — Collect  the  coefficients  of  x'^yz  in  the  following  ex- 
pression into  one  quantity  :  5ax^yz  -  Bx^yz  +  ba-in^xhjz  +  3abc^x'h/z 
-xhjz. 

OPERATION. 

5ax'^z  -  3x'yz+  hd'-iTC^xhjz  4  Sabc'^x'^z  -  x'^yz 
=  (5a~3x  +  5u:^m.^  +  3abc^-  l)x'^z 

50.  Any  factor  of  an  algebraic  term  may  be  regarded 
as  the  coefficient  of  the  remaining  factor.  This  is  at  once 
evident  from  the  meaning  of  the  expression  coefficient  = 
con  "  together  with,"  and  efficiens  "  making  "  or  "  operat- 
ing," i.  e.,  the  part  which  cooperates  with  the  remainder  to 
make  the  complete  term. 

Thus,  in  the  term  Sabxy,  3  is  the  coef.  o{  abxy  ;  3a  is  the  coef. 
oihiy  ;  3ah  is  the  coef.  of  xy;  3abx  is  the  coef.  of  y  ;  3aby  is  the 
coef.  of  X  ;  abxy  is  the  coef.  of  3  ;  3xy  is  the  coef.  of  aft,  &c.,  &c, 
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51.  When  terms  iuvolving  brackets  are  to  be  added  or 
subtracted  it  is  commonly  best  first  to  strike  out  the 
brackets  by  Art,  4G,  and  then  after  performing  the  addition 
or  subtraction  re-bracket  the  terms,  if  necessary. 

Ex.  1.  Add  2a(x-y+3),  5(in-c^-ax),  and  2(a  + ay -Am) 

OPERATION. 

2a(x  -y  +  3)    =  2ax  -  2ay  +  6a 
5(/n-c^-ai)  =  - 5ax  +5«i-5c^ 

2(a  +  ay  -  4m)zz  2ay  +2a-  8/n 

Sum  =  -  3ax         +8a-3m-  5c^ 
--3(_ax  +  m)  +8a-bc'^ 
Ex.  2.  FTomp(x-y)+q(y-z)  take  a (x-z)-b{y +  z) 

OPERATION. 

li(x-y)  +  q(y-z)=px-py  +  qy~qz 
a(x  - z)  -  b  (y  +  z)  -  ax  -  az  -by  -bz 


Diff.  -px-py  +  qy-qz-ax-haz+by  +  bz 
=  px~ax  -py  -i-  qy  +  by  -  qz  +  Ciz  +  bz 
=  Q)-a)x-(p-q-b)y~(q-a-b)z 

Exercise  XII.* 
Find  the  value  of: — 

1.  3(am-x  +  y)  +  5a(x  +  3y) +  2(a-y)m  +  4x(a+l). 

2.  (a  -  X  +  y)m  +  3(m  +  a)x  +  4:(a-y) +  3(a  +  x)y. 

3.  1(0  +  6-0)- 5(6 +  x-6c)  -3(7/i_a-c). 

4.  (a  +  ni)x  -  3  {am  +  c)xy  -V  2  (a  -  cm)  y'^  added  to  (x  +  y'^)  a  + 
(c  +  a)xy-  (6+/)?/^. 

5.  3(x  +  y  +  z)  am  +  2c  (x  +  z)  +  {y-z)ae   subtracted  from 
3(tt-6  +  c)i/-  (2m-c)x-3?7i(ax  -^-ay-az). 

6.  2a{p  h  xy)i:  -  3(;7i  -  2x7/  +  y'^)c  -  ?,a(y  +  c)  subtracted  from 
ll(a-H  b)my  -  3xy(a-  b  +  c). 


MULTIPLICATION. 
52.  TsEOREiti.— 'Quantities  having  like  signs,  give,  when  multiplied 
together,  a  product  which  is  positive;  and  quantities  having  unlike 
signs,  give,  when  midtiplied  together,  a  product  which  is  negative. 
Or,  as  it  is  sometimes  expressed  for  the  sake  of  brevity, — 
In  Multiplication,  like  signs  give  plus,  and  unlike  signs,  minus. 
•  See  Arts.  52  and  53. 
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Demonstration  I.  +  a  x  +b  means  that  M/  is  to  be  takrn  in  nn 
additive  sense,  i.  c,  is  to  be  added  as  often  as  there  arc  units  in 
b.  But  +  a  added  once  gives  1  a  ;  1  a  added  two  times  gives 
+  2(1;  +n  added  three  times  gives  h  3(/,  and  so  on.  Hence  i  « 
added  b  times  gives  +  ab,  that  is,  +  a  x  -i-  6  -  +  ab. 

II.  -a  X  +b  means  that  -«  is  to  be  taken  in  nn  additive  sense 
as  often  as  there  arc  units  in  b,  but-w  added  once  gives  -a; 
-a  added  two  times  gives  -  2«  ;  -a  added  three  times  gives  -3«, 
and  so  on.  Hence  -  a  added  b  times  gives  -  ab  that  is  -  «  x  +  6  = 
-ab. 

Othervrise,  -  a  +  a  =  0  ;  multiply  each  of  these  equals  by  +  b. 
Then -a  x  +b  +  ab  =  0;  subtract -t-«A  from  each  of  these  equals. 
Then  ~ax  +  b  =  -ab,  which  was  to  be  proved. 

III.  +a  x-b  is  equivalent  to -6  x  t«  since  quantities  connected 
by  the  sign  of  multiplication  can  be  read  in  any  order  whatever. 

But  -bx  +  a  =  -ab  by  last  case.     Therefore  also  rax  ~b  =  -ab. 

IV.  -a+n  =  0\  multiply  each  of  these  equals  by  -6. 
Then  -a  x  -b  -ab  =  0  ;  add  ■!-  ab  to  each  of  these  equals. 
Then  -a  x  -b  =  +ab,  which  was  to  be  proved. 

53.  Theorem  II. — Different  powers  of  the  same  quantity  are 
multiplied  together  by  adding  their  exponents. 

Demonstration. — a*  x  a^  =  aaaa  x arui  =  aaaaaaa  =  a''  ~a**^,  and 
the  same  is  true  in  all  other  cases,  hence  generally  a"'x  w  =  «"■+  ". 

Case  I. 

54.  When  multiplicand  and  multiplier  are  both  simple  alge- 
braic quantities. 

Rule. — Multiply  together  the  numerical  coefficients  and  write  the 
tetters  in  juxtaposition  after  this  product. 

Thus  Sab  x  5cy  =  3  x  5  x  abcy  =  \5abcy ;  -  2(ib  x  3c  -  -  6aic  ; 
2xy  x-llm  =  — 2  2mxy  ;  -  4x?/  x  —  7am  -  28amxy. 

Cas;:  II. 

55.  When  the  multiplier  is  a  simple  quantity  and  the  multi- 
plicand is  a  polynomial, 

Rule. — Multiply  each  term  of  the  multiplicand  by  the  viutiiplier^ 
arid  connect  the  several  partial  products  by  their  jrroper  signs. 
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Ex.   1.      Multiplicand,  4ax  -  2ay  +  3xhj^ 
.    Multiplier,        2axy 


Produet,  Sd^x'y  -  4a''xy^  +  6ax^y'* 

Ex.  2.     Multiplicand,  4am'^ ~  3acx  - 4xy  +  1 
Multiplier,        -  3ay^ 


Product,        - I2a^m'y'' +  dahxy^  +  I2axy^  ~2lay' 

Case  III. 

56.  When  both  multiplier  and  multiplicand  are  polynomials, 

Rule. — Multiply  each  term  of  the  multiplicand  by  each  term  of 
the  multiplier,  and  add  the  several  partial  products  toc^ether. 

Ex.  3.     a--ab-b^ 
a  -  b 


a*  -  a^b  -  ab'^ 
-  a^b  +  ab'^  +  b-^' 

a3-2a'b         hb^ 

Ex.  4.     Sax*  -  Sa^x  +  2aV'' 
5a     -  2x 


15aV-15a^x+l0a^x^ 

-    6ffx^  +    6a*x^-4a^x' 
21o2x2-4a^x3  -6ax3  -  ISa'x  +  lOa^x' 

Ex.  5.     2ab'^-aW  +  a^b^ 
3ab  -2ab'^-3a'^b 


-4a26*  + 20364-20*65 

-Qa'^b'^  +3a*b^-3a^b* 

ea'^fts  -9a363  -  Aa^b"  +  Sa^ft*  +3a*63  - 2ai6'^  -3a«6* 


Ex.    6.     a^-2ab-\-b^ 
a*  +  2a6  +  6* 


a* -2a^b  ■>r  a'b'' 

2a''b-4:a%^+2ab* 

a%^-2ab3+b* 
a*  -2a^b^  +b* 
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Ex.  7.     x^-  (<i-6)x  +  aft 
X  -m 


x'-{a-b)x*  +  abx 

-  mx*         +  (mo  -mb)x-  abm 

x^  -  (a  -  b  +  m)x*  +  (ina-mb  +  ab)x  ~  abm 

Ex.  8.     x^  -ax^-bx  +  c 
X    -m 

X*  •'Ox'  ^bx^  +  cx 

—  rnx^  +  amx'  +  bmx  -  cm 

X*  -  (a  +  m)x3  -  (6  -  am)x^+  (c+bm)x  -  cm 

EXERCISK  XIII. 

1.  Multiply«^-2rty-l-2/'-' bya--2rty  i  2y';  and  a-'-3a^ft  +  3ai^-6=' 
by  a^+2a6  +  62. 

2.  iMultiply  2a%''-H2a/nxj/+9xYby«m-xy  ;  and  3a^x - 3«x'^ 
by  Sa^x-'  -x^-I. 

3.  Multiply     a*  -  a^m  +  a^nr  -  aiii^  +  m^    by    a  +  m  ;    and 
2a^-  2axy-i-  2i/-  by  d^-ax  +  i/, 

4.  Multiply  x2-3x-  7  by  x-4  and  a^  +  a-*  -f-a"*  by  a^-I. 

5.  Multiply  a3+2a^6  + 3ai^  + 46^  by  a^-2ab-3b'\ 

6.  Multiply  a6-a<:  + 6c  by  at -i-ac- 6c. 

7.  Multiply  a* -2a^b ~3a'b^ -  2ab3  +b*  by  a2  +  2aA+6='. 

8.  Multiply  3x--2a6x- 2a^6^  by  x  +  2a6;  and  x''*+2x-3  by 
x*-x+l. 

9.  Multiply  X*  +  2x3  .u  2x^  +  2x  -1- 1  by  x"  -  2x3  +  3^2  _  2x  +  1 

t 

10.  Multiply  3^3+  2a;Y+3x^  by  2i/'  -  Sx'Y  ;  Sx^ ;  and  w^-rb'" 

by  a-  +  b' . 

11.  Multiply  2a +  3,  3a+4,  5a^-  2,  and  a-  3  together. 

12.  Multiply  ax +6)/ by  ax +  cy;  and  a^-b-   he''  by  a"+' -6"-''. 

13.  Multiply  a^-c'+j' by  a^-m^ +x"  . 

14.  Multiply  a^- ax  +  X*  by  a^  -  a^x  +  ax^-x^. 

15.  Multiply  2a  -  b,  3b  v  c,  2c  -  m,  and  3m  -  x  together. 
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57.  Division  is  the  process  of  resolving  a  given  quantity 
into  two  factors  when  one  of  the  latter  is  given.  As  in 
Arithmetic,  the  given  quantity  to  be  resolved  or  divided  is 
called  the  dividend,  the  given  factor  is  called  the  divisor, 
and  the  factor  to  be  obtained,  the  quotient. 

Since  the  divisor  x  quotient  =  dividend,  the  sig-n  of  the  quo- 
tient must  be  such  that  the  sign  of  its  product  by  the  divisor 
shall  be  the  sign  of  the  dividend. 

+  ab  -^  ab 

-J-  =  +a  •  .•  -i- ay  +  b  =  i-  ab  ;  -^^ 

-  ab  —  (lb 

— —  -+a  ■.•  -b  x-\-a~  -ab  ;        ,    =  -a  •.•  -ax +  b  -  -ab. 
-b  '    +  b  ■ 


Thus,  — r-  =  +a  •  .•  -i-  ax  +  b  =  i-  ab  \  — ;-  =  -a-.--ax-b  =  +  ab: 
+ 


Hence,  the  rule  of  signs  for  division  is  the  same  as  for  multiplica- 
tion ;  that  is,  like  signs  in  divisor  and  dividend  give  rLVS  in  the 
quotient,  unlike  signs  in  divisor  and  dividend  give  minus  in  the 
quotient. 

58.  Since  a*  xa'^  =a**^  =  a'',  it  follows  that  a''  -i-a*  =  a^,  that 
is,a'  va-'r^a'"*  =  a' ;  or  generally,  since  Wxa'  -a"*', it  follows 
that  a"* ° ^  a"  =  a'  OT  a"* '  -.-  a"  =  a" . 

Hence,  one  power  of  any  quantity  is  divided  by  another  power  of 
the  same  quantity,  by  subtracting  the  exponent  of  the  divisor  from 
the  exponent  of  the  dividend. 

Thus,  a^b^  -^  a''b^  -  a*b^  ■  x^z''  -f  xz^  =  x^ ;  ab'^c^m*  v  bm^  - 
abc^m,  &c. 

Case  I. 

69.  When  both  dividend  and  divisor  are  simple  quanti- 
ties or  monomials, 

Rule. — Divide  separately  the  coefficient  of  the  dividend  by  the 
coef.  of  the  divisor,  and  the  literal  part  of  the  dividend  by  the  literal 
part  of  the  divisor ;  write  the  partial  quotients  thus  obtained  in  juxta- 
position, and  prefix  the  proper  sign. 
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Thus,  14.j'/>«c«:  -7a'fcc«,  14  v  7  =  2,  and  a't'c"  :  a^bc^  --a*bc*, 
and  tho  quotient  is  -  2a*6c*,  because  the  signs  uf  dirisor  and 
tlividend  are  unlike. 

Similtirly  -2la^bx  :  3arb  =  -  7x  ;  -  18xi/z^  :  -  2xz^  -  'Ji/z,  kc. 

Note.— irbotli  coef.  and  litoriil  jmrt  of  tho  divisor  are  not  contained  uh 
Inctori)  in  tho  dividend,  wo  can  only  indicate-  tlio  divi.>>iou  by  writing  th<; 
two  quantities  in  the  form  of  a  fraction. 

7<i6«cxf 

For  example,  7o6*p.cS-?-lln»y  can  only  bo  cxprossed  thua,  — 

But  when  we  have  thus  expressed  the  quotient  we  can  cancel  any  factorn 
that  are  common  to  both  numurator  and  Ueuoininator. 

74aix^/i         3aa;x8ay«        Say" 
'  "  15axs*  3ax  X  bz*  6.-* 

EXKRCISK  XIV. 

Find  the  quotients  of: 

1.  Ibabc'  V  5ac  ;  i2ax^y'''  -■,  laxy*  ;  2Wxtj  -:  8axy  ;  -  20x^y*z"' 
V  20xy^z''. 

2.  -liab^cni*  v   labm^  ;  -liabx^  •:-   146x  ;  -21mx^y  ^  -3x^; 

-  12x^y  ■f-4x3y. 

3.  I2ab^c  V  20axj/ ;  -  l7«fcx-  -:  llaiax  ;  -2labx'*y  -:  -356x^2*  ; 
ab^c/T-lBacfx^. 

Cask  II. 

60.  AVhen  the  divisor  is  a  simple  quantity  but  the 
dividend  a  compound  quantity,  i.  e.,  a  polynomial, 

Rule. — Divide  each  term  of  the  polynomial  by  the  divisor,  as 
directed  in  Case  I,  and  connect  the  several  partial  quotients  thus 
obtained  by  their  proper  signs. 

Example.— Divide  Aa^b^c  -  3abc- +  Uab^cx -8aby^  hy  -Aab. 

ia^b^c  -  3abc^  +I2ab^cx-  8aby^    +  Aa'b^c  -  Sa&c* 

Here ^j^ =  T^,  and  -^,  and 

T-I2ab^cx  -8aby^  3c^        ,      „,.,  ^       „  ., 

,  and  —  —=^  -  -  abc,  and  +  — ,  and  -  36''cx    and  +  2y'  = 

-Aab    '  -4ab  '  4  ' 

3  c' 

-  abc  + 36"cx  +  2]/*. 

4 
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P]XERCISK    XV, 

Find  the  quotients  of: — 

1 .  I2axy'^  -  2 *labc^  +  1 2ax^y  -  Sacin  v  iacx. 

2.  21x!/^- 1  la  +  14x^1/ -49!/2^35axi/. 

3.  -  64a-«m  -  IQa^in^  ^-  2ia^m  -  AQni^xy  -i  -  I6a^m. 

4.  3abc  +•  4aV^  -  IQaxy- -  SOa^in  -:■  -  12mxy. 

Case  III. 
61.  When  both  divisor  and  dividend  are  polynomials, 

KuLE  I. — Jlrrange  the  tervis  of  both  divisor  and  dividend,  so  that 
the  different  powers  of  some  one  letter  (which  is  common  to  both  of 
them)  may  succeed  each  other  in  the  order  of  their  indices,  and  place 
the  divisor  thus  arranged  to  the  left  of  the  arranged  dividend,  as  in 
arithmetical  division. 

II. — Divide  by  Case  I.  the  First  Term  of  the  dividend  by  the 
First  Term  of  the  divisor,  arid  place  the  result  with  its  proper  sign 
in  the  quotient, 

III. — Multiply  the  whole  divisor  by  the  term  placed  in  the  quo- 
tient, set  the  prodicct  beneath  the  dividend,  and  subtract. 

IV. —  To  the  remainder  bring  down  as  many  terms  from  the  divi- 
dend as  the  case  may  require  ;  again  divide  the  first  term  of  this 
partial  dividend  by  the  first  term  of  the  divisor,  and  place  the  result 
with  its  proper  sign  as  second  term  of  the  quotient ;  multiply  and 
subtract  as  before,  and  proceed  thus  till  all  the  terms  are  brought 
down. 

Example  1.     a  +  b  )a:^i-2abi-b^ (a  +  b 
a^  +  ab 


Explanation. — The  terms  are  already  properly  arranged  in 
both  divisor  and  dividend,  ?ince  the  powers  of  a  follow  one 
another  in  regular  descending  order.  Then  a-  (first  term  of 
dividend)  vQ  (first  term  of  divisor)  gives  -i-a  as  result,  and  we 
place  this  in  the  quotient.  Xext  (ai-b)  xa  =  a^i-ah  which  we 
subtract  from  the  dividend,  and  to  the  remainder  +  at  we  bring 
down  b'^,  the  other  term  of  the  dividend.  Next  +ab  (first  term 
of  partial  dividend)  -ra  (first  term  of  divisor)  gives  6  for  second 
term  of  quotient.  Lastly  (a  +  b)  xb  =  ab-\-b^  which  we  subtract 
and  find  that  there  is  no  remainder. 
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Ex.   2.     :ub  i  A(r)  -  ai>'  ^  6a^l>'  -  12/»« 

■3ab  +  Ab')  Ga'li'  -  u6»     -  12/)*(2afc-36' 


-Qab*^\2b* 


Explanation. — Here  we  see  that  the  terms  as  given  are  not 
properly  arranged,  since  in  the  divisor  the  cxponenta  of  a  are 
arranged  in  descending  order,  while  in  the  dividend  they  arc 
not ;  moreover  the  exponents  of  b  in  the  divisor  follow  one  an- 
other in  ascending  order,  but  in  the  dividend  they  follow  one 
another  irregularly.  We  first  then  arrange  them  properly,  and 
then  proceed  to  divide  as  follows:  6a^b^^3ab  =  ^-2a6,  which  we 
place  in  the  quotient,  (3fli  +  46'0x  2a6  =  6a''^6^  + 8a&^,  which  sub- 
tracted from  the  dividend  gives  a  remainder -9a6^  -  126'*.  Next 
-  9ab^  ^  3ab  =  -  3b'^ ;  (3ab  +  4b^)  x-36^  = -Gai"- 126*,  which  sub- 
tracted leaves  no  remainder. 

Ex.  3.     3a- 6  )  Ga"  -96  (  2o'' +  4a*+ 8o+ 16 


12a3-96 
lf(i3_24o» 


24a2-96 
24a*- 48a 


48a -96 

48a -96 

Ex.4.     T'-xy  +  y^)  xY  +  x*+y* 

x^-xy-^-y^)  x*+xY-<-y*  (x'^'^xy  +  y' 
X*  -x^y  +x'y 

x^y  +  y* 

x^y  -  x'^y'  +  xy^ 

i^'^-xy*  +y* 
x'Y  -^y^  +  2/* 
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Ez.  5. 

3x* 

a^ -  2ax  +  x'^  )a*-  4a»x  +  GaJ'x^-Aax^  +  4x*  (a^-  2ax  +x^+ ^ 

'.„.,,.,  ^  a^-2ax+x^ 

a*-2a*x+  a*x^ 


-  2a*x  +  5a''x*-4aa:* 

-  2a'ar4-4a^x^-  2ax^ 


a^x^-2ax'+x* 

3x*  =  rem. 

rt«  +  2a  + 

Ex.6.     l+a)a-+2a  +  l(a''-a« +tt*-«"  + 

2,1  1  +  a 

ar  +  a^ 


-a» 

+  2a 

-a» 

-a* 

a<  +  2u 

fl^+a" 

-a« 

+  2a 

-a* 

-o6 

Rem.  =  a6  +  2a+  1 

NOTB.— In  Examples  5  and  6  the  division  does  not  terminate,  or  in  other 
words,  the  dividend  is  not  exactly  divisible  by  the  divisor,  and  we  write 
the  remainder  as  the  numerator  of  a  fraction  having  the  divisor  for  denom- 
inator. In  Example  6,  however,  this  inconvenience  arises  from  the  fact 
that  the  terms  of  both  divisor  and  dividend  are  not  arranged  according  to 
rule,  for  if  we  had  arranged  the  dividend  thusd  +  2a -f  a* )  we  should  have 
obtained  l-j-u  for  the  quotient.  The  student  then  must  be  careful  to 
remember  that  the  divisor  and  dividend  must  be  arranged  either  both 
according  to  tlie  ascending  or  both  according  to  the  descending  powers 
of  the  principal  letter,  or  letter  of  reftrence,  as  it  is  called ;  and  that  not 
only  at  starting,  but  throughout  the  whole  process  he  must  take  care  to 
arrange  the  partial  dividends  according  to  the  same  plan  as  that  adopted 
in  the  divisor. 

Exercise  XVI. 

Find  the  quotients  of  : — 

1.  x'''- 2IJ/  +  7/''  diyided  by  x-y\  and  u'*  + 3a^6  + Sat^  +  i^  di- 
vided by  a  +  6. 

2.  7/i*  +  4»i^x  +  6/// V  +  Amx^  +  x*  divided  by  7ft^  +  2mx  +  x^. 

3.  9x6-46x*  +95x'''+150x  divided  by  x*-4x-5. 
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4.  a'  t  tiirb  I  b'  I  ttnh'  divided  by  a  \  b  ;  and  -  1  ^x»!/'  divided 
by  -  1  +  ry. 

5.  I*  +  lOx  -  33  divided  by  3  +  x'-  2x. 

6.  a* +2a*m3-2o*m*- 2o'OT  +  m» -2am' +2a'm''  divided  by 
a'  +  m»  -  a*/n  -  am^, 

7.  1  divided  by  1  +  «  ;  o  divided  by  1  -  «  ;   1  -  m  divided  by 
?n  +  1  ;  and  1  -  2x  +  3x^  t  1  +  z  -  x^ 

8.  6a*  -  lOa'm  -  22rt'^«*  +  AGam'  -  207n*  divided  by  Aaiii  +  3a''' 
-  5m''. 

9.  4a»  -  I6a't^+  lOaiift'  +  15a*«  -  256»  divided  by  2a=»-  56'. 

10.  a'  +  6'  +  c*  -  3aAc  divided  by  a'  +  b^  +  c''  ~  be  -  ac  -  ab. 

11.  144x*-145xV  +  36y*  divided  by  4x  +  3i/. 

12.  2a*"  +  2o'-6''  -  4rt"c'  -  3«"6  -  36'"*'  +  66c"  divided  by 
a-  +6''-2c". 

KOTE.— If  the  teacher  is  deBirous  of  giving  his  pupils  a  greater  number 
of  questions  in  division  he  can  find  material  for  such  in  Exorcise  XIII,  in 
which  the  product  may  be  regarded  as  the  dividend,  and  either  the  multi- 
plier or  multiplicand  as  the  divieor.  Similarly,  the  rjueetions  in  Exercise 
X'VI.  may  be  made  to  furnish  additional  mateiial  for  practice  in  multipli- 
cation. 


DIVISION   BY  DETACHED   COEFFICIENTS. 

62.  It  is  sometimes  convenient  in  division,  as  also  in 
multiplication,  to  employ  only  the  coefficients.  The  mode 
of  proceeding  is  shown  in  the  following  rule  and  illustra- 
tion : — 

Rdle. — Having  arranged  the  divisor  and  dividend  as  in  ordinary 
division,  omit  the  letters,  and  set  down  the  coefficients,  each  preceded 
by  its  proper  sign,  and  place  zero  for  every  term  of  either  divisor 
or  dividend  that  may  chance  to  be  absent. 

Proceed  with  these,  coefficients  as  in  ordinary  division,  and  the 
result  will  be  the  coefficients  of  the  quotient  with  their  proper  signs ; 
the  literal  part  to  attach  to^each  of  these  is  easily  determined  by 
inspection. 


Art.  62.] 


DIVISION.  43 


Ex.  1.     Divide  9x*  -  144  by  3x  -  6. 

OPERATION. 

3-6)9+    0-1-    0  +    0  -  144  (  3  '1-  6  +  12  1-  24 
9-18 


18  + 

0 

18- 

36 

0 

36  + 

36- 

72 

72- 

■  144 

72- 

144 

Hence  the  quotient  =  3ar»  +  ex^  +  12x  -!-  24. 

Explanation.— We  place  three  ciphers  in  the  dividend  to  occupy  the 
places  of  the  absent  terms  x-U  a;*,  and  x.  We  ascertain  the  literal  parts  to 
attach,  by  observing  that  x*  -^.e  =  a?a,  which  we  place  after  the  first 
coefficient,  and  the  others  of  courscj  follow  in  regular  order. 

Ex.  2.  Divide  a;«+4x'^-8z*-25a:^  +  35a:-  +  21.r-28 by x2+5a;  +  4. 

OPERATION. 

1  +  5  +  4  )  1  +  4  -  8  -  25  +  35  +  21  -  38  (  1  -  1  -  7  +  14  -  7 
1  +  5  +  4 


-1- 

12- 

-25 

- 1  - 

5- 

-  4 

_ 

7- 

-21  +  35 

- 

7- 

-35-28 

14  +  63  +  21 

14  +  70  +  56 

-  7-35- 

28 

-  7-35- 

28 

Hence  quotient  =  r*  -  x''  -  Ix'^  +  14x  -  7. 

The  student  is  recommended  to  apply  this  nuthod  to  the  examples  in 
Exercise  XVI. 
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SYNTHETIC     DIVISION. 

63.  The  lollowiiig  is  a  still  shorter  method  of  divi.sion, 
and  is  peculiarly  applicable  when  the  first  coeflScient  of  the 
divisor  is  unity.  It  is  fre(iuently  called  "  Horner's  Method;" 
after  the  name  of  its  inventor.* 

RuLB. — ^fter  properly  nrrangins;  divisor  and  dividend,  if  the 
first  coefficient  of  thf  divisor  be  not  unity,  divide  both  dividend  ami 
divisor  by  the  first  coefficient  of  the  latter.  Then  set  down  the  fir M 
term  of  the  dividend  for  first  term  of  the  c/uotient. 

^irrange  the  divisor  in  a  vertical  column  to  the  left  of  the  divi- 
deml,  and  change  the  sign  of  every  term  in  it  except  the  first. 

Multiply  all  the  terms  of  the  divisor,  so  changed,  by  the  first 
term  of  the  quotient,  and  arrange  the  products  diagonally  under  the 
second  and  following  vertical  columns  of  the  dividend. 

^idd  the  terms  in  the  second  column  and  the  sum  will  be  the 
second  term  of  the  quotient.  Multiply  the  changed  terms  of  Ike 
divixor  by  the  second  term  of  the  quotient,  and  arrange  the  products 
under  the  third  and  following  vertical  columns  of  the  dividend. 

Continue  this  process  until  the  remaining  vertical  columns  added 
give  zero  for  sum,  or  until,  in  other  cases,  the  division  is  carried  as 
far  as  desired. 

KoTJB.— It  is  usual  in  synthetic  diviiiion  to  perlorm  tlie  work  by  detached 
coeflacientfi,  remembering  to  place  0«  for  the  absent  term*  in  both  divisor 
and  dividend. 

Ex.  1.     Divide  a''  -  Salr^  +  dd^x*  ~  x*  by  a^  -  3a^x+3ax^-x''. 

OPERATION. 


1 

+  3 
-  3 
+  1 


1+0-3+0+3+0-1 
3+9+9+3 
-3-9-9-3 

+1+3+3+1 


Quot.  =      1+3  +  3+1  +  0  +  0  +  0   ~    a-  +  3d^x  +  3ax^  +  ar» 

*  Synthetic  division  demands  the  attention  of  the  student  not  only  on 
account  of  its  brevity  and  elegance,  but  also  for  its  great  value  in  many  of 
the  higher  departments  of  research,  such  as  in  obtaining  factors  prepara- 
tory to  the  integration  of  finite  differences,  in  coiistructitig  a  rociirriiijf 
series,  in  the  treatment  of  reciprocal  equations,  &c. 
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Explanation.— Using  only  the  coefficients  wo  write  a  0  for  eacli  absent 
term,  i.  e.,  for  the  terras  involving  a'>x,  a^x^,  and  a.v. 

The  first  coef.  of  the  divisor  being  unity,  the  first  step  of  the  rule  is  not 
required. 

We  .set  down  the  divisor  vertically  on  the  right  of  the  dividend,  and 
change  all  its  signs  except  the  first. 

We  place  the  first  term  of  the  dividend  for  first  term  of  quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  the  first  terms  of  the 
quotient,  and  arrange  the  products,  3,  -  3,  and  1,  diagonally  as  represented, 
so  that  the  first  is  under  the  second  term  of  the  dividend,  and  so  that  each 
is  horizontally  opposite  that  ttrm  of  the  divisor  from  which  it  was  obtained. 

W(!  add  the  second  column,  and  g«t  +  3  for  the  second  term  of  the 
quotient. 

AVo  multiply  the  changed  terms  of  divisor  by  this  -f  3,  and  arrange  the 
products  +  9,  —  9,  and  4-  3,  diagonally,  as  represented. 

We  add  the  third  column,  and  thus  get  +  3  for  the  third  tenn  of  the 
quotient,  and  so  on. 

Lastly  we  attach  the  proper  literal  part  to  each  term. 

Ex.  2.  ■   Divide  6a*  -  «'  +  2a^  +  13a  +  4  by  2a^  -  3a  +  4, 

OPEKATION. 

2-3  +  4)6-1+2+  13 +  4 

1 

+  1| 
-  2 

Quot.  =  3  +  4  +  1  +  0    +0  =  3a^  +  4a  +  l. 

Explanation. — Here,  as  the  first  coefficient  of  the  divisor  is  not  unit)', 
we  divide  both  divisor  and  dividend  by  2,  the  first  coef.  of  the  former. 
The  rest  of  the  process  is  similar  to  that  in  last  example. 

Ex,  3.  Divide  a*  -  5«*j;  +  lOaV  -  lOa^a^'  +  Tax*  -  Sx'  by  a' 
-  2ax  +  x^. 

1 

+  2 
-  1 


3-  i  +  1  - 

r6i 

+  2 

+  ii+  6+  IJ 

-6- 

-8 

-  2 

Quot. 


1-5  +  10-10 

+  7-5 

+  2  -    6  +    6 

-2 

-1+3 

-3+1 

:  1-3+    3-    1 

+  2-4 

■3a^x  +  3ax^-x'*-\- 


2ax*-4x5 
a^  -  2ax  +  x^' 

KxPLAKATiON.— The  vertical  line  is  drawn  in  order  to  show  where  the 
remainder  commences,  and  it  will  be  observed  that  this  is  one  less  than  as 
many  columns  from  the  extreme  right  as  there  are  terms  in  the  divisor. 

The  student  is  recomraend<>d  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 
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SECTION     TIT. 

THEORRMS*  AND  FACTORING. 

64.  Tho  followinfi;  tlicorcnis  sliould  be  thoroughly  mas- 
tered by  the  pupil  : — 

05. -Theorem  1. — Zero  divided  by  any  i^iven  ijunnlHy  ^ivei  zero 
for  quotient. 

Drmonstration. — The  divi3or  >;  quotient'must  =  dividend,  and 
consequently  the  smaller  the  dividend  becomes,  the  divisor 
remaining  unchanged,  the  smaller  must  the  quotient  l)e.  Hence 
when  the  dividend  becomes  less  than  any  assignable  quantity, 
i.  e.,  =  0,  the  quotient  also  becomes  =  0,  that  is  0  t  o  =  0. 

66.  Thkorkm  II. — A  finite  quantity  divided  by  zero  gives  an  in- 
finitely large  quantity  for  quotient. 

Demonstkation. — A  finite  quantity  divided  by  itself  gives 
unitj'  for  quotient,  and  as  the  divisor  is  decreased  in  magnitude 
(the  dividend  remaining  unaltered),  the  quotient  increases. 
Hence  when  the  divisor  becomes  infinitely  small,  i.  e.  =  0,  the 
quotient  becomes  infinitely  large,  i.  e.  =  oc.  Therefore  a-r  0  =  oc. 

67.  Theorem  III. — A  finite  quantity  divided  by  a  quantity  infi- 
nitely large,  gives  a  quotient  infinitely  .^mall,  or  in  other  words 
gives  zero  for  quotient. 

Demonstration. — Since  the  divisor  x  quotient  =  dividend,  it  is 
evident  that  (the  dividend  remaining  unchanged),  the  larger  the 
divisor  the  smaller  must  be  the  other  factor  or  quotient.  When 
then  the  divisor  becomes  infinitely  great  the  quotient  must 
become  infinitely  small.     Hence  a  -f  oc  =0. 

68.  TiiEOKEM  IV. — Zero  divided  by  zero  gives  any  quantity  what- 
ever for  quotient. 

Demonstration. — Since  the  divisor  x  quotient  -  dividend,  and 
the  dividend  and  divisor  are  both  zero,  it  follows  that  the  quo- 
tient may  be  any  quantity  whatever,  or  in  other  words,  0  r  0 
=  a,  because  0  x  a  =  0. 

'  An  algebraic  theorem  is  au  algebraic  property  required  to  be  demon- 
strated. 
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69.  Theorem  V. —  The  zero  power  of  any  quantity  (»  equal  to 
vnily. 

Demonstration. — Since  one  power  of  a  quantity  is  divided  by 
anotlier  power  of  the  same  quantity  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the- dividend,  it  follows  that  a^a-a>~'^ 

-  a'^;  but  any  quantity  divided  by  itself  equals  unity,  hence  a  -r  a 

-  1.     Since  then  «  -=•  a  =  a"  and  also  =  1,  it  is  evident  that  a°  =  1. 

Cor.  .Similarly  it  may  be  shown  that  ^  and  a~^  are  equiva- 

1        a" 
lent  expressions  : — for    —  =  —  =  a"  "  '  -  a'  K 
a         a 

KoTK. — It  followti  Ironi  the  foregoing  theorems  that  a  being  any  finite 

quantity  whatever, 

0  a 

0,    —  and  —  arc  equivalent  symbols,  each  representing  no  quantity,  or 

the  absence  of  quantity,  or  a  quantity  less  than  any  assignable  quantity. 

—  and  (X  are  equivalent  symbols,  each  representing  a  quantity  greater 

than  any  assignable  quantity.    Hence  also,  zero  and  infinity  are  the  recip- 
rocals of  each  other. 

a",  and  —  and  1  arc  equivalent  symbols,  each  representing  unity. 

—   is  a  sygibol  of  indetermiuation,  i.  e.  is  employed  to  designate  a 

quantity  which  admits  of  an  infinite  number  of  values,  or,  a&wo  shall  see 
hereafter,  a  quantity  whoso  value  depends  upon  its  origin. 

70.  Theorem  VI. — The  square  of  the  sum  of  any  two  quan- 
tities is  equal  to  the  sum  of  the  squares  of  the  two  quantities  to- 
gether with  twice  their  product. 

Dhmonstbation. — Let  a  and  6  be  the   two  quantities  ;  then 
a  +  6  =  their  sum,  and  (a  +  6)^  =  the  square  of  their  sum. 
Now  (a  i-by-  (a-\-  b)  (a  +  b)=  o*  +  2ab  +  b'\ 

71.  Theorem  VII. — The  square  of  the  difference  of  any  two  quan- 
tilies  is  equal  to  the  sum  of  the  squares  of  the  two  quantities 
diiainished  by  twice  their  product. 

Dbiconstration. — Let  a  and  b  be   the  two  quantities  ;  then 
a-bs  their  difference,  and  (a  -  b)'^  =  the  square  of  their  difference. 
Now  («-&)'■==  («-/»)  (a-b)  t:  a:'-2ab\  b\ 
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72.  Thkohkm  VIIF.  —  T/u-  product  of  the  ^nm  of  any  two  qunn- 
lidfx  hi/  the.  iliffrrrnrr  nf  Ihr  snnir  tu>n  qiiniililir\  i\  rqi/nl  (o  Hir 
Hijf'rifiuc  nf  Ihr  si]iintr\  of  the  two  qitnnlilirs. 

DuMONSTBATlON. — Let  <f  nii(l  /)  lie  tin-  two  quiuililics,  a  l)eing 
till'  greater;  then  (a  i  6)  tlio  sum,  and  (<i~b)  the  (lifTcrenre 
of  the  quantities,  and 

(n  I  ft)  (rt-ft)  _-  a- -ft-  _  diff.  of  their  squares. 

73.  TuBORKM  IX. —  Til c  product  of  two  binominls  liavinff  llie.  mme 
iliutnlify  for  first  term  but  their  second  fermt  unlike,  ix  equal  to 
the  square  of  the  first  term  together  with  the  product  of  the  two 
second  terms  and  also  the  product  of  the  first  term  by  the  sum  of  the 
two  second  terms. 

Dhmonstuatio.v. — Let  (x  +  a)  and  (x  -6)  be  the  two  binomials, 
then  by  actual  multiplication  (x  +  a)  (x-ft)  =  x^  +  (a-b)x-ab. 

Similarly  if  (a:- fl)  and  (i-ft)  are  the  two  binomials,  their 
product  will  be  x^  +  (-o-ft)x +  a6  =  x'-(a^-b)x  +  ab. 

74.  Thborem  X. —  The  difference  of  the  n'^  powers  of  two  quan- 
tities is  always  divisible  by  the  difference  of  the  simple  powers  of  the 
same  two  quantities  whether  the  exponent  n  be  an  odd  number  or 
an  even  number. 

Demonstration.  We  are  to  show  that  the  two  quantities  being 

a  and  x,  and  the  difference  of  their  n^^  powers  being  a"-x»,  then 

a"  -X"  is  divisible  by  a  -  x  whether  n  be  an  odd  number  or  an 

even  number. 

a'-x"  a"'^x-x'  i<'a"- 1 -X"" '") 

^a--'  + =a-i  +  -^ '' 

a-x  a-x  a-x 

Now  it  is  evident  that  when  a""  '  -x"'  '  is  divisible  by  a-x 
then  a'-x"  must  also  be  divisible  bj'  a-x. 

But  when  n  =  2,  n- 1  =  1,  and  it  is  manifest  that  a-x  is 
divisible  by  a-x,  therefore  d^-x'^  is  divisible  by  a-x. 

Again  if  »  =  3,  ra-  1  =  2,  and  since  a--  x'^  is  divisible  by  o-x, 
then  also  a^-x'  is  divisible  by  a  -  x,  and  hence  also  a^—x*  ia 
divisible  by  a-x,  and  hence  also  a'^-jr'  and  so  on.  Therefore 
o"  -  X"  is  exactly  divisible  by  a  -  x,  whether  n  be  an  odd  or  an 
even  number 
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75.  Theorem  XI.— The  sum  of  the  n^'*' powers  of  any  two  quan- 
tities is  not  divisible  fiy  the  difference  of  the  quantities  whether  n  6c 
an  odd  or  an  even  number. 

if  +  x"  x(a"-'  +  X"  -  ' ) 

Demonstration.     '  =  a"  '  -i-  ■ i 

a  —  X  a  —  X 

Now  a"  +  x"  is  div.  by  a  -  x  only  when  if  '  '  I-  x"  -  '  is  div.  by 
a-  X. 

Taking  n  -  2,  «  -  I  =  1,  and  «"  ^  '  +  x""  '  =  a  +  x,  which  is 
evidently  not  div.  hy  a-  x,  and  tlicrefore  «^  4-  .c''  is  not  div.  by 
a  —  x. 

But  when  n  =  3,  «  -  1  -=  2,  and  since  a^  -h  x'  is  not  div.  by  a-  x, 
therefore  a*  +  x^  is  not  div.  by  a  -  x. 

But  when  n  =  4,  «  -  1  =  3,  and  since  a'  +  x'^  is  not  div.  by 
a  -  X,  therefore  a"  +  x*  is  not  div.  by  a  -  x. 

And  therefore  a-'  +  x*  is  not  div.  by  a-x,  and  therefore  a6+  x^ 
is  not  div.  by  a  -  x,  and  so  on. 

Therefore  whether  n  be  even  or  odd,  a"  +  x"  is  not  div.  by  a  -  x. 

76.  Theorem  XII.— T/te  difference  of  the  n^^  powers  of  any  two 

quantities  i«  7iot  divisible  by  the  sum  of  the  quantities  when  n  is  an 

vdd  number. 

a-  -  x"-  x\a"  -  '^  -  x"  -  '■^) 

Dbmonstration.     =  a"  - 1  -  a"  -  ^  x  + — 

a  4-  X  a  +  x 

Now  a"  -X"  is  div.  by  a  +  x  only  when  a"  '  '■  -  x" "  '^  is  div.  by 
a  +  X. 

Taking  ?i  =  3,  7i-2  =  1,  and  a"  '■ -x"-'^  -  a- x^  which  is  evi- 
dently not  div.  by  a  +  x,  and  therefore  a^  -  x'  is  not  div.  by 
a  +  X. 

But  when  »  =  5,  ra-2  =3,  and  since  a'  -x'  is  not  div.  by  a +  x, 
therefore  also  a^  -x*  is  not  div.  by  <i  +  x. 

But  when  ri  =  T,  »i  -  2  -  5,  and  since  a'  -  x^  is  not  div.  by 
a  +  X,  therefore  also  a'  -  x^  is  not  div.  by  a  +  x,  and  so  on. 

Therefore  when  n  is  an  odd  number,  a"-  x"i8  not  div.  by  a  +  x. 

77.  Theorem  XIIL— 7%e  sum  of  the  xiS^  powers  of  any  two 
quantities  is  not  divisible  by  the  sum,  of  the  quantities  when  n  is  an 

ei-fn  number. 

w'  +  x"  x(a"-'-x"'') 

Demonstratio.n.    — ; -a"    1 — — 

a+x  a+x 
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Now  ill  order  that  ""  ^  .r"  ahRll  be  div.  bj  (t  4-  x,  <i"  i  -  x"  ' 
luiisl  be  div.  by  a  +  x. 

When  n  --  an  even  number,  n  -  1  must  =  &u  odd  number ;  aud 
wo  hiive  shown  (Tbeor.  xii.)  that  the  dilTcrcncc  of  the  odd 
powers  of  two(itiantitieB  is  not  div.  by  the  sum  of  the  quantities. 
Thereforo  when  n  is  an  even  number,  a"  '  -  x"  '  is  not  div.  by 
fi  +-X,  and  therefore  «"  l-  x"  is  not  div.  by  n  +  x  wlien  71  is  an 
oven  number. 

78.  Thborhm  XIV. —  The  differrnce  of  the  n""  povjers  of  any 
two  quantities  is  exactly  divisible  by  the  sum  of  the  quantities  when 
n  is  an  even  numi)er. 

a'*  -  x"  x(a"  •  1  +  x"  - 1) 

Dbmonstration.     ^  a^  '^  - 


a  +  x  a  +  X 

Now  when  a™-' +  x"  ■*  is  div.  by  a  +  x,  then  also  a" -  x"  is 
div.  by  a  +x. 

But  when  n  =  2,  n-1  =  1,  and  a  4-  x  is  evidently  div.  by  a  +  x, 
therefore  a*  -  x'  is  div.  by  o  +  x. 

And  by  first  step  of  next  theorem  a'  +  x''  is  div.  by  a  +  x,  and 
therefore  also  a*  -x*  is  div.  by  a  +  x,  and  so  on. 

Therefore  a"  +  x"  is  divisible  by  a  +  x,  when  n  is  an  even 
number. 

Note.— Tho  aeveral  steps  of  this  and  of  tlic  following  demonstration 
mutually  depend  upon  one  another.  Thus,  the  Irt  step  of  the  folloTiing 
depends  on  the  1st  step  of  tills;  2ud  step  of  this  on  Ist  step  of  folio wiug; 
2nd  stop  of  following  on  2nd  step  of  thi»;  3rd  step  of  this  on  2nd  step  of 
following;  and  so  on. 

79.  Theorem  XV. —  The  sum  of  the  n"*  powers  of  any  two 
quantities  is  divisible  by  the  sum  of  the  quantities  when  n  is  an  odd 
number. 

a"+x''  x(a"-i-x"-ij 

DeMONSTRATIOH.       =  tt™  '  ^  + 

a+x  a  +  x 

Now  o"  +  x™  is  exactly  div.  by  a  +  i  when  a"" ^  -  x™  ^  is  div. 
by  a  +  X. 

But  when  n  =  an  odd  number,  n-  I  must  =  an  even  number, 
and  a''  - 1  -  x'*  ■  1  expresses  the  difference  of  two  even  powers,  and 
since  (Ist  step  of  Theorem  xiv.)  a^-x*  is  divisible  by  a  +  x, 
therefore  also  a^  +  x'  is  divisible  by  a  +  x. 
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And  since  (2nd  step  of  Theorem  xiv.)  «*  -  x*  ia  divisible  by 
u  +  j',  tlicrefore  also  a'  +  x^  is  divisible  by  a  +  x;  and  so  on. 
Therefore  «"  +  x"  is  div.  by  a  +  x  when  7i  -  an  odd  number. 

80.  The  following  is  a  recapitulation  of  the  latter  of 
these  theorems : — 

a"  -  as"  is  div.  by  a  -  x  when  n  is  odd. 

«"  —  .x"  is  div.  by  a  -  x  when  n  is  even. 

a**  +•  X"  is  div.  by  a  +  r«  when  n  is  odd. 

a"  -  7^"  is  div.  by  a  +  33  when  ?j.  is  even. 

All  other  ?ith  powers  are  indivisible  by  either  a  +  x  or 

a  -  X. 

Illostrative  Examples. 

Theorem  VI. 

(2x  +  3i/y  =  (2x)''  +  2(2x)  (33/2)  4-  (S/)''  =  Ax'^  +  Uxy^  +  9y*. 
(2ax  +  5yzY  =  (2aa:y  +  2(2ax)(5yz)  +  (5ys)'^  =  4aV+  20axuz+25y'z^. 
Conversely  x''+  2xy-^y^  =  (x  +  y)(x  +  y)  ;  a''^+4ax+4x^=  (a+2xy(a+2x); 
9a^  +  6axy  +  x V  =  (3a  +  a-y)  (ia+  xy)  ;  ix*  +  I2x'^y  + 
9y--(2x2  +  3y)(2x^  +  3y). 

Theorem  VII. 

(m-  2x)2  =  m^  -  2(m)(2x)  +  (2xy  =  m^-  4mx  +  4x^ 
(4o5-3x2y)2  =  (4aft)^-2(4a6)(3x2y)-i-(3x^y)2  =  lGa:^b'^-2iabx^y+9x*y''. 
Conversely  m^ -  27?iy  +  y^  =  (?n  -  y)(m  -  y)  ;  Ax^y^  -  iacxy  +  a^c^  = 
(2xy  -  ac)  (2xy  -  ac). 

Thborbm  VIII. 

(m  -  xy)  (»i  +  xy)  =  m^  -  (xy)^  =  th'-'  -  xV* 
(3a  +  7y)  (3a-  7y)  =  (Sa)^-  (7y)2=  9a»-  49y2. 
(4a'''xy  -3a»6)  (4a2xy  +  3a'6)  =  (4a2xy)2-  (3a^by=  l6a*xY-9a^b\ 
Conversely  x^  -  4y'  =  x'  -  (2yY  =  (x  +  2y)  (x  -  2y)  ;  x'^y*  -  m*b^  = 
{xYY -  (in'by  =  (xV  +  m?b)  (xhf  - ni'b). 

xi-a*  =  (x^  +  a''')  (x^-d^)=  (x^  +  a^)  (x  +  a)  (x-a). 
7rt'6-ai66»6  =(;ft8  +a*<6«)  (a^-a^ft*)  =  (m8  +  a«6»)(m<+a46-») 
{m*-a*b*)  =  (m»  +a86»)  (m^  +  a^ft*)  (m^  +  a^ft^)  ^m^^a'b^) 
.   -  («i*  +0*6*)  (hi-"  +a*6'*)  (m^  +  a^ft'"')  (?«  +«/>)  (m-  ub). 
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Theokku  IX. 

(j.  -  7)  (.r  r  9)  -  x'  +  (9  -  1)x  -  63  -  .i'  -\  2x  -  G3. 
(a-3)(x-7)=  J^-(3+7)z  +  21  -x-~\Qx-\2\. 

Conversely.  Find  the  factors  of  x*  + 14x1  33.  Here  since  14 
is  the  sum  and  33  the  product  of  the  two  last  terms,  we  seek  lo 
find  bj  inspection  what  numbers  added  will  make  14  and  multi- 
plied togotiier  will  make  33.     Evidently  11  and  3. 

Therefore  x=+  14.r  +  33  -=  (x  +  1 1)  (.t  +3) 
x2  +  x-42  =  (x  +  7)(x-6)  •.•  7 +(-6)^  1  and  7x-6  =  -42, 
a--9x  +  20  =  (x-5)(x-4)  •.•  -5-)- (-4)  =  -  9  and  -  5  x-4  =  +  20, 
t'-x-  156  =  (x- 13)  (x+12)  •.'  -  13  +  12  =  -  1  and  -  13  X  12  =  -  156. 

Thhokems  X.,  XIV.,  and  XV. — By  actual  division, 


a''- a^x4-a^x'''-ax^+x*. 


81.  In  order  to  be  enabled  to  write  these  and  similar  quotients 
without  actually  dividing,  observe  the  following  points : — 

I.  The  number  of  terms  in  the  quotient  always  =  the  expo- 
nent of  a  in  the  dividend  ^  exponent  of  a  in  the  divisor. 
II.  The  coef.  of  each  term  of  the  quotient  is  unity. 

III.  The  exponent  of  a  decr^ses  and  that  of  x  increases  in 
the  several  terms  of  the  quotient,  by  unity,  or  more  generally  by 
the  exponent  of  the  corresponding  term  of  the  divisor. 

IV.  When  the  connecting  sign  of  the  divisor  is  minus,  all  the 
signs  of  the  quotient  are  -r,  .but  when  the  connecting  sign  of 
the  divisor  is  plus,  the  signs  of  the  quotient  are  +  and  -  alter- 
nately. 

V.  The  sum  of  the  exponents  of  each  term  =  the  difiference 
between  the  exponent  of  a  in  the  dividend  and  that  of  a  in  the 
divisor. 
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EXBRCISE  XVII. 

Find  by  inspection  the  value  of : — 

1.  (a-3i/)'^;  (3a  +  2x)'^;  (3xy-iy;  (2ax'^-3xy^;  (2a+3axy^y\ 

2.  (a-3x)(a  +  3x);  (2a  +  3i/)  (2a  -  3i/)  ;  (3ab  - xy)  {xy  +  3ab)  ; 
(2nr-3xy^)  (27/i^+3xi/»). 

3.  (3a  -  2xy)  (2xy  +  3«)  ;  (2«  -  7)  (7+  2«)  ;  (x  +  3)  (3  -  x)  ; 
(2  +  5ai/)^;  (3a-Axhj^y\ 

4.  (a:-6)(x+ll);   (3tt-2)  (3a  +  5);   (x  -  4)  (x  -  9)  ;  (x  +  3) 
(x-7);  (x-2)(x-l). 

5.  (a' -x^) -f  (a-x)  ;  (a'' -x"^)  ^  (a  +  x)  ;  </«"  +  a*^) -f  (7/1+ a)  ; 
(c*+x*)  V  (c-hx). 

6.  (rt"  +  xi'i/'i)v(a-i-xy);  (a^/rtS  -  r») -f  (a»i-r)  ;  (aHjft^s*) 
^{a-ms);  (a* -y*z*')  ^  {a -yz). 

7.  (x2+9x  +  20)^(x  +  5);  (x''*+7x-8)f  (x -  I)  ;  (6xH5x-4) 
■r  (3x+4)  ;  (6a*x'  +  a^x-a^)^  (2ox-l-l). 


82.  Theorem  VIII.  may  sometimes  enable  us  to  find  without 
actual  multiplication  the  product  of  two  trinomials  or  quadri- 
nomials,  i.  e.,  when  we  can  write  one  of  them  as  the  sum  of  two 
quantities  and  the  other  as  the  difference  of  the  same  two  quan" 
titles. 

Ex.  1 .  (a  -  X  +  y)  (a  -  X  -  2/)  =  {  (  a-  X  )  +  ?/ }  {  (  a  -  x  )  -  y }  - 
(a  -  x)^  -  j/^  =  a'  —  2ax  +  x^  -  y"^. 

Ex.  2.  (2x-3i/-2z)(2x  +  32/-2j2)={(2x-2c)-3y}{(2x-22)+3y} 
=  (2x  -  2zy-  (3yy  =  4x^~8xz  +  Az^  -  9y'\ 

Ex.  3.  (a-26  +  3c)(a+26-3c)=  {a-  (26-3c)j{  a+  (26 -3c)} 
-  a2-(26-3c)=^=  a^ - (46^-1 26c +  9c''')=  a^-46='+ 126c-9c^ 
Ex.  4.     (tt  +  26  +  3c  -d)  (a  -  26  +  3c  +  d) 
=  {(a+3c)  +  (26-(/)}{  (a  +  3c)  -(26-d)}  =  (a+3c)'' -  (26 -(Z)^ 
=  a2  +  6ac  +  9c2-(46'''-46(i+(Z^)  =  a^  +  6ac  +  9c^-46*-l-46(Z-(£2. 

EXBRCISE  XVIII. 
Find  the  value  of : — 

1.  (a-6  +  c)(a-6-c);  (a- 6  + c)(a  +  6 -c);  (a+ 6  +  c)(a_  6-c). 

2.  (3a-  2c  +  4)  (4  -  3a  +  2c) ;  (  2«  -  x  ■(-  3  jh^  )  (2a  +  x  -  3in^)  ; 
{2a-3y  +  2xy)  (3y  -  2a  +  2xy). 
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3.  (2a  -  3c  +  'Ix  -  3y)  (ity  ~2x-3c  +  'la) ;   («  l  2f  I  4m  1  3d) 
(a  +  3(i-  2(--  4hi). 

4.  (3a  -  7/1^  -  2  •(  xi/)  (2  -  m'^  H    3a  -ry)  ;    (1  +  2a'''  -  3i-^  h  ?/) 
(2a»-l-y^-3.r^). 

Simplify  the  following  expressions,  i.  e.   perform   Ibe  oi>era- 
tions  indicated  and  reduce  the  result  to  its  simplest  form  ; — 

5.  (3a-26)  (2a  +  36)  -  (2a-4i)^-  4(3-a)  (a-l  3) -4(2a-ft)^ 

6.  (4a  -  3xy)  (3xy  -  4a)  i-  3  (2a  +  xy)'  -  7  (3a  +  ary)  (xy  -  3a)  t- 
4(2a-3xy)^ 

7.  (1-x)  (l+x)(l  +  x'0  (1+j:«)(1  ha:")(l  +  x'6) g  terms. 

8.  (fl-xy)  (a  +  xy)  (a^  +  xVO  («*  +^*V^) to  n  terms.* 


83.  Although  we  have  seen  (Theor.  xi  and  xii)  that  the  sum 
of  the  even  powers  of  any  two  quantities  is  not  divisible  either 
by  the  sum  or  the  difference  of  the  quantities,  it  sometimes  happens 
that  we  can  r«solve  the  sura  of  two  even  powers  into  its  compo- 
nent factors.  This  occurs  whenever  the  exponent  n  contains 
an  odd  factor,  as  for  example  when  it  is  6,  or  10,  or  12,  or  14,  &c. 

Ex.  1. — Resolve  u*-x'y>  into  its  elementary  factors. 
Theor.  x.     o^  -  x'y^  -  a'  -  (xy)'  =  (a-zy)  (a^  +  axy  +  xy). 
Ex.  2. — Resolve  a^  -7n^  into  its  elementary  factors, 
o*  -  7tt*  is   divisible   by  a-yn,  and  therefore  its  factors  are 
(a-m)  (a*  +  a*m  +  d^in'  +  am^  +  Tn*). 

Ex.  3.— What  are  the  factors  of  x'  +  y '  *  ? 
x''+y^*=x''+(^y^)''={x+y'^)(x^-x^y^-{-x*y*-x^y^  +  x'^y^-x  y^'>+y^'). 

Observe  here  the  exponents  ot  x  in  the  second  factor  decrease  by  the 
subtraction  of  that  of  a;  in  the  first  factor,  wliile  the  exponents  of  y  in  the 
second  factor  increase  by  the  addition  of  that  oty  in  the  first  factor. 

Ex.  4. — What  are  the  factors  of  a'  ^  _  m'  e^i  e  7 
By  Theor.  VIII.     u»6_(,nc)i6  =  {  a»  +  (mc)«  |  {a»- (mc)»|  and 
a»  -  (mc)^  =  j  a*  +  (mc)*\  [  a*  -  {mc)*} ;  and  so  on.     Therefore 
ai6_7ai6ci6  =  (o*+7ft*c'')  (a*  +  7»*c*)  (a^  +  7ftV)(a  +  7nc)(d-mc). 

•  Ascertain  by  inspection  what  power  of  2  expresses  the  exponent  of 
each  t«rin  of  tlie  product  of  the  first  two  of  these  factors,  then  of  three, 
and  hence  of  »t  factors. 
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Ex.  5.-- What  are  the  factors  of  32a;'*  +  243y»  ? 

32x»  +  243y«  =  (2x)»  +  (Sy)"  =  (2x  +  Zy)  {(2x)*  -  (2x)3(3i/)  + 
i2xy(3yy-(2xX3yy  +  (3yy\  =  (2x  +  3y)  (16x« -24x•^y  +  36xY- 
54xy3+81y<). 

Ex.  6. — Resolve  a' "  +  7/t"'  into  its  two  elementary  factors. 

fli^+rn'-  =  («*)•»  + (m*)*,  and  since  the  sum  of  the  cubes  of 
two  quantities  is  divisible  by  the  sum  of  the  quantities, 

Ex.  7. — Resolve  a'°  -x^°  into  six  elementary  factors. 

o20_a.2o  =  (o>o+x>o)(a''+x»)(a«-x»). 

c»o+xJ'»=  {a?y  +  (x^y  =  (a'»+x=*)(a8-a6x*  +  a*x*-a^x«  +  x«)j 
and  resolving  (a*  +x'')  and  a"  -  x*  into  their  factors,  we  find  that 
aio  _^2i,-  (a»  +  x'0  (a8-a6x'^  +  a*x*  -a^x6+ x*)  (a  +  x)  (a" -a^x 
+  a*x^-ffx*  +x*)  (a-x)  (a*  +a'x  +  a^x^+ax*  +x*). 

Ex.  8. — Resolve  )n^*-z'^*  into  eight  elementary  factors. 

7ftS*_2e4  ^  (7^27+227)  (to" -227). 

^27  +  ^47  :,  (m9)3  +  (z9)3  =  (7ft9+z9)  (?ft» » -  m^s^  +  z' «)  and 
m^+z^  =  (m»)'  +  (2')'  =  (m»  +  2»)  (mS-m^z'  +  z^)  and 
m^  +  z^  =  (;ft  +  z)  (;n'-mz  +  z*). 

Therefore  jft«^  +2*'  =  (jn'  ^~m^z^  +  z^»)  (m^  - mH^ -h z^)  (m^- 
mz+z^)  (^in-¥z). 

And  similarly  7ft*''-  z*'  =  (/n  i* +»iSz9 +zi«)(m«  +  m»z*  + z«) 
(//i^  +  Tttz  +  z^)  (m  -  z) . 

Therefore  Tn'*  -  s^*  =  the  above  eight  factors. 

EXBRCISB  XIX. 

Resolve  into  elementary  factors  : — 

1.  a^  -  771-^ ;         2.  a^  +  c^  ;  3.  a*  +  x* ;         4.  a"^  -  6"* ; 

5.  a9-x9;         6.  ft" -6";  7.  a*-7ft*x*;     8.  32a«+x°; 

9.  81-16<?<;     10.  2437ft''- 32c«  ;  11.  a^  +  x";      12.  a^'^+m'^o- 

13.  c-'^  +  x^;      14.  x»o+7ft3o.       15    a*«-c*8;   16.  a^s+jftSfi; 

17.  aio'-c'"";  18.  ?tt"*  +  ci**;  19.  a"+)ji";  20.  (umy^-p^K 
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EXRHCISE    XX. 
MISCELLANEOUS    EXAMPLKB. 

1.  Simplify  a-x-j-(-a)-.TJ-j-(-j-(/-(-|-(-.e-(/) 
-a\-x  )-a\-a)\ 

2.  Simplify  3(m  -  i)  («  I  :i)  -  2((/-  2.r/  -  (3(t-  2.c)  (2x-  3(/)  - 
4(3x-a)  (a+3j-). 

3.  Add  together  V3  +  2VC  +  3V5  -  V^  i  2V3  -  3V5  -  Aax'^-'\Jx, 
2V6  -  3\/x  +  u'x^  -  V2  ;  and  4VC  -  3a^x  -  Z-^x. 

4.  Multiply  iv  V  xf*  1  by  o'  -  a-  - '  . 

5.  Divide  a"  -  a"  by  a  +  a-  to  5  terms. 

6.  What  are  the  factors  of  i''  -  14x  -  51  ? 

7.  Divide  1  by  1  -  1,  and  express  the  value  of  the  quotient. 

8.  Resolve  a*  •  -i"  into  its  six  elementary  factors. 

9.  Divide  a*x*m?-  -  ia^mVp  +  4p^m'x^  into  its  factors. 

10.  If  a  =  2,  b  =  3,  c  =  4,  d  ~  I,  and  m  =  0,  find  the  value  of 

Vc(/(«A  +  bdj  a/^rrr-r-         (\  a(b  +  c)- d\' + ub)  -  \  bc{b  +  c)+ l\ 

+   va  b^rdin  -    ; — :■ 

be  -  m  cdni+\Jc(bc  +  d)  -  b  -  (a^  b  +  d) 

11.  Multiply  by  detached  coefficients  x*  +  2x^  +  3x^  +  2x  +  1  by 
i»  -  2x  +  1,  and  also  o^  -  2ab  -  36''  by  a"  +  2d^b  +  3ab'  +  46". 

12.  Divide  synthetically  x*-  aV  +  bx'^-cx'^  +  abs  -v  acx  -  be  by 
mx  -V  x'^  -  c. 

13.  Resolve  a''*  -  m^^  into  its  elementary  factors. 

14.  Find   by  inspection   the   value   of  (^a?  ■{■  c^)  {a  +  c)  {a  -  c) 

-  ah^*  +  c^^){a^^  -v  a^c  +  a*c^  +  aV  +  a^c*  +  a'c^  +  a*c«  +  d'c'' 
■^ah*  +ac^^c^"')  (a'o-  a«c  +  o^c^  -  aV  +  a^c*  -  a*c'>  +  a*c6 
-aV  +a*c*  -ac»  +  ci«). 

15.  If  a  =  J,  and  a  +  6  +  c  =  a  +  6  =  0,  find  the  value  of 

(6»-c'Oj6*  +  c»-6(a-c)j 

16.  Simplify  a»  -  6*  -  3afc(a  -  6)  +  3a6(a  +  b)  +  w"  +  6^ 

17.  Simplify  a'^  -  in*  +  3(a  -  ni)*  -  2(2a  -  37/0(3»i  H-  2tt)  - 
2//i(5ni  +  3a)  +  6(0" -m^)  +  2m{5a  -  2/rt). 

18.  If  771  =  a  -i-  6  +  c,  prove  that 

77i(m  -  2a)(m  -  26)  +  77i(/rt  -  26)(w  -  2c)  +  //((/;»  -  2()(7;i  -  2n) 
=  8a6c  +  (771  -  2ft)(wt  -  26)(/ft  -  2c). 
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GREATEST  COMMON  MEASURE  AND  LEAST  COMMOX 
MULTIPLE. 


GREATEST  COMMON  MEASURE. 

84.  The  greatest  common  measure  of  two  or  moro 
algebraic  quantities  is  the  letter  or  (|uantity  of  hii^liest 
dimensions  that  will  go.  into  each  of  theui  without  a 
remainder. 

Thus,  the  greatest  common  measure  (G.  C.  M.)  of  ia^xy  and  6a2.rv'«  is 
2a-i:i;;  the  G.  C.  >I.  of  S.v^y  -2l.viy  and  2ab.c  -  Uah  is  x-  7  or  7-.(-. 

85.— The  words  greater  and  less  arc  not  generally  applicable  to 
alj^ebraic  expressions,  unless  when  spccitic  numerical  values  have  been 
assigned  to  all  the  letters  which  occur  in  them.  Thus,  x  -7k  greater  or 
less  than  7  -  v,  according  as  we  assign  different  values  to  ,/;;  On  this 
account  the  term  Greatest  Common  Measure  is  incorrect  as  employed  in 
Algebra,  and,  as  we  merely  use  tlie  expression  to  indicate  the  common 
divisor  of  highest  dimensions,  it  would  be  more  accurate  to  call  it  tlie 
higliest  common  measure. 

86.  Theouem  L — If  a  quantity  measure  another  quantity  it  will 
also  measure  any  multiple  of  that  quantity. 

Demonsteation.— We  arc  to  show  that  if  w  measure  a  then  it  will  also 
measure  ta,  any  multiple  of  a. 

Let  m  be  contained  n  times  in  «.  Then  a  =  nm,  and  ta.  :=z  turn.  Now 
m  evidently  measures  tnm,  therefore  it  also  measures  its  equal  ta. 

87.  Theorem  II. ^-'If  one  quantity  measure  two  other  quantities 
then  it  will  also  measure  the  sunt  or  difference  of  any  multiples  of 
those  two  quantities. 

Demonstration.— Wo  arc  to  show  that  if  m  measure  «  and  also  b,  it 
will  likewise  measure  na  i  pb. 

Since  m  measures  a  and  b  by  hypothesis,  it  also  (Theor.  I)  measures  na 
and  pb  Let  m  be  contained  t  times  in  na  and  s  times  ia  pb;  then  na 
=:  tm  and  pb  =.  sm,  Therefore  na  ±  ph  =  tm  ±  sm  =  (t±  s)m.  That  is, 
m  is  contained  {t  i  s)  times  in  i>/t  +  pb  and  is  therefore  a  measure  otna  +  pb, 

E 
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88.  TIk'  <i.  ('.  M.  ol'  two  or  iiinic  (|u;(iilitk's  oaii  nWiu 
he  fouii"!  by  in.pcofion  or  by  the  following;:  — 

Kl'LK. — Kcsolfcrarh  of  the  (nmntilia  into  Us  i ont/toiiriU  facloiK  : 
then  the  pruiltirt  of  those  fiictois  common  tn  nil  the  given  quantilifK 
u-ill  In-  their  G.  C.  M. 

V.\.  1.  What  is  the  G.  C.  iM.  of  49«-i-t'  and  oaa^/zV  ? 
4'J(i^t-c' -  1d-b-c^y.  1c  and  G3(r"'*V  =  7a-'/>V  x  9«'6,  uhcnce  it 
is  evident  that  the  G.  C.  M.  required  is  la'^bV. 

Ex.  2.  The  G.  C.  JI.  of  «(-'(«--«/')-  and  (u-m\-um-)' ; 

(hat  is,  of  ?«■-(«'-- wi-')  («--/«-)  and  jftm(«  l  y?i)}'- 

that  is,  of //»■-(«  i  m)(it-  m)(a  I  m)(<t  ~  m)  and.  rtW(« +  /«)(«i//() 
(a  ^-  »;i)  ; 

that  is,  of  /«-((/  i  ;/i)'' («  -  «0'  tt"d  "'■■'("  +  "O"'  ("  '  "0  «'"'  is 
m'''(tt  +  m)'-. 

Ex.  3.~Thc  G.  C.  M.  of  15(a,--  2<ix-3n^)  and  35(x'  i  a''). 
that  is,  of  5  X  3  (a;  +  a)  (x~3a)and  5'x  Y  (x  +a)  (a'-«x  i  a^)^ 
that  is,  of  5(x  +  fl)  x  3(.r  -  3a)  and  5(x  \  a)  x  7  (x'^-ox  +  ti'^)  is 
C(a;  +  rt). 

Exercise  XXI. 
Find  by  factoring  the  G.  C.  M.  of 

1.  18a6-'/n  and  2id-b-i>v\ 

2.  2la*ni^,  18a^m^  and  15d^mK 

3.  Sd'x'^y  +  l7rt»iay  -  Zurni^x'y  and  5x^  -i-  Stfxy  -  lid^x'^y, 

4.  X*  +  2x  -  ?»i.t'''  -  2/«x  and  x-  -i-  4x  +  4  +  ax  +  2a.  ^., 

5.  3a2  («*  -  x'O  and  4a-x2  („  _  ^.y  VjJ 

6.  3jw*(a^-«i^)  (a+»0,  im(a^i>i-m^y  and  4//i''(a^- /«'-')  (<i-m), 

7.  x'^-4x-21,  x2-12x  +  35  and  x^^■5x-84. 

8.  (ax  -  a)'^  and  a'^(x'-'  -  3x  i-  2). 

9.  X  +  3x  -  4,  X*  -  2x  h  1  and  i-  -  1 . 
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89.  To  fiiul  the  G.  C.  M.  of  two  polynoniialt^ : — 
Rule. 

I.  strike  out  Uie  ^realed  iiionomiai  factor  {if  there  be  any)  which 
is  common  to  all  the  terms  of  both  /lolynomials,  and  reserve 
it. 

TI.  Reject  from  each  of  the  polynomials  any  remaining  monomial 
factor  that  may  be  common  to  all  Us  terms. 

III.  ..Arrange  the  resulting  polynomials  as  for  division,  i.e.,  according 
to  the  poivers  of  the  same  letter  of  reference,  and  make  that 
one  the  divisor  ichose  first  term  is  of  lower,  or  of  not  higher 
dimensions,  as  to  the  Hter  of  reference,  than  the  first  term 
of  the  other. 

l\ .  Multiply  (if  necessary)  the  dividend  by  the  least  monomial 
that  will  render  its  first  term  exactly  divisible  by  the  first 
term  of  Ihe  divisor. 
V.  Divide  the  dividend  by  Ihe  divisor  and  continue  the  division 
until  the  highest  exponent  of  the  letter  of  reference  in  the 
remainder  is  less  than  the  exponent  of  the  letter  of  reference 
in  the  first  term  of  the  divisor,  observing  that  if  the  coef.  of 
the  first  term  of  any  partial  rem.  should  happen  not  to  be 
divisible  by  the  coef,  of  the  first  term  of  the  divisor,  in  order 
io  avoid  fractions,  the  rem.  is  to  be  multiplied  by  such  a 
number  as  ivill  render  the  coef.  of  its  first  term  exactly 
divisible  by  the  coef.  of  the  first  term  of  the  divisor, 

VI.  Reject  from  the  remainder  its  greatest  monomial  factor,  and  if 

its  first  term  is  negative,  change  all  Us  signs:  consider  the 
result  as  constituting  a  new  divisor  and  the  former  divisor 
a  ncio  dividend:  proceed  as  before,  and  continue  the  opera- 
tion uniil  there  is  no  remainder, 

VII.  Multiply  the  Inst  rf/t'/sor  by  the  reserved  monomial,  if  any 

and  the  product  will  be  the  G.  C,  M.  of  the  given  polynomials. 

Proof  of  RclE.— Tho  G.  C.  M.  of  two  quantities  iscvidcutly  the  product 
of  all  the  factors  common  to  both.  Heuce  if  we  reject  any  monomial  factor 
common  to  both  (as  wc  may  do  for  the  t-nke  of  convenience)  we  must  still 
regard  this  factor  as  entering  into  tlic  U.  C.  M.,  and  therefore  we  reserve 
it. 
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II.— Siuco  the  li.  C.  M.  oltwo  qUHUliticH  Ih  Ihc  jiroducl  ol  all  the  lactoif 
which  arc  r.xnwou  ^>  hoth  <iiuii)titirs,  it  is  cvifirnt  that  a  Inctor  whiih 
btloiiKH  only  to  oni-  of  the  two  ciiiiiiot  foim  «  jiurt  of  tluir  C.  C  M.,  ami 
then-'fore  \vc  nmy,  lor  the  Mike  of  nl.iliroN  iutlns  the  work,  reji'ct  w  tllreeted 
in  II. 

IV.— Having  by  11  titruck  out  every  iiionoinial  llml  i^  ii  factor  of  either 
of  the  (luaiitilies,  it  is  evident  tliat  if  we  niultiiiiy  the  dividend  hy  any 
mouoniial  in  order  to  make  it;^  first  e.\uctly  divihilile  l>y  the  lir«t  term  of  the 
divi.-or,  thi.^  monomial  not  hein^  a  factor  of  each  of  thi«  tcrniH  of  thedivitor 
(though  it  is  of  the  first  term)  cannot  Ix-  a  factor  conunou  to  both  dividend 
and  divisor,  and  therefore  cannot  form  part  of  their  (J.  C  M. 

-Let  the  fiivcii  i>olynomia).s  whose  (i.  ('.  M.  is  required  he 

m- na  and  m\fh,  where  m-',  n  and  /are  monomials.  After 

.striking;  out  and  reserving  the  common   factor  »««,  and 

rejecting  Ironi  the  remainders  na  and  //',  the  factors  n 

and/w)iich  are  not  common  to  both;  then  the  reduced 

polynomials  whose  O. CM.  is  souRht  arc  a  and  h.   Suppose 

these  being  properly  arranged,  the  leading  letter  of  b  is  of 

lower  or  not  higher  dimensions  than  that  ot  a.    Then 

divide  and  supjiosc  <i  -.-  b  gives  a  cjuotient  y<  with  rem.  c  ; 

—  also  b-^  c  gives  (juoticnt  q  and  rem.  0;  also  c  -f-  <i  givc« 

(juotient  r  and  uo  rem.    Tlieu  d  \<i  the  G.  C.  M.  of  «  and  b. 

AVe  shall  Ur?t  show  that  d  is  a  common  measure  of  a  and  b. 

Because  d  roea(<urcs  c,  since  it  goes  into  it  without  a  remainder,  therefore 

(Theor.  1)  it  measures  qc  a  multiple  off. 

Because  d  measures  d  and  also  f/c,  therefore  (Theor.  II)  it  measures 
their  sum,  which  is  h. 
Because  d  measures  h  it  also  measures  i>6,  a  multiple  of  h. 
Because  d  measures  pb  and  also  c  it  measures  their  sum  which  is  n. 
Therefore  '/  measures  both  b  and  a,  and  is  a  common  measure  of  them. 
Kext  wc  shall  show  that  d  being  a  common  measure  is  the  greatest 
common  measure  of  a  and  b. 
For  ifd  be  not  the  U.  C.  M.  oi  a  and  b  let  there  De  a  greater  as  d'. 
Then  because  d'  measures  6  it  measures  pb,  a  multiple  of  b. 
Because  d'  measures  a  and  also  pb,  it  measures  (Theor.  II)  their  differ- 
ence, which  is  c. 
Because  <P  measures  c  it  also  measures  fjc,  a  multiple  of  c. 
Because  d'  measures  b  and  also  qc  it  measures  their  difference,  which  is  rf. 
Therefore  d'  measures  d,  that  is,  a  greater  quantity  measures  a  less,  which 
is  absurd. 

Therefore  d'  is  not  a  common  measure  of  a  and  b ;  and  in  like  aaanner 
it  may  be  shown  that  no  quantity  greater  than  rf  is  a  common  measure  of 
a  and  b.    Therefore  d  is  the  G.  C,  M.  of  a  and  b. 


Art.  89.]     GREATEST  COMMON  MEASURE.         61 

v.— We  may  multiply  any  remainder  by  any  number  in  order  to  make 
its  tlrst  coef.  e.xactly  divisible  by  tlie  flrst  coff.  of  the  divisor,  because  the 
(J.  CM.  of  a  and  l  is  the  same  as  the  (i.  C.  M.  of  any  divisor  b  and  rem.c. 
If  now  we  multiply  this  rem.  c  by  any  monomial  as/,  the  divisor  b  having 
no  monomial  factor,  can  have  no  factor  in  common  with  /,  nor  therefore 
any  in  common  with/l-  but  what  it  may  have  in  common  with  c.  That  is, 
the  G.  C.  JI.  ot  b  and  ./<•  will  be  the  same  as  the  (i.  {.'.  M.  ol  /*  and  c,  and 
therefore  the  same  as  the  G.  C.  M.  of  a  and  6. 

VI. — We  reject  the  monomial  factor  of  the  remainder  befbre  making  it 
a  divisor,  because  the  former  di\isor,  which  has  now  become  a  dividend, 
contains  no  monomial  factor,  and  therefore  can  contain  no  factor  in  com- 
mon with  the  monomial  rejected  from  what  now  becomes  the  divisor,  and 
therefore  the  G.  C.  M.  of  the  dividend  (last  divisor)  and  the  unreduced 
divisor  (i.  e.  last  rem.)  is  the  same  as  the  G.  (".  M.  of  the  dividend  and 
divisor  reduced  as  directed. 

We  can  change  all  the  signs  of  the  divisor  becau.'se  this  is  equivalent 
merely  to  dividing  it  by  - 1. 

Ex.  1.  What  is  the  G.  0.  M.  of  a;^-10j;  +  21  anda;'^-2a;-35  ? 

OPERATION. 

x^-  lOiM-  21  )  a;2-    2x-  35  (  1 
x2-  10x  +  21 


8x  -  56  =  8(x-  -  7) 

X  -  7  )  a.-  -  lOx  +  21  (  X  -  3 

x^  -    1x 


-3X  +  21 
-  3x  +  21 


.-.  G.  C.  M.  =  x-  7. 

Exn.ANATiox.— There  is  no  monomial  factor  common  to  both,  nor  is 
there  any  monomial  factor  common  to  all  the  terms  of  either.  Therefore 
we  at  once  proceed  to  divide,  x  being  taken  as  letter  of  reference;  the  first 
terms  of  the  given  quantities  are  of  the  same  dimensions,  and  consequently 
it  makes  no  difference  which  is  taken  as  divisor. 

.\fter  the  first  step  of  the  division  we  obtain  a  remainder  8./:  -  56,  and 
before  using  this  for  divisor  we  .>!trike  out  its  monomial  factor  8.  This 
gives  us  X  -  7  for  2nd  divisor.  We  make  the  last  divisor  the  new  divi- 
dend, and  finding  that  we  now  obtain  no  rem.,  we  conclude  that  thp 
G.C.  M.  is  X  -  7. 
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Ex.  2.— Find   the   G.  C.  M.   of  2ii*    !    a.rli-  9a-x-  nnd  i\a\i 

OI'K.IIATION. 

6n*x  -  17(/V-    1   14a-.r'  -  3./j'  u  x  r(Ctt''  -  17u^x  I  1 4n.t-  -  :{x ') 

2«*  +  3a-'x  -  9(r'x-  «      (/(2a^  +  3ux  -  Ox^ 

2a-  !-  3a.r  -  9x-  )  dr  -  I7u-x  i  Hi/x-  -  3x^  (  ?,a  -  13x 
Ca'  +    9<rx  -  27ax'' 


-  26u'x  4-  41aj-  -  r.x' 

-  26a''x  -  39«x^  +  117x^ 


80(/x'''-  120r^=  40x'^(2rt-3x) 


2a  -  3x  )  2a^  +  3ux  -  9x^  (  a  +  3x 
20^  -  3wx 


6ax  -  9x^ 
Gax  -  9x^ 

G.  C.  M.  of  the  reduced  polynomials  -  2«  -  3x  and  reserved 
common  factor  =  o. 

Therefore  G.  C.  M.  of  given  (juantities  -  «(2"  -  3x). 

Explanation. — Herewc  strikeout  and  reserve  the  inouoinial  factor  a, 
which  is  common  to  both  quantities,  and  strike  out  and  reject  the  monomial 
factor  X  of  the  second  quantity  and  remaining  monomial  factor  a  of  tlie 
first. 

"We  select  the  divisor  as  shown  iu  the  margin,  because  a",  its  Jirst  term, 
is  of  lower  dimensions  than  a',  the  first  term  of  tlie  other.  Our  first  rem. 
is  80ax2  _  120x3  from  which  we  reject  its  greatest  monomial  factor  40,c2  _ 
and  this  gives  us  2a  -  3  c  for  a  new  divisor,  the  last  divisor  becoming  the 
pew  dividend. 
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Ex.  3.— Find  the  G.  C.  M.  of  Ca*  -  r'//-  3,r-y-  I-  3.r//->  -  y*  and 
9x*  -  Sx'ij  -  2x-y-  ^-  3.1-)/^  -  y*. 

OPERATION. 

0.1-1  _  j.sy  _  2xY  -I-  Sxy- -  )/*  )  9x*  -  3.r'//  -  2x-!r  +  3xy^  -  y*  (  3 


18a*  -  6a; 'y  -  4x''y'''  -h  ^xy^  -  2y* 
18a:*  -  3r"(/  -  Sa-^y^  ^  g^^s  _  3,^1 

-  3a:''(/  -H  Sj-^i/^  -  3xy''  +  2/* 
-  -  y(2x'  -•  Sx'"*!/  +  3x1/2  _  yj^ 


J.(,^  -  5.«;-i/  +  3.1-I/-'  -  y''  )  G.t*  -      x''y  -  ?,x''y^  +  3xy^  -  ?/*  (  2x  +  3*/ 
Ci'i  -  lOx^'y  +  G.x'V  -  2a;i/'' 

9x°y  -    9x-y'^  +  Da-y'  -  y* 
9a-^y  -  15.T-i/^  +  9xy'^  -  3y* 


Cx'^y'^  -  4xy'-^  +  2y* 
2y\3x''  -  2xy  ■{■  1/) 


3a;2  -  2xy  +  y'  )  3a.-'  -  5x-y  +  3.rj/-  -  //■'  (  x  -  y 
3,r^  -  2x^y  +  a;j/^ 

-  3x^y  +  2xy'^  -  y^ 

-  3x'^y  +  2xy'^  -  y' 


Therefore  G.  C.  M.  =  ?,x^  -  2xy  +  y'^ 

E.icpr.AN  ATiON.— Here,  after  seeing  that  the  term.s  are  properly  arranged 
and  that  tliore  is  no  monomial  factor  to  reject,  we  multiply  the  dividend 
l>y  2  in  order  to  make  its  tir8t  term  exactly  divisible  by  the  first  term  of  the 
divisor. 

Before  making  the  rem.  a  div.  wo  ca.st  out  it«  monomial  factor .//  and 
cliange  all  itc  cigns,  or,  what  anionnf.'*  to  the  same  thing,  we  east  out  the 
monomial  factor  -  if. 

Hefore  making  tlie  next  rem.  a  m-w  ilivi.«or  we  cast  ont  its  monomial 
factor  'ill  'i . 

ESRRCISR    XXII. 

Find  the  G.  C.  M.  of— 

1.  x^  -  bx  -  14  and  x'^  -  x  -  6. 

2.  X*  -  8x-  +  2\x^  -  20x  +  4  and  2x^  -  12x'''  +  21.i'  -  10 

3.  «'-  -  (tx  -  7«  +  7x  and  a'  -  3rt  l-  3x  -  d-x. 
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4.  X-'  ■(•  x-  -  12i:  und  .r'  -i-  4x''  ^  5x  I  20. 

5.  fl-  -  Sab  t-  21)^  and  <i-  -  «/»  -  2ft'-. 

6.  a^  -  u'^b  +  3rt/r  -  3ft''  and  d^  -  Ctab  ;  4ft-. 

7.  aOj-"  -  ISj.^"   I-  9J.r'-  -  42j-  H-  .'if,    and    GO/"  -  36.»'    1-  48.i-» 
4.-U''  I-  42.r''-45.r  H-  12. 

8.  6«''ft  -  Gd^by  -  2b\/  l-  2iiby^  and  12a'-ft  I  3ft;/'-  -  15«fty. 
0.  a*  ^■  9rt-  +  27n  -  98  and  a^  -i-  12(«  -  28. 

10.  8(r'ft»  -  24a'^ft»  +  24«ft*  -  Sft"  and  12a*  -  24«'ft  1-  Ud'b'K 

11.  Ca'  +  20a*  -  12«'  -  48(('-'   1-  22a    h   12  and  ««  +  4rt''  -  3a* 
•  16a»+  Ua^-I-  12a -9. 

12.  2o'  -  2a'-ft  -  lOaft'-  !•  12ft'  and  3(/*r  -  0<('ftr  -  24a'^ft'''f -I-  r>4rtft^r 
24ft'f . 


90.  To  tind  the  U.  C.  M.  of  three  (jiiantitics :— Find 
tlie  G.  C.  M.  of  two  of  them,  and  then  of  this  G.  C.  M. 
and  the  tliird  quantity.  To  find  the  G.  C.  M.  of  four 
<juantities: — Find  the  G.  C.  M.  of  any  two  of  them,  and 
then  the  G.  C.  M.  of  the  other  two,  and  lastly  the  G.C.M. 
of  the  two  greatest  common  measures  tlius  found. 


LEAST  COMMON  MULTIPLE. 

91.  The  Least  Common  Multiple  (1.  c.  m.)  of  two 
or  more  algebraic  quantities  is  the  quantity  of  lowest  dimen- 
sions, as  to  the  letter  or  letters  of  reference,  which  exactly 
contains  each  of  the  given  quantities. 

XoTE. — Of  coiiri>e  tlicro  is  the  same  objection  to  tlie  use  oC  tlie  woril 
"  least  "  liere  as  to  the  word  "greatest  "  in  regard  to  common  measures. 
It  would  be  more  correct  to  use  tlie  term  lowest  common  multiple. 

92.  To  find  the  1.  c.  m.  of  two  or  more  algebraic 
quantities : — 

RcLE. — Divide  their  product  by  their  G.  C.  M, 

Or,  DirifJp  one  of  the  given  quantities  by  their  G.  C.  M,,  and 
multiply  the  quotient  and  rcnutiuins;  i/uiinlity  or  quantities  toi^ethev 
for  their  I.  c.  rn. 
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Pkoof  of  Kule.— Let  it  be  required  to  find  the  1.  c.  m.  of  any  two 
rjiisntitieg  a  and  6,  and  let  m  be  the  G.  C.  M.  of  these  quantities. 

Lot  a  —  pm  and  b  =  fjm,  and  m  being  the  G.  C.  M.  of  a  and  b,  it  follows 
of  cource  tliaf  p  and  q  have  no  common  factor.  Then  pq  =  least  quantity 
tliat  contains  bothyj  and  </,  and  mi>q  =  the  least  quantity  that  contains  p , 
fj,  and  m,  and  therelore  =  the  1.  c.  m.  of  a  and  b.    Then  1.  c.  m.  =  pqm 

pm  X  qm  a  y.  b  a  b 

=  ,^I~    =    -IT-    °'    =    m     ^   ''OT  =  aX-. 

Ex.  1.  Find  the  1.  c.  m.  of  ISa'x^y  and  ISax'y'z. 

OPERATION. 

G.  C.  M.  of  I8a-x-y  and  ISaa-Y-  =  3ax'ij. 

Then   ;-  x  \5ax^y'^  =  6rt  x  I5ax''y  =  90aVi/-  -  1.  c.  m. 

?,ax^y 

Ex.  2.  Find  tlie  1.  c.  ra.  of  a^  +  3rt-'  +5«-l-3  and  a"  +a'''4-a-3, 

OPERATION. 

G.  C.  M.  of  a*+  3a'  +  5fl  +  3  and  a»+  a-  +  a -3  =  a^  +  2a  +  3. 

a^  +  3a^  +  5a  +  3 

— z — - — =  a  +  1  and  (a'  +  a^  +  a-d)  x  (a+l)  =  a*+2a* 

a^  +  2a  +  3  ^  /       \         ' 

■\-2a'^-1n-3  =  1.  c.  m. 

93.  Very  frequently  the  I.  c.  m.  can  be  most  easily  obtained 
by  resolving  all  the  s;iven  quantities  into  their  prime  factors,  and 
multiplying  together  the  highest  powers  of  all  the  factors  that  occur 
in  order  to  form  the  I.  c.  m. 

Ex.  1.  Thel.c.m.of  x-^-x,  a:^- 1  andr"'+l  ;  thatis,  ofx(x^-l), 
x'^-  1,  and  x°+l  ;  that  is  x(x  -  l)(x  +  1),  (x  -  l)(x^  ■¥ x  +  I)  &nd 

(j  +  1)  (x'  -  X  +  1)    =    x(x  -  1)  (X^  +  X  +  1)    (X  +  1)   (X^  -  X  +  1) 
^    X(X='  -  1)  (l^  +  1)    ==    X(x6  -  1)    =    x'   -  X. 

Note.— Of  course  the  same  factor  is  only  to  be  taken  once  in  the  1.  c.  m. 
although  it  may  occur  in  each  of  the  given  quantities. 

Ex.  2.— The  I.e.  ni.  of  4(x"  -  xy'),  2(i(x' +  x'^y  -xy'^-y^), 
12(.rr  1  y'),  I2(x'' '.xii)'  and  8  (x-'-x^y)  ; 

that  is,  of  4x(x-'-j/^);  20  j(x*-i- x''i/) -(ai/'  +  i/Oj  i  12i/'(x  +  i/)  ; 
1 2x\x  +  1/)^  and  8x\x  -  y ) ; 
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that  is,  of  4a(.i  i  y)(a-  -  •/)  ;  20  ja-'(i-  I  y)  -  y-{x  h  y)\  ;  Vly' 
(.«•  ^•  5/) ;   12x'(i  +  yY,  and  8a;'^(^  -  y)  ; 

that  is,  of  4r(x  1-  y)  (j-  -  y) ;  20(j|y)  (x- -  i/-)  ;  \2y\x  l  ./)  ; 
r2x"(a-  +y)-,  and  8.i'-(3;  -  y)  ; 

tlmt  is,  of  4.r(.c  +  y)(x  -  y)  ;  20(..-  ;  y)-  (x  -  y)  ;  12y'('-'  '/)  I 
12.r-(r  +  y)''',  and  8x'(x  -  y)  is  (■(lunl  to  1 20x-'y-(.i- +  y)'^  (a;  - y)  - 
1 20.r-'y''(.r''  1-  .t'\i/ -  ri/'  -  y') 

RXF.RCUP,   XXIil. 
Find  the  1.  c.  ni.  of — 

1.  2t/-J-,  3xy,  4((t'^y,  and  -3.iV. 

2.  2ux^,  3xy-,  iyz\  -  2a-.r,  and  -  2 1  -y- 

3.  (a-y),  (a;''-y)^  and  (x  -  y)\ 

4.  x^ - y^,  x^ - y-',  and  a* -  y'. 

5.  (x-i'O".  (^'^-  1))  and  4(1+  x)x. 

G.  4(tt-6)^  CCa^-fc-),  C(d'-\-b"),  and  9(<f'=  -  i«). 

7.  (.T^-Sx),  (x2-10x  +  21),  and  x'^-  7x. 

8.  («^  -  x°),  and  (a-  +  x  -  ax  -  «). 

0.  a=  -  9a- H-  26a  -  24,  and  «■'  -  8a^  1-  lOa  -  12. 
10.  3(a^-ft^),  A(a-bf,  n(a^-h^),  C(a-6)-',  and  (a--6-)'. 


SECTION    V. 

FRACTIONS. 


94.  Algebraic  fractions  are  in  all  essential  respects  simi- 
lar to  arithmetical  fractions,  and  the  rules  for  operating 
upon  them  are  the  same  as  those  for  common  arithmetic, 
and  are  deduced  in  the  same  manner. 

95.  Since  the  value  of  a  fraction  is  the  quotient,  which 
is  obtained  by  dividing  the  numerator  by  the  denominator, 
we  infer  the  following  principles,  upon  whicii  tlie  principal 
rules  arc  founded ; — 
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I.  That  multiplying  the  numerator,  or  dividing  the  denominator 
of  a  fraction  by  any  qwmtily,  muUiplirft  the  fraction  by  that  quan- 
tity' 

H.  That  dividing  the  numerator,  or  multiplying  the  denomina- 
lor,  of  any  fraction  by  a  (/iiantity,  dicidef:  the  fraction  by  that 
quantity. 

III.   That  multiplying  or  dividing  both  numerator  and  denomina- 
tor of  a  fruct lun  by  the  same  quantity  does  not  change  (7s  value. 

06.  Tliese  prineiple.s  are,  however,  susceptible  of  general 
proof,  as  follows  : — 

.       a .  ,        .  .  .  .  ,        «»i  "  _ 

1.  Lot  —  be  any  traction  and  ni  any  integer,  then  — —  =  --  x  m.   For 

a  am 

in  each  of  the  fractions  —  and  — -  the  unit  is  divided  into  b  equal  parts, 

and  m  times  as  many  of  those  parts  are  indicated  by  tlie  latter  fraction  as 

a  am 

by  the  former.    Conversely  --    =    — —    -~  m. 

a  a  a 

Again,  let  -, —  beany  llactiouand?K  any  integer,  then  —  =  -—   x  in. 
hm  ^j  ^^  It    '     hm 

For  in  each  of  the  11-actioiis  — —  and   --  the  same  number  of  parts 
bm  b 

is  taken :  but  each  part  ol  the  former  is  — th  of  each  part  of  the  latter, 

m 

therefore  each  part  ot  the  latter  fraction  is  m  times  larger  than  each  part 

ot  the  former;  and  since  the  same  number  of  parts  is  taken  of  each,  it 

a 
follows  that  the  latter  fraction    -  is  m  tunes  greater  than  the  former  frac- 


tion 

bm  ' 

ir. 

The  proof  of  this  is  simply  the  converse  of  the  above. 

rim            a                              .     a 
That  is,  smce  -— -    —    ,-   X   m,  conversely  -      = 
b               h                                        I) 

am 

a              a                                ,       a 

And  since  —    —    -: —  X   m,  conversely    . —    ~ 
b              bm                                     bm 

a 
-  -  m. 

III.  Since   both  multiplying  and  dividing  any  quantity  by  the  same 

a. 
number  does  not  change  its  value,  if  we  both  multiply  and  divide  —  by  m, 

a  am  am 

ite  value  will  remain  unaltered.    But  (1)     --  x  m  ■=    —  -,  and  (II)  —~- 

"»*  «  .  .        .     ,  ■ 

-4-  m  ■=  ■ ; —    =:    -r-.  '•  e.,  although  the  parts  an  the  former  fraction  are 
bm  b 

each  but'  —  th  ot  each  of  those  in  the  latter,  m  times  more  of  them  are  taken. 
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Or, =  (Art. 69,  Cm.)  =  — , —  =  --  bocauBi"  i/i"  —  1. 

bm  h  I)  l> 

Aiul  since  a  —  m  zz.       —(/»»'  ami /) -f- »«  =      =r  bin     '.     Tliorolore 
m  VI 

a-f-m    _  a»H-'     a*""i  _  »m'>  _  «  ,  „ 

b-r-  m  bnr '  b  b  b 

97.  The  following  f\ict3  should  be  borne  in  mind  by  the 
Btudent : — 

I.  ^ny   inlei^er  may  be  expressed  as  a  fructioii  ltaviiit(    1  /or 

a 

denominator.    Tliu3,  a  =  -  . 

^  b 

II.  ^ny  quantity  divided  by  itself  equals  unity.    Thus,  jr  =  1- 

III.  jiny  integral  expresssion  may  be  expressed  as  a  fraction 
having  a  given  denominator,  the  numerator  being  obtained  by  mul- 
tiplying the  given  expression  by  the  proposed  denominator. 

ThuB,  let  it  be  required  to  express  a  as  a  fraction  with  denominator  h. 

(Art.  97, 1),    a  =  — ,  multiply  both  numerator  and  denominator  by  b, 

a  ah 

we  get  a  =  —    =    — . 
16 

IV.  The  signs  of  all  the  terms  of  both  numerator  aiui  denomina- 
tor may  be  changed  without  altering  the  value  of  the  expressioiit 
this  being  equivalent  to  merely  multiplying  both  numerator  and 
denominator  by  -  I. 

2a  -  36  +  4cm  -  x^       3b  -  2a  -  icm  +  x'^ 
'      3  +  2m  -  2/2  -  3c         3c  -  3    -  2m  +  y' 

V.  jilt  the  rules  and  formula  infractions  holdwhether  the  letters 
employed  represent  integeral  or  fractional,  positive  or  negative 
quantities. 


98.  To  reduce  a  fraction  to  its  lowest  terms  : 

Rule. — Divide  both  numerator  and  denominator  by  their  G.C.  M. 

NoTK.— The  student  should  always  endeavour  to  factor  the  numerator 

and  denominator  so  as  to  find  by  inspection  the  U.  C.  M.  when  it  cnn 

be  so  found.    Otherwise  hp  must  find  the  ti,  C.  M.  of  the  two  terms  by 

Art.  89. 
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ahnxy       amx  x  ay      ay 


ainx'         amx  x  x        x 

a^  +  Za-x  a^  (1  +  3x)  1  +  3x 


Ex.  1. 

Ex.  2. 

Ex.  3.     .,  .,  .  .  s 

a''-2ox  +  x-  (a-x)(a— x) 

a*  +  d^x  +  ax^  +  x^ 


2a*  -  3a%  +  a^y'^   ~  d\2  -Zm+  y'^)  ~-  2  -  37ft  +  y^' 
a*~x*  (a2  +  x2)(a+x)(a-x)       (a'  +  x')(a+x) 


Ex.  4. 
Ex.  5. 


rt  -  X. 

a- -6a -27         (a  +  3)(a-9)        a- 9 
a'^  +  8a  +  15    ~    (a  +  3)(a  +  5)   ~  a  +  5' 
x-  -  xy  +  mx  -my      x  (x  -  y)  +  m  (x  -  y) 


X-  +  xy  +  mx  +  yny      x  (x  +  y)  +  m  (x  +  y) 

(x-y)  (X  +  m)  _  X  -  y 

(x  +  y)  (x  +  7ft)       X  +  y* 

x^  -  8x  +  3 

Ex.  6.      ^      „   ■     .     Here  (Art.  S9)  the  G.  C.  M.  of  the 

x"  -;-  3x''  +  x+3  ^ 

numerator  and  denominator  is  x  +  3,  and  dividing  both  terms 

(x*-8x  +  3)  -f  (X  +  3)  x^-Sx+l 

by  X  -i-  3  we  get  — ^ z ;^ =  — . 

^  ^       (xHSx^+x  +  S)  V  (X4-3)  X-  +  1 

Exercise  XXIV. 
Reduce  the  following  fractions  to  their  lowest  terms  : — 

a-  -  ab  2am  +  7n^x  -m?  c  +  ac 

ax  +  ay'  '  3a'^m  +  m^        '  '    n  +  an' 

a^b  +  d^b^+a^bm                 abr  axV 

4. ; .         5.    -; -.         6. 


7nx  +  6x  +  X    '           '    ab  +  be'  '    d^x'^ni  +  axy  +  x^y'z* 

2  Ixhj^  -  35x'i/-              a  -  m  a^  +  6^           a^  -  2a6  +  6^ 

7. —-^ .       8.    ^ — —.      9.  -r— TV.  10. §— .-7— 

14x''y-                   a^  —  7ft-  a-  -  6-               a'  -  b^ 

a*  H-  6*                       a^  -  7ft^  a*  -  m* 

11.    -^ — -..           12. r- r.  13. 


a'-6**  '  (a  +  7ft)(a-j»)*  '    a^-a^77i^' 

7x2-21x4-35  x2-llx  +  28  4x2  +  12x  +  9 

14 15 16 

llx--33r+55"  '    x^-    4x-2r  ■2x2-5x-12 

x^  +  2x^y  +  3x^y'^  d^  -  2a^b  +  2ab^  -  b^ 

^'^'    2x*-3x«y-5x2y'=         ^^'        ^  +  a^b^  +  6*       ' 


It*  -  7H*  ac  +  bd  1  ad  +  he 

19.    -5 ,v--  ,.  20.        -    -. ^ r-    . 

or  -  a^m  -  anr  +  m  am  ^■  2b]t  H  2ap  +  bin 

X'  I-  (a  +  6)a:  h  ab  J.ir*  ^-  a:-  -  8.c  +  6 

21. 


x''  +  (6  +  c)x  -V  be  '       1x*  -  12.r  +  6 

(n  +  »n)  (rt  1-  ffl  +  x)  (a  +  7n  -  .r)  «'  *  +  i '  * 


99.  To  reduce  a  mixed  (luuntity  to  a  IVaetioiial  form  : — 

RuLK. — Midhphj  the  enlirc  pari  of  the  quanlily  by  the  denomina- 
tor of  the  fraction^  oiul  to  the  product  connect  the  numerator  of  the 
fractional  part  by  its  proper  sign.  Beneath  the  whole  expression 
thus  formed,  write  the  denominator. 

X  r  y       d^m  -  abm  +  (x  ■]■  y)        li-m  -  ubm  +  x  +y 

Ex.1.  ((-6  + = , 

am  am  am 

3x  -  2am      4ay  -  8ff j"  -  (3.r  -  2am) 

-  2ay  -~—  -  --,  — 

4d-y^  -  8ay^  -  3x  -;-  2am 

ExEuojsii  XXV. 

Reduce  the  fullowing  mixed  (luantitici  to  tlieir  equivalent 
fractions  : — 

3 -2a  2  3a^  -  30 


l.2ax-y  + .     2.  fr  +  «-^l^ r.     3.3a-y- 

"        ax  a-  1  •'       x  +  3 

2a-\-  xy  3ax^  +  xy'^ 

4.  3a  +  y .         5.    3ax  -  y'^  -;-  m , 

X  —  y  a  +  X 

xyz  -  zhn  -  2m^z                                 (a-  b)'' 
6>  xy  +  7nz  + .         7.  (a  •!•  by —, 

^  z  +  2m  ^  a  h  b 

d^  -  m^  d'  -  2a.r  +  x'^ 

8.  1  -  ~, T.         9.  1 7 — .. — . 

a^  +  ??r  a'  +  x-* 


100.  To  reduce  a  fraction  to  a  mixed  quantity  : — 
Rule.— Z)u/"i<?c  the  numerator  by  the  denominator^  and  place  the 
remainder,  if  any,  over  the  denominator  for  the  fractional  part ^ 
Connect  the  fraction  thus  obtained  to  the  entire  part  of  the  quotient 
by  the  sign  plus. 


A 

ivrfi. 

09  1(11,1 

FP.  ACTIONS 

Ex. 

1. 

3<J-  - 

I2ab  + 

'J 

-  9a 

3(1 

3a 

Ex. 

2. 

6a;'-  - 
3x  + 

ax 

',.v  ■ 

—  2x  -  ax 

2.1- - 

2.C  I- 

ax 

3a;  +  1 

3.r  + 

1 
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EXEUCISE   XXVI. 
Reduce  the  fullowing  fractions  to  mixed  quantities : — 

20?/i^  -  20771  +  1  a-  +  x^  x^+  2xy  +  y'^+x^-y* 

5m  '         "'     a  ~  X  '  '  X  +  y 

57/1* -  5/>'*  +3  I  -  a- ah  +  dH)  771  +  rti  +  5am 

m  -  p       '  '  (lb  —  b        •      ■     •  ^^^  ^  ^ 

101.  To  reduce  Inictiuiit;  to  a  couimon  denoniinatoi': — 
Rule. — Find  the  I.  c.  m.  of  all  the  denominators  ;  then  taking  each 
fraction  in  succession,  divide  this  I.  c.  in.  by  ttie  denominator,  and 
multiply  both  terms  by  the  quotient  thus  obtained. 
1     b  c 

Ex.   1.  Reduce  ~,      ,  and    —  to  a  com.  denom. 
a    m  vix 

The  1.  c.  m.  of  «,  m,  and  mx  -  amx. 

amx  -f  a  =^mx  =  multiplier  for  both  terms  of  1st  fraction, 

amx  -r  771  =  ax  =  multiplier  for  both  terms  of  2nd  fraction, 

amx  T  ;7i,r  -  «  -  multiplier  for  both  terms  of  3rd  fraction, 

I  X  77JX         mx  b  X  ax         abx  c  x  a         ac 

a  X  7?i,x-         «77ii*:  '         771  X  ax         amx  '         vix  x  a        amx  ' 

mx        abx  ac 

Hence  the  required  fractious  are  , ,  and  . 

ainx      amx  amx 

I  I-  a     1  +  rt-  1  +  a^ 

Ex.  2.  Reduce , r, ,  and  -—,  to  equivalent  fractions 

I  -  rt     1  -  a- '  1  -  ft'' 

having  a  common  denominator. 

OPEHATION. 

Thel.  c.  m.of  1  -('i  1  -"',  and  1  -"''-  (lie)  (1 -<t')  =  (1  I") 
(1  -a)  (I  -!-«  +  «'•')• 

1st  multiplier  -  1.  c.  m.   t  ( 1  -  «)  =  (1  +  a)  (1  ■!-  a  +  d^)  | 

2ud         "         =         "         T  (1-a-)  =  1  +  rt  +  a'';  and 

3rd         "         ^         "         X  (l-a''):^  (l  +  fl). 

Using  these  multipliers  the  three  given  fractious  become 
(1+a)  (l-l-(0  (l  +  rt  +  a^)     (l  +  aOCl  +  a  +  a^)  (l+a=*)(ll-a) 

(1-a)  (1+a)  ( f  +  a  +  a^)  *  (1 -a'0(l  +  o+"a^ '  *"^ (l-o«)(r+a) 
(l  +  a)^(l  +  a  +  fl=')      (l  +  a^)(l  +  a  +  a2)  (l  +  a3)(l-a^) 

1  -h  d  -  a-^  -  u*        '         1  +  rt  -  a-'  -  77^       ' '  1  +  a  -  a^  -  tt*  ■ 
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EXEBCIBB   XXVII. 

Reduce  the  following  fraction3  to  otbers  having  ii  coninidii 
denominator  ; — 


a     b     c  X  1      (I  b  la 

1.  -.,  -  ,  -  ,  and  -,  2.      ,  — ,  and — .     3.  —  ,  — -,aiul 
6     c'  «/ '            7rt  m'    ay'  mx  3a'  4/»'         t 

1  +  m  1  -  7/1  a;*  -  y'  x  +  y 

4.  ; and- .  5.  -;; r.  and    -. -. 

1  -  m  1  +  7/1  a:-  +  y^  ar  +  xy^ 

3x      4x  +  y  2x-3y  3a      4-2x  I 

^-  JTy'  ir_--.7  and  -— ^.      7.  --,  — -,  and     -,. 


•^y 


1 


,  and 


o(<M^)'  3rt^(a^-6'=)'  6«^(a+i)' 


102.  To  add  or  subtract  algebraic  fractions  : — 

Rule. — Reduce  ihem  to  a  common  denominator,  then  add  or 
subtract  the  numerators,  and  beneath  the  sum  or  difference  place  the 
common  denominator. 

1-a        1  a*        (1-a)^     1+a  «'" 

Ex.  1.   - — -  + + ;,  =  ^        ,   + y  

1  +  a      1-a     l-a-*       l-a-^       1  -  a''       1  -  a- 

1  -  2a  +  a*  +  1  +  a  +  a'''       2  -  a  +  2ti^ 


Ex.  2 


1  -  a^  1  -  tt^ 

1  +  x''       1-x^       (l  +  x^)^         (1-x^)^         l  +  2xHa:* 


l-x^       1+x^  1-x*  1-x*  l-x* 

1  -  2a:-  +  X*  1  +  2x  +  X*  -  1  +  2x  -  X*  4x 


Ex.  3. 


1-.T*         ~  1-x*  1-x** 

or  o*  a(l-a)='      a^(l-a) 


1-a        (1-a)^      (!-«)''        (1-a)^  (l-a)" 

a»  a(l-a)2-a2(l-a)  +  a3       a{l- 2a +aO-(a^-tt^)+«^ 


a  -  2a^  +  a''  -a-  +  a^  +  a^      a  -  3a^  +  3(t* 


(l-a)^  (l-ft)« 
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(■r^  +  y^)-      iA  _       x^  _  X*  +  2xY+  yj^     y\x  -  yf 
xy(x "]))''■        X  y    ~     xy(x-yy^        xy(x-yy 

2x2/(x  -  yy      a:^(a:-]/)^ 
xy(x-yy       xy{x~yy 
_  X*  +  2x V  +  y*-y'  (.x^  -  2xy+y^)-2xy(x^  -  2xy  +  y^)~x\x''-2xy+y^) 
xy{x-yy 
X*  +  2x  V  +  2/*  -  x^y^  +  2xy^-y^-  2x^y  +  Ax^y'  -  2xj/^  -  x*  +  2xy-x'y^ 
xy(x-yy 
4x^y-  4xy 


xy{x-yy      (x-yy 

Exercise  XXVIII. 

Find  the  value  of ; — 

2a        3  c  X        2  («-6)  a-6       a  +  o 

b        2b        m  '  y        y''{x  +  3)'         '  a  +  b       a-b' 

2x        5x  x'  y  xy 

4.    5x —  H +  x^.  .    5. ■,  + . 

7  9  (a;  +  2/)        x  +  y       {x  +  yy 

a  —  b       b  ~  c       a -c  m  p 

6.    —r-  + 


cd)           be           ac  '         '    m+p        m  —  p' 

3           4(1 -5a)  7                 x(16-x)    2x  +  3     2-3x 

r+"2a  ~     4a=*-l  2a^'        *    'x^r4'"^2-x      xTY' 

1                  1  fx  +  y      x-ij 


10.    _(x+2/)  +  ^(x  +  2/)-^    ^  , 

»n+/)  ^  +  x  ni  +  x 

(/j-x)(x-7rt)       (x-m)(7ft-jp)       ('w-|>)(/> -x)' 

o - 6       b-c  2ab  -  2ac 

12.   r  +  1 


13. 


a  +  b      b  +  c        b(a  +  c)  +  c(a  +  b)-b(c-b) 
113  3 


1-x         1+x        l-2x       l+2x 

m  111 

14. 


a{a-b){a~c)         b(J)-a)(b  -  c)         c(c~a)(c-b)  ' 


103.  To  multiply  fractions  together : — 

Rule. — Multiply  all  the  numerators  together  for  a  new  numera- 
tor-, and  all  the  denominators  together  for  a  new  denominator. 

F 
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NoTK  1.— It  uiiy  ot  tlio  unon  (|iiniitilieN  arc  mixed  IrnctioiiH,  they  imi.^l 
bo  reduced  to  the  fractional  loini  beforu  niultiplyiiiK. 

NoTK  3— Uoforo  niultijilyiu^;  the  Htuileiit  must,  by  atteiiliua  to  the  prlii- 
cijiles  ({iveii  in  (Art.".  70,  80,)  8trike  out  all  the  Irtctom  common  to  a  nume- 
rator and  a  denominator. 

"         r 
I'Ronp  OK  KiJLK.— Lot  it  he  required  to  multijily  ,     by    -. 

'(  « 

Lot  —  =  X  and  —  =  v,  then  —  x  -    =  ci/.    Also  ft  =  bx  and  ''  =  <li/. 
b  d       '  b         it 

ac 
Hence  ftf  =  bilcji,  and  dividing  each  of  these  by  bd  wc  ^et  -j—j  =  '■^ll- 

lua  -"  X  -  =  xy.  Therefore  ^  X  ^  =  2!:-P'"<i'^t"f^^"ncrrUor^, 
b        a  b        a         oa     proihictofdawininatwK 

I  -  a       a        (l-a)a         a-a^ 

'    x  +  y       b        (x  +  y)b       bx  +  by 

x"  -  6^x-^       x'^  +  bx       x'^-bx  +  b' 

Ex.  2.  ^^— .—  X  — r  ^ ii — 

a- '  +  b^  X  ~b  X* 

i-*(x^  -  60  X  x(x  +  b)  X  (x^  -  bx  +  6^ 

(ar'  +  60(x-6)a;^ 

a:^(x  -  6)  (.T  +  6)  X  x(i  +  6)  x  (x^  -  6x  +  b^) 

(X  +  b)  (.1-^  -bx-¥  b'^)  X  (r-b)  X  x' 

x\x  +  b) 

^.  — ^ ~  =  x'  +  bx\ 

1 

Ex.   3.     [a---)    X    ^1  -  -j     =-_  X    (~-j     -  -- 

a-\        a-\        (a-l)2(a*-l)       a*-2fr+2a-l 

X X = = . 

a  a  a"  a'* 

ExEnci3E  XXIX. 

Find  the  value  of  : — 

2x        3x  2m        x^       y'-  2(a  +  6)     x(a  -  b) 

I     X  2.  X  X  — ,       3.   —- -  X  — ^_ 

5         2a'         '  xy        my       x  '         '       xy  3b  +  3a  ' 

X  + 1        X  -  I  a^  -  x'^       d^-b'^  a 

4.    3a  X  X  -.       5.  ;-   X x . 

2a         a+b  a  +  b         a  +  x        x(a-x) 

a^  -m^       d^  +  iti^  d^  -  x^       4«x^ 

my  m-a  Sax         a  +  x' 
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I--13X  +  42       x2-9x  +  20  (/         bed        "t 

x''-5x  x^-6x  '  by      cy^     rfy'    fy'=    fy^'' 

a»  -  4       a^  -  1       a  -  2 

■    a^  -  1  2a  2  +  a" 

i^  -  d^  x^  +  6x  +  ex  +  6c 

x^  +  6x-ax-a6       x^  ■>r  ex -^^  dx  +  cd' 

x^  +  x-12         x^  +  2x-35  11 

12.    —, X   - — .     13.  (l-a  +  a^)x(l+_  +  --). 

x^  -  13x  +  40       X-'  -  7x  -  44  ^  '     ^       a      a' 

4rt^-  16m*  5a  a  +  2m 

a -2m  20a^  +  80ain  +  807n^  a. 


104.  To  divide  one  algebraic  fraction  by  another  :  — 
Rule. — Invert  the  divisor  and  prueeed  as  in  muUiplieation. 

XoTE  1.— If  cither  of  the  given  quantities  be  a  mixed  fraction  it  must  bo 
reduced  to  a  fractional  torm  before  applying  the  rule. 

Note  2.— After  having  inverted  the  terms  of  the  divisor,  be  careful  to 
cancel  as  far  as  possible  before  multiplying. 

a         c 
Proof  or  Rule  for  Division. — Let  it  be  required  to  divide  —  by  — . 

o         a 

Put  —  -f  -■  =  X ;  multiplying  each  of  these  by  —  \vc  get  --  =  a;  x  — 
0        a  aba 

=  — .    Again  multiplying  esjch  of  these  by  rf  wc  get-—  =  ex,  therefore 
a  b 

ad     „   ^  a         c     ^,        „         a        c  ad  a        d 

X  =.  -J-.    But  X  =  --  -f-  — ;  therefore  —  -^  --  =  -r—  —  -  -  X  — 

6c  b         d  b         d  be  b  c 

=  dividend  x  divisor  with  terms  inverted. 

a^-b^       a^~2ab  +  b^       v? -Ij'-  a*~b^ 

Ex-    1-  ^^  ^       a* -6*        ^  ^-Tfi^  ^  a^2a6T6''' 
_  (a-6)(a  +  6)  x  (a'  +  6^)  (a-b)  (a  +  b) 
-  (a^  +  60  (a-b)  (a-b)  ^  (a  +  by  . 

a*  +  y^       a^  -ay  +  y^       a*  +  j/*  (a  -  y)'^ 

'  d^-y^  (a-yy^         d^-y'^       d^  —  ay  +  y'^ 

_  (g  +  y)  (g'  -ay  +  y')  («  -  y)  (a  -  y)  _ 

(o-y)(a  +  y)(a^-ay  +  y^)  '  ""-V' 
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KxKUt'lSK   XXX. 

Fiiul  llic  value  of:  — 

1        X  o  +  X  X  a  \  I)       d^+  2ab  +  b' 

'  X    '   y  '         '      a      '  ^       II  ''       '  a  -  b    '    a'  -  2ab  +  b'^' 

Aji-j*       y'-4\        fi^+x^        ^    x-3       x''-15x  +  50 
■    \  '.i  +  1/         a-x  j    '       3a    ■       ''■  a  -  9   '   X*  -17x+72* 

\a  +  b       a-bj        \a-  b       a  +  bj 

/     a^-x*  1    \         /«■■'  + ox +x2       u^-tuc  +  x^\ 

\a^-2ax  +  x-      a  +  x/"'\      a-x  1         y" 

3a^-3  x^-1  /  ,        y        x\      /       x        x  \ 

g i 9     11-'- — -  -f l-i2-l —  - 1 

2(a-ffc)   ■    2d'' +  tub'      '    \       x-fy     yj'\       y   ~  x+yj ' 

/d'  +  b'       d'-b'\         /a  +  b       a-b\ 


105.  To  reduce  complex  algebraic  fractions  to  simple 
fractions  :< — 

RuLK. — Reduce  both  numerator  and  denominator  to  simple  frac- 
tions^ if  they  be  not  simple  already ;  then  having  thus  reduced  the 

fraction 
whole  expression  to  the  form,  of  — — — — ,  multiply  the   extremes 

together  for  a  numerator,  and  the  means  together  for  a  denominator. 


3-x 
Ex 


1-^x  3         _    4(3  -  x)    _      12 -4x 

•  W-a    ~   y-4"     ~    3(y-  4a)    ~    3i/  -  12rt" 


1 


„„        1-fa  l-^a  I- a  I -a 

Ex.  2.  — 


1  2 -a  (l■^a)(2-«)  i-^a-a^ 

1  -  a  1  -  a 


Art.  105.J  COMPLEX   FllACTIONS.  77 


1 

a 

I 

■'■--T 

"7-1 

Ex.  .5.    — 

1 

+ 

a 

1 

a' r 

«-l 

a 

1  + 

u 

11. 

a~  1 

~i~~ 

{a-ir 

d^  -  2a  +  1 

d' 

a 

a 

a-  -  a 

,1-  I 
I 


1  +  ^ — 


EXEKCISK  XXXI. 
Simiilify  tlic  following  complex  fractions  : — 


2, 

a 

-?x     - 

3. 

a: 

ix 

\  + 

a 

— . 

1    '^ 

-il(a:l-2) 

3      ■ 

'•li 

+  U^-3)' 

1  +  2rt 

l-2a 

1 

1 

,    ii-il(->;-«) 

6. 

1-217 
\-2a 
lT2a" 

-1 

rT2«' 

1  +  2a 
1-2(7 

7. 

1  +rt 

Y~t 

W^x)-l 

1 

1 

d'  +  b' 

I  +  X- 

V 

,.  -*     - " 

T 

xy  - 
9 

xy 

1              1 

1 

b              a 

1 

1 

~ 

1_— -- 

1 

xy 


b  + (l-2//i)^-l-(2/« +  ])'•' 

(/   1      ^.  ( 1  -  4/n0~-"  (T- 2/^7y-' 

10 l^.  '               (ll-27H)^-(l-47?l^) 

,,rii-rr  (l-2m)^- (27/1+1)-' 
/)f//  +  be  -v  cf 
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100.  TiiKOREM. — If  innj  two  fractions  arc  I'l/ual  to  one  another, 
we  may  combine;  in  any  nutnner  whatever,  by  addition  and  subtrac- 
tion, the  numerator  ami  denominator  of  the  one,  provided  wc  at  the 
same  time  similarly  combine  the  numerator  anil  denominator  of  thi 
other,  and  the  resullim;  fractious  wilt  be  ajual. 

(J  c 

That  is,  if  ,     -    ,  ,    ihvu 
b         d 

a  +  b       c  +  d  a  -  b       c  -  d  b         d 

-^  =  -^  (■> '     -ft-  ^  "<r  (") '    .,  - ,-  ('"> ' 

('         ft  a  +  ft         c  ■¥  d  a  -  b         r  -  d 

c-d  ('^>>       -^--J-  (^'>'      -^^-T-    (^')' 

a  +  b         c  +  d  a  c  a  c 

r  =  J  (^") )    z  =  T  (vin)  ;    r  = ;(ix) ; 

ti-b        c~d  ^     ^ '     a  +  6       c  +  d   ^       '  '     a-b      c-d  ^    ' ' 

a  a  +  ft  a  +  ft       a-b 

-  =  — —J  (x)  ; - (xi),   &c.,  &c. 

c         c  \d  ^   '  ^      c  +  dc-d^^'         ' 

ma       inc  ma  +  nb        mc  +  nd 

^•^°'  lib  -  -^  (^"> '   -Vft-  ~-  -^-  <'^"'> ' 

ma  +  nft       mc  ±  nd  ma  +  7ib       mc  +  ml 

— r —  -  — T —  (^"')  i      ; — z  ~  — r—j  (xv),   &c. 

ft  d         ^      '  '       pa  i  <]b       pc  ±  qd  ^       ' 

Or,  The  above  propositions  hold  with  any  multiples  whatever  of 
the  two  numerators,  and  also  any  multiples  whatever  of  the  two 
denominators. 


'  ft"  "  d"  '^ 

A.i/.        J.  .lut   to,  nni  ui/uc/c  t/tcu/ KHj.  ts  t/ »e   uj   uiiy 

similar  combinations  of  the  same  powers  of  the  numerator  and 

denominator. 

DEMONSTRATION. 

a 

(i).  Since  — 

ft 

c         a               c                  a  +  b       c  +  d 
-  d    -ft   +l-rf-+lor      ^      =       ^    . 

a 
(ii).  Since  — 

c          a               c                a-b        c - d 

-  T  •■•  I 1  =  3-  -  1  or  — T —  -  — -— . 

d          b               d                    b                d 

a 

Cm).  Since  ,- 

ft 

c                  a                c                  b                   d 

^  -r  .  .    \  -.    -  ^   \   ^  ~    OT  I  X  -      -    1    X    — 

a                  II                d                  a                   c 

ft        d 
that  is,    -  =   --. 
'  0.         c 

Aiu.  100.]  THEOREMS    IN    FRACTIONS.  79 

a        c        u        b        c        b  a        b 

=   y  X  -    or    -  -  y. 
d        c  c         d 

b        d         a  +  b 
and   (ill)   —-—.-.  — ;— 

b 


a  -  b  c  -  d                        b  d         a  —  b 

(vi).  Since  (ii)  — r—  -  — r—  and  (iii)    —  =  —  .-.  — - — 

.           ^            0  d                         a  .  c             b 

I          c  —  d       d           a  —  b  c  -  d 


( 

V). 

Since 

6 

d  ■" 

b 

-   X  — 
c 

( 

V). 

Since 

0) 

a  +  b 
b 

^ 

c  +  d 

d 

c  + 

~1l 

d      d 

—    X   — 

c 

or 

a  +  b 
a 

= 

c  +  d 
c 

(vii).  Since  (ii)    — t —  -  — - —  .•.  inverting  by  (iii) - 

J,  +  b       c  +  d  a  +  b 

and  also  (i)  — ,— -  =  --j—    .-.    — :—  x 
c  -  d  b  d  b  a  -  b 


(III) 

a  +  b        c  +  d' 

(III) 

a           -  c 
a  -  b  ~    c  -  d' 

a  —  b        c  —  d 

b      ""       d 

d  a  +  b       c  +  d  a  +  b  b  c    +  d 

—.  and  also  (i)  — r — 
—  d  b 

d  a  +  b         c  +  d 

X or    T-  =  r. 

c  —  d  a  —  b        c  -  d 

a  +  b      '  c  +  d 

(viii).  Since    (v) =  

a  c 

a  —  b        c  —  d 

(ix).  Since  (vi)  =  

a  c 

(x).  Since  (vm)  and  (ix)    — —r  =  — — r  .-.  alternately  by 
a        a  +  6  "i°        '^±^ 

(IV)    -    =    -^-r. 

^     '  c        c  ±d 

a  +  b        a  a  —  b        a 

(XI).  Since  (x) =  —  and  also =  -  .-.  (Ax.  xi) 

c  ^  d        c  c  -  d        c  ^ 

a  +  b        a  -  b 

-  7-  or  XI  =  VII  taken  alternately. 

c  +  d        c  -  d  ■' 

a         c  a         m        c         m         ma       mc 

(xii).  Since  r  -  T  ■'■  r  ^  ~  =  T  ^  —  ^^  ~r  -  -r- 
0        d         b        n        d        n         nb        nd 

ma       mc 

(xiii,  &c.)  Since  ~r  ~  ~T  '  '  ^^^  ^^^  above  changes  may  be 

made  on  these  fractions. 

a        c  a  a        c  c         a^       c^ 

(xvi).  Since   -=-.-.  -^-  x    -  =  y  x       or  -  -  --. 

b        d  b  b        d  d         ¥       d^ 

Similarly  jTs  =  "7;j   and   77,  =  -^.      And  all    the  above  changes 

0        a  0         a  a^       c^'' 

may  be  made  on  the  equal  frajctions  —  =  -- . 
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107.  TuKonKM. — If  there  be  any  number  o/eipial  fraclions,  then 
toe  Hi(»v  combine  in  any  nuinner  whatever  by  addition  or  sulttraction 
the  numerators,  or  any  multiples  of  the  numerators,  provided  wr 
similarly  combine  the  denominators,  or  the  same  multiples  of  the 
ilcnominators,  and  the  result ini;  frartiom  will  be  equal  to  any  one 
of  the  given  fractions  and  to  one  another. 

ace 
TbatMf-    =   -  =  ^, 

a  ±  c  ±  e       ma  ±nc  ±  pe 


Then 


b        b  ±d  ±f      mb  i  nd±pf' 


Demonsthation.     Let  r  =  ~r  =  :f  =  ^-     •'•  "  -  f^^t  c  -  ''-^'i 
b        d       f 

and  e  -fx,  .-.  a  ±c  ±e  =  bx  ±dx  ±fx  =  (b  i  d±f)x. 

Dividing  each  of  these  equals  hy  {b  ±  d  ±f)   we  got 
a  ±  c  ±  e  a  a        o+c  +  e 

"^  "  bl'dlf'  ^"^  ^  "  r   •■•   6"  "  b±d±f 

Again,  since  a  =  bx,  c  =  dx,  and  e  =fx,  ^ 

.•.  ma  =  mbx,  no  =  ridx,  and  pe  =  pfx. 

And  ma  ±uc  ±pe  =  mbx  ±  ndx  +  pfx  -  (mb  f  7id  ± pf) 

ma  ±nc  ±pe  a  a        ma  ±nc  ±pe 

•'•  -f^  =  — ; -, "/.  hut  X  =  T-    .•.   —  =  — — ; -. 

mb  ±nd  ±pf  b  b        mb  +  nd  ±pf 

ace  a^       €"■       €"■ 

It  follows  that  if  7-  =  v  =  i^»  then  V;  -  -jn  -  :F^t  and  therefore 
b        d       f  6"      a"      /"' 

a"        a^  ±c^  ±  e"  a"      ma"  +  nc^  +  pe^ 

.^r  =  Tz — t;; — t^i  and  therefore  also  r^  =  — .- Tz—^rz. 

6"       6"  +  d"  +/"'  6"      mi"  i  nd"  i  />/" 
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SECTION    VI. 

SIMPLE     EQUATIONS. 

108.  All  equation  consists  of  two  algebraic  expressions 
connected  by  the  sign  of  equality. 

Thus,  Sa  +  x  =  b  —  m^  ;  x^  —  ««  +  3  =  ±  Va&  —  m  ;  ax  -  &  =  0  are 
tHiuatious. 

Note.— Tho  part  that  precedes  the  sign  of  equality  is  called  Hie  first 
member  or  l(;ft  hand  side  of  the  equation;  the  part  that  follows  the  sign  of 
equality  is  called  the  second  member,  or  right  hand  side  of  tho  equation. 

109.  An  identical  eqxtation,  or  an  identity  as  it  is 
termed,  is  an  equation  sucli  that  any  values  lohatever  may 
be  substituted  for  the  letters  it  involves  without  destroying 
the  equality  of  the  two  members. 

Thns  re2  —  r2  —(a  —  x)(a4-  X)  1    ^^'^   identities,  because  no 

luus,  a»  —  0,==  _  (a      X)  \a  -t  x)  l    mattcrwhat  numerical  value 

4.1a  +  b)  (a  +  b)  =  ia^  +  Sab  +  46*  }■  may  be  assigned  to  a  and  .c 

I    or  to  a  and  b,  tho  members 
i(((  +  x)  +  ^  (rt  —  x)  =  a  J    are  equal  to  one  another. 

110.  All  other  equations  are  called  equations  of  condi- 
tion, and  the  equality  existing  between  the  members  holds 
only  when  particular  values  are  assigned  to  some  particular 
letter  or  letters  involved. 

111.  The  letter  or  letters  for  which  such  particular 
values  must  be  found,  arc  called  the  imlcnoion  quantities, 
and  are  generally  represented  by  the  last  letters  of  the 
alphabet,  x,  y,  z,  ni,  &c. 

112.  An  equation  is  said  to  be  satisfied  by  any  value 
which  may  be  substituted  for  the  unknown  quantity  with- 
out destroying  the  etiuality  of  the  two  members  of  the 
equation. 
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113.  The  s>yhnii»i  ol'  tlio  oquation  is  tlu-  process  of 
fiiulini;  su(.'h  valuos  lor  tho  unknown  (|U:intity  or  quantities 
as  shall  satisfy  tho  equation. 

114.  A  roof  of  an  ofjuation  is  any  value  of  tlic  unknown 
quantity  by  which  the  eciuation  is  satisfied. 

Tlius,  i  is  tlio  root  ot  tlie  e<iuntioii  .r  —  3  =:  1. 

ijt  and  —  i  aro  tho  root.s  oftlic  o<iuntioii  25j:*  —  20.t  —  12  —  0. 

2,  5,  uud  —7,  aro  tho  roots  of  tho  ciiuatiou  x^  —  SHx  =  —  70. 

115.  An  equation  which  involves  only  one  unknown 
(juantity  is  said  to  be  of  as  many  dimensions  as  is  indicated 
by  tho  exponent  of  the  liighest  power  of  the  unknown 
quantity  that  occurs  in  it. 

"\  are  oquatioiie  of  one  dimension  or  sim2>l<' 
Thus,  4x  — 3  =  11  L  oquationfi,    or   equations  of  the  ^«< 

2a(x  —  m)  -\-  X  ■=  b^  —  m\  degree. 

1^8  —  .r  +  80  =  0 1  arc  equations  of  two  dimciisions,  or  quadratic 
ex*  +  2aa;  =  6      5  equatione,  or  equations  of  tlio  saco^ul  dc-yrae. 

„  „     ,„„         „_       „"\  are  equations  ol  three  dimension n, 
4.t:«  -  112x2  +  imx  -  27  =  0  )    ^  ^^^l^  equations,  or  equation,  of 

«3  _   I5a;«  +  74a;  — 120  =  0 3  the  third  degrie. 
X*  —  74a;*+ 1225  =  0  \>xTb  equations  of  four  dimensions,  or 

Lbiqmulratic  equations,  or  equationn 
X*  —  4.r 3  +  6a:«  —  4a;  ~  5  =  0 j  of  the/our(/t  degree. 

116.  It  will  be  shown  hereafter  that  an  equation  involv- 
ing only  one  unknown,  has  as  many  roots  as  it  has  dimen- 
sions, and  only  as  many. 

Thus,  a  simple  equation  has  only  one  root. 

a  quadratic  equation  has  only  two  roots, 
a  cubic  equation  has  only  three  roots,  &c. 

117.  The  solution  of  simple  equations  involves  the 
following  principles : — 

I.  Any  term  marj  be  carried  from  one  side  of  the  equation  to  the 
other,  or  teansposed,  as  it  is  termed,  by  changing  its  sign. 

Thus,  if  4a;  —  a  =  l  +  m,  then  4a:  =  7  -f-  »» -f  a,  this  being  equivalent  to 
adding  -f  a  to  each  side  of  the  equation  (Ax.  ii). 

So  if  2a;  —  a  =  46  -^  a;,  then  2x  —  x  —  ib  +  a,  this  beini?  e<iuivalcut  to 
adding  -\-  n  and  —  x  to  each  side  (Ax.  ii). 
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II.  The  aiqns  of  all  the  terms  of  both  members  maij  be  changed 
without  altering  the  equality  of  the  two  members. 

Thus,  if 3«  —  ix  +  b=:  —  m  +  ax  —  c, 
Thon  also,  —  Sa  -^^  ix  —  b  zz  m  —  ax  +  c. 

Note.— This  is  equivalent  to  transposing  every  term,  or  to  multiplying 
both  sides  of  the  equation  by  —  1,  which  of  course  docs  not  aflbct  the 
equality. 

III.  jln  equation,  any  of  whose  terms  involve  fractions,  may  be 
clearad  of  these  fractions,  i.  e.,  converted  into  another  equation  not 
involving  fractions^  by  multiplying  each  member  by  the  I.  c.  m.  of 
all  the  denominators  of  the  fractions. 

X  3!  tJC  cc 

Thus,  il    —    +    X-    +    —    +     —    :=  20,  and  we  multiply  each  side 
2  3  5  6 

by  30,  which  is  the  1.  c.  m.  of  the  deuominatore,  we  got  15a;  +  10a;  +  Ox 

+  6a;  =  600. 

Note.— This  is  merely  multiplying  both  members  of  the  equation  by  the 
.fame  quantity,  and,  of  course  (Ax:  iv),  does  not  destroy  the  equality. 

IV.  Both  members  of  an  equation  may  be  divided  by  the  same 
quantity  without  destroying  the  equality.  Hence,  having  reduced  an 
equation  by  the  foregoing  principles,  should  the  unknown  quantity 
have  a  coefficient,  we  may  divide  each  member  by  that  coefficient. 

Thus,  if  ll.c  =:  44,  thon  dividing  each  member  by  11  we  get  a;  =  4, 


118.  Theorem. — .S  simple  equation,  or  equation  of  the  first 
degree,  involving  only  one  unknown,  can  have  only  one  root. 

Demonstration.— By  transposing  all  the  known  quantities  to  the  right 
hand  member,  and  the  unknown  quantities  to  the  left  hand  member,  every 
simple  equation  can  bo  reduced  to  the  form  ax  =  b. 

If  it  bo  possible  let  ax  =  b,  have  two  dissimilar  roots  fj  and  y. 

Thon  aS  ^=  b  and  also  ay  =z  b,  and  by  subtraction  a.5  —  ay  =z  6  —  6  =  0, 
that  is,  a(^  —  y)  =  0,  which  is  absurd,  because,  by  supposition,  fi  —  y  does 
not  =  0,  nor  does  a  =  0. 

Therefore  ax  =  b  cannot  liave  two  roots. 

119.  From  Art.  117  we  get  the  followiug  rule  for  solving 
a  simple  equation  involving  only  one  unknown  quantity. 
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I.    CI  cur  the  cqudlioii  nf  fnirlioiiSj  aiul,  If  ncresminj^  of  l))inl:rls 

also. 
II.    Titinspuse  all  Hie  hrms  involiHiiL;  the  unknown  (jitiinlihj  lo  llir 
left  hand  member  of  the  eqiintion,  (lud  the  rcnidining  terms 
to  the  right  hand  member, 

III.  Colled,  by  addition  and  subtraction,  as  far  as  possible,  the 

several  terms  of  each  member  into  one  term,  i.  e.,  reduce  each 
member  to  its  simjdest  form. 

IV.  Divide  each  member  by  the  coefficient  of  the  unknown  ijnantity. 

Ex.  1.  Given  8x  +  7  =  2x-  +  43,  to  find  tbo  value  of  x. 

SOLUTION. 


8x  +  7    =  2i;  +  43 

8x  -  2x  =  43  -  7 

6x  =  36 

X  =  6 


(0 

00 

(III) 

(IV) 


=  (i)  transposed. 
=  (ii)  collected. 
=  (III)  -  G. 


Ex. 


Given  -  +  3 


+  14  to  find  the  value  of  x. 


2-  -^3 


=  --  +  14 
4 


6x  +  4x  =  3x  +  168 
6x  +  4x  -  3x  =  168 
7x  =  168 
X  =  24 

Ex.  3.  Given  3x  + 
of  X. 


(i)  X  12,  the  l.c.ra.  of  2,3,  4. 
(ii)   transposed. 
(hi)  collected. 
(IV)  ^  7. 


5  + 


SOLUTION. 


llx-37 


to  find  the  value 


3x  + 


2x  +  6 


llx  -  37i 

5  +    ^ 1  (I) 


5  "    ■  2 

30x  +  4x  +  12  =  50  +  55x  -  185'  (ii) 

30x  +  4x  -  55x  =  50  -  185  -  12  (in) 

-  21x  =  -  147  (iv) 

X  =  7  (v) 


=  (i)xl0(l.c.m.of2.and5). 
=  (ii)  transposed. 
-  (ill)  collected. 
=  (IV)  V  -  21. 
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Ex.  4.  Given  x  + 
to  find  the  value  of  x. 


27 -9x       5x  +  2 


6 


2x  +  5      29  +  4X 


12 


x  +  - 


27- 9x 


5x+2 
~6 


2x  +  5     29  +  4x 
5^-— ^2- (I). 


4  6  "  3 

12X+81  -  27x  -  lOx  -  4  ^  61-8x  -  20-29-4x 
12x-27x-10x+8x+4x  =  61-20-29+4-81 
-  13x  =  -65 
X  =  5 


(II)- 
(III) 

(IV) 
(V) 


=  (i)x  12. 
=  (ii)transposed. 
=  (iii)  collected. 
=  (IV)  -  -  13. 


*  Note.— The  student  must  romembor  that  the  separating  line  of  a  frac- 
tion acts  as  a  vinculum  to  the  numerator,  and  that  in  clearing  of  iraction.s 
a  minus  sign  before  the  fraction  has  the  effect  of  changing  all  the  signs  of 
the  numerator. 


Ex. 


6x  +  1        2x  -  1 
5.  Given  — -,      -        ^       - 
15              5 

2x- 
'  7^  - 

4 

SOLUTION. 

6x  +  1       2x  -  1        2x  -  4 
15               5             7x-16 

(.) 

30x  -  60 

(")• 

=  (i)  X  15, 

6x  +  1  -  6x  +  3  -  ^^  _  ^g 

30x  -  60 
4   ~ 

(III) 

-  (ii)  collected. 

7x  -  16 

28x  -  64  =  30x  -  60 

(IV) 

=  (III)  X  (7x  -  16) 

28x  -  30x  =  -60  +  64 

(V) 

=  (iv)  transposed. 

-2x  =  4 

(VI) 

=  (v)  collected. 

x  =  -2 

(VII) 

=  (VI)  +  -  2. 

»  Note.— When  one  of  the  denominators  is  a  binomial  or  trinomial,  it  is 
commonly  best  to  first  multiply  each  member  by  the  1.  c.  m.  of  the  other 
denominators,  and  reduce  the  resulting  equation  as  much  as  possible  before 
multiplying  by  this  compound  denominator.  This  is  especially  the  case 
when  one  of  the  remaining  denominators  contains  the  others,  as  in  tlii.s 
example. 


Ex.  6.  Given 
of  X. 


(•»-■  -  ")  =  U^  -  T)  -  H^  -  ")  to  find  the  value 
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SOLUTION. 


3(x-i)-4(x-|)-6(x-.0 
3i  -  V  -  4.r  -  7^  -  6i  +  2n 
3x  -  43:  1-  Cx  -  _  71  +  2n  +  V 
5x  =  n  +  ^ 
25i  =  5n  +  3n 
25x  =  8n 
X  =  -An 


(0 
00 
(in) 
(r\-) 

(V) 

(V.) 
(vu) 
(via) 


=  (I)  X  12. 

-(11)  cleared  of  brackols. 

-  (in)  triinspoflcd. 

-  (iv)  collected. 
=  (v)  X  5. 

fc  (vi)  collected. 
=  (vii)  -f  25 


Ex.  7.  Given  -j—  + 


dx         fs 
SOLUTION. 


=  e,  to  find  the  value  of  j 


hx        cx        dx       fx        ^ 
ttcrf/+  hUf+  bc'f+  bed'  =  bcdfgx 
acdf  +  b-df+ bcX+ bed' 
bcd/g 

(rt  +  b)x  X 

Ex.  8.  Given  r—  +  -^ — rj 

a  —  b  or  —  0 


(0 

(") 

(in; 

x  +  1 
a  +  6 


=    (i)    X  bcdfx 
=   (II)  -  bcdfi^ 

to  find  the  value  of  x . 


{a  +  b)x 
a-b     ■*■ 

X 

X  +  1 

a^ 

b'  ~ 

a  +  b 

(0  +  by'x  +  X  = 

(0- 

b){ 

r  +  1) 

d'x  +  2aAx  +  6^x  +  X  = 

:  ax 

-6x  +  a-6| 

d'x  +  2a6x  +  6^1  +  X  - 

-  ax  +  bx  ■■ 

--a-b 

(a^  +  2ab  +p^  +  1  • 

-a  + 

b)x-. 

-.a-b 

a  - 

b 

^  ■'  (1'+  2ab  +  b' 

+  1  - 

a  +  b 

(0 

(") 

(in) 

(IV) 
(V) 

(YI) 


ElBRCISE   XXXII. 

Solve  the  following  equations  ; — 

X  X 


=  (i)  X  (a==-i.') 

=  (11)    expanded. 

=  (in)  transposed. 

=  (iv)  factored. 

::  (v)  V  coef.  of  X 
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X 

2.   2.1-  -  —  =  X-  +  4. 


X        X         3x  —  11 

3.  2i- +  ^-  =  +  a  +  9. 

3         7  4 

3x  -  1        X  +  8 

4.  2x   -    7  + 2.r. 

0  3 

X  -  5  X  ~  7 

5.  2 -—    =3 -. 

7  •    4 

2x-         3x  +  1 

G.  4x  -  — -  = +  J.-  +  6. 

3i  2 

7.   2x  -  16i  =  i/  +  ix. 


8. 

x+3       x+4                       x+1 

4      "       5           ^'    "            3 

9. 

2X  +  10                     7x  +  11 

5                         -       4 

10. 

7x                          Six  -  7 
9    ^  ^^^  ^  ^^  -        12      • 

11. 

8x-l7       14X  +  17                   31 

11        '         13         ~  ^^    ~ 

12. 

4x  +  4                            14 -3x 
: X    =     2   + . 

4x  -  5  2  -  6x        3x  +  1 

13.  3x +  Sx   =    17  +  + . 

3  "  4  8 

X       3^x  -  5       2|x  -9  7ix-x  +  2         9-  5^x 

■     ll  "*"        7~'  5  ""    ^  8  G-'~' 

X        X         3(x  -  7) 

15.  X  +  -  + ^^ =   2x  -  2?.  ^ 

2         4  5  '' 

5(x-l)       97 -7x 
1*-   21  -  —J --.r.  X  -  -,\.  (3x  -  11)  -  9. 

X        X        X        X        X  5x 

17.  —  +  —  +-+  —  +  —  =  x    +  —  +4. 
2         3         4         5         6  12 

20  -X 

18.  2x +  10  =   2x 

G  ^ 

36  +  20x  5x  +  20 

19. ix  -.  3U . 

25  ''  ''•'       9x  -  16 
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12  +  7x-   0  +  5.t   3j-  -  13  ll.t  -  17 

20.  33 /„  -  3x g —  +  "q—  "  -it;   "    8   • 

9x  +  20   4x  -  12  X 


36     5x-4  '4' 

22.  i-r  +  U^  +  3)  -  l(x  -  4)  =  K^  +  5)  +  31'i- 

'  7(1  +  2)      2(2x  +  1)   17- 3j 

23.  Gx ^ =  5  + —■       -    5   • 

2(5a;'^-9)  _    Gx  +  9 

24.  5x  -  -^:^^^   =  9  -  3  +  4x- 

2(x+2)    7x-  13  _  6x+  7 
■"•     3     3(1+  2x)  "   9 

26.  ax  +  t  =  c. 

27.  3ax  -  6'-'  =  be  -  lax. 

28.  4bx  -  3x  =  i(a  -  /*-  +  3«x). 

3((  -  X       (a  -  ft^f 

29.  2</^x  -  --^ -^  -  "~2a   " 

2x  +  a   4a  -  3x  ax  -  b 


30.  3a  - 


b        ~         c  5 


ax         ex 

oo bx  =  ah' — —  +  "^• 

b^x 

33.  ax  -  *c  =  7 — -• 
o  —  a 

11a -3x   6a-5x_a+_6_   __?^ 

35.  (ilf)!  _  „,.  =  ,x; 

abc  bx  d'b-'  _bh:      2a  +  b^ 

2«-  K^:wo  "  "^  ■*■  (^+^^     '^     «  *  <«+''>'' 

37.  3  +  1-72X  -  2-21X  =  •203x. 

38.  •3x+x(6-a)  =  3a  -  •23x, 

39.  K^  -  i)  +  U  1  -  (^  +  1)  1  -  V  {^  -  (1  +  i-^>i  =  ^  +  ?^. 

Box  -b       5b  ,   ''^ 

41.  (a^  -  x)  (ft''  +  X)  -  3aA  (1  -  x)  =  (x  -  a)  (c  -  x) , 
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PROBLEMS 

PRODUCING    SIMPLE    EQUATIONS    INVOLVING    ONLY    ONE    UNKNOWN 
QUANTITY. 

120.  A  Problem  is  a  written  statement  of  the  relations 
existing  between  certain  quantities  whose  values  are  given, 
and  another  quantity  or  other  quantities  whose  values  are 
to  be  found.  The  solution  of  problems  consists  of  two 
distinct  parts : 

I.  The  Algebraic  Stutemetd,  or  briefly  the  statement.  This 
consists  in  the  translation  of  the  problem  into  algebraic  language, 
i.  e.,  in  expressing  the  conditions  of  the  problem,  the  relations 
between  the  given  and  the  unknown  quantities,  by  means  of 
signs  and  symbols,  so  as  to  indicate  the  operations  described  in 
the  problem. 

II.  The  solution  of  the  resulting  equation. 

121.  It  is  with  the  former  of  these  parts,  i.  e.,  "  the 
statement,"  that  the  student  experiences  the  chief  diflSculty, 
the  nature  of  problems  being  such  that  they  admit  of  no 
general  rule  for  their  statement.  The  student  must,  there- 
fore, be  left  very  much  to  his  own  ingenuity,  and  he  can 
expect  to  acquire  facility  in  the  operation  only  by  long 
continued  practice.  He  will,  however,  be  very  much 
assisted  in  his  efforts  by  attention  to  the  following  general 
instructions  for  making  : — 

THE  STATEMENT  OP  PROBLEMS. 
I.  Read  over  the  problem  carefully^  until  itx  conditions  are  clearly 
apprehended,  and  it  is  distinctly  understood  what  is  given 
and  what  is  required. 
II.  Represent  the  unknown  quantity  by  x,  and  set  dow7i  in  alge- 
braic language  the  relations  existing  between  it  arid  the 
given  quantities,  as  described  in  the  problem,  or  in  other 
words,  indicate  upon  x,  by  means  of  signs,  the  same  opera- 
tion that  would  be  necessary  to  verify  its  value  in  the  equation 
if  that  value  were  already  determined. 

a 
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IS'oi'K..— Hol'oro  coiiiniciiciii);  llio  oxcrcino  llic  lM-f(iniii>r  is  imrticulurly 
<lin>ctt'(l  to  aliiihj  riir,fiillii  tlio  Holutiol)  ol  tlio  pri'Iiiniimry  probU'iiih,  in 
onlcr  to  obHorTO  tlip  ihoiU'h  of  proceeding  to  nrnke  the  i<tateinent. 

Ex.  1.  Whftt  number  is  that  from  tlio  doublo  of  wliicli  il  M) 
be  subtracted  the  remainder  is  44  ? 

SOLUTION. 

Ilorc  wc  liavL'  given  that  a  certain  number  i.s  sucli  tliat  when 

its  double  is  diminished  by  10  the  remainder  is  44. 

Let  X  -  the  number. 

Then  2x  =  its  double,  and  2x  -  10  -  its  double  diminished  by  10 . 

Then,  by   the  problem,  2j  -  10  -  44,  which   is   the   required 

statement. 

2x  =  54,  by  transposition. 

X  =  27,  by  division. 

Therefore  27  is  the  number  required. 

Verification.     (27  x  2)  -  10  =  44 
54  -  10  =  44 
44  =  44 
Ex.  2.  Find  a  number  such  that  one-half,  one-thii'd,  and  one- 
fourth  of  it  added  together  shall  exceed  the  number  itself  by  A\. 

SOLUTION. 

Here  we  have  given  that  J  +  i  +  i  of  a  certain  number  >  the 
number  itself  by  4J,  or  what  amounts  to  the  same  thing,  that 
i  +  i  +  J  of  a  certain  number  =  the  number  itself  +  4J. 

Let  X  =  the  number  ;  then  ^  =  i  of  it ;  —  =  ^  of  it ;  and  —  = 
i  of  it. 

And  —  +  —  +  —  =  x  +  4J,  which  is  the  statement  required. 
2        3        4  ' 

6x  +  4x  +  3x  =  12x  +  54  (n)    =  (i)  x  12. 

6x  +  4x  +  3x  -  12ic  =  54         (ill)  =  (ii)  transposed. 
X  =  54        (rv)   =  (hi)  collected. 
Therefore  54  is  the  required  number. 
54       54       54 
Verification.      y  +  'T  +  T"^^'*"^^ 

27+  18+13i  =  58J 
58J  =  58 
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Ex.  3.  Divide  the  number  112  into  two  such  parts  that  il"  21 
be  added  to  the  less  the  sum  shall  be  less  than  one-tliird  of  the 
greater  by  the  third  part  of  unity. 

SOLUTION. 

Here  112  is  to  be  divided  into  two  parts  such  that  the  less 
+  21  shall  be  equal  to  (1  of  the  greater)  -  I. 

Let  X  =  the  greater  part ;  then  since  112  is  the  sum  of  the  two 
parts,  112  -  X  =  the  less. 

X 

(112  -  x)  +  21  is  21  added  to  the  less,  and  .-  -  i  is  ^  of  unity 

less  than  {f  of  greater. 

X  •  - 

■Then  (112  -x)  +  21  -  -  -  k,  which  is  tl^^  statement. 

336  -  3x  +  63  =  X  -  1      (ii)  =:  (i)  x  3 
-  3x  -  X  =  -  1  -  63  -  336      (iii)  =  (ii)  transposed. 
-  4x  =  -  400      (iv)  =  (hi)  collected. 
X  =  100  =  greater. 
112  -  X  =  112  -  100  =  12  =  less. 
Verification.     (112 -100) +  21  =  ig^  _  x 
112-  100  +  21  =  -i^F  -  i 
133  -  100  =  33^  -  i 
33  =  33 
Ex.  4.  "What  sum  of  money  is  that  from  which  if  $46-20  be 
subtracted,   one-half  the  remainder  shall  exceed  one-third,  of 
the  remainder  by  S50. 

SOLUTION. 

Here  the  sum  of  money  is  such  that 

i(Sum  -  $46-20)  is  >  by  $50  than  J  (Sum  -  $46-20). 

Let  X  =  the  sum  of  money. 

Then  x  -  $46-20  is  $46-20  subtracted  from  the  sum. 

X  -  $46-20  ,  X  -  $46-20  .  „  .    ,    ,. 

— —  is  half  the  rem.,  and  — — is  one-third  ol  rem. 

2  -^ 

X  -$46-20                    X  -  $46-20 
Then  ^ $50  = 3- (i). 

3x  -  $138-60  -  $300  =  2x  -  $92-40  (n)  =  (i)  x  6. 

3x  -  2x  =  -  $92-40  +  138-60  +  $300.' 
X  =  $346-20  =;  sum  required. 
Note.— The  student  should  vurify  the  result  iu  every  case,  as  is  done  iu 
the  three  preceding  problems. 
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Kx.  6.  A  ci'iliiiu  iitiiiibor  consists  of  two  tligits,  such  thai  tlic 
liRlil  liaad  digit  exceeds  tlio  left  hand  digit  by  2;  and  if  Die 
sum  of  the  digits  bo  increased  by  y  of  the  uumbor,  the  digits  will 
be  inverted.     Required  the  number. 

SOLUTION. 

Let  X  -  the  left  hand  digit. 
Then  x  +  2  -  the  right  hand  digit. 
lOx  +  (X  +  2)  -  the  number.* 
.c  +  X  +  2  =  the  sum  of  the  digits. 
2.r  +  2  +  'i  (lOx  +  X  +  2)  =  the  sum  of  the  digits  increased 

by  'j  of  the  number. 
10(x  +  2)  +  X  =  number  with  its  digits  inverted. 
Then  2x  +  2  +  ?  (lOx  +  x  +  2)  =  10(x  +  2)  +  x. 
Mx  +  14  +  9(Hx  +  2)  ^  70(x  +  2)  +  7x. 
14x  +  14  +  99x  +  18  -  70x  +  140  +  1x. 
90x  +  14x  -  70x  -  7x  =  140  -  14  -  18. 
36x  -  108. 

X  a:  3  -  loft  hand  digit. 
X  +  2  =  5  =  right  hand  digit. 
Therefore  the  number  is  35. 
Ex.  6.  ji  can  do  a  piece  of  work  in  10  days,  which  J  and  B 
can  together  finish  in  G  days.     In  what  time   can  B  working 
alone  do  the  work  ? 

SOLUTION. 

Let  X  -  number  of  days  B  would  require  to  do  the  work. 
Since  j1  does  whole  work  in  10  days,  in   1   day  he  would  do 
,\,  of  it. 

Since  B  does  whole  work  in  x  days,  in  1  day  he  would  do 
;  of  it. 

*NoTE.— If  WO  take  any  namber,  as  6542,  and  represent  its  digits  respec- 
tively by  the  letters  d,  c,  b,  and  a,  then  d  +  c  +  b  +  a  will  exprcos,  not 
tlic  number,  but  merely  the  sum  of  its  digits.  In  order  to  cxprcM  the 
number  we  must  take  into  account  the  local  as  well  as  the  absolute  values 
of  the;digit6,  i.e.,  we  must  remember  that  the  lirst  digit  being  f^o  many  units, 
the  second  is  so  many  tens,  the  third  so  many  hundreds,  &c. 

llcncc  d  +  c-\-b  +  a^i6  +  b-ri-{-2  —  n  =  sum  of  digits. 

And  lOOOd  +  KjOc  +  10b  +  a  —  6000  +  500  +  40  +  2  =  6542  =  the  number. 

And  of  course  1000a  +  1006  +  10c  +  d  =  2000  +  400  +  50  +  6  =  2456  =: 
number  with  its  digits  inverted. 
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Since  A  and  B  do  tho  work  in  6  days,  in  1  day  they  would  do 
\  of  it. 

Then  j5's  work  for  1  day  +  ii's  work  for  1  day  ~  work  of  both 
A  and  B  for  1  day. 

That  is,  -,V  +  ^  =  \         (0- 

3x  +  30  =  5x         (ii)  =  (i)  X  30i- to  clear  of  fractions. 
3x  -  5x  =  -  30      (in)  -  (ii)  transposed. 
-  1x  -  -  30      (iv)  -  (III)  collected, 
a:  =  15  =  days  B  would  require. 

Ex.  1.  A  person  being  asked  how  many  ducks  and  geese  he 
had,  replied  that  if  he  had  8  more  of  each  he  would  have  7  geese 
for  8  ducks,  but  that  if  he  had  8  less  of  each  he  would  only  have 
C  geese  for  7  ducks.     How  many  had  he  of  each  ? 

SOLUTION. 

Let  X  =  the  number  of  ducks  he  had. 

Then  x  f  8  =  number  of  ducks  increased  by  8. 

X  +  8 

— ^  =  number  of  times  he  had  7  geese, 
o 

X  +8      ^ 

— —  X  7  =  number  of  geese  he  had  when  increased  by  8. 

8 

X  4-  8 
Hence  number  of  geese  -  8  less  than  x  7  =  J(x  -l-  8)-  8. 

Also  X  -  8  =  number  of  ducks  diminished  by  8. 

J(x  +  8)  -  16  =:  number  of  geese  diminished  by  8;  and  hj 

x-8        ^x  +  8)-16 
the  question,  — ^  -   = • 

G(x-8)  =  7{|  (^  +  8)-16}. 

6x  -48  =  \9  (X  +  8)  -  112. 

49X  +  392 
6x  +  04  =  ^ . 

48x  -f-  512  =  49x  H-  392. 

X  -  120  =  number  of  ducka. 
i  (120  +  8)  -8  ^  (I  of  128)  -8  ^  (7  X  16)  -8  ^  112-8 
=  104  -  number  of  jjeese. 
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Ex.  8.  A  nuM-cliimt  has  loa  wortli  -Is.  3<1.  nml  .Is.  Od.  lur  11>. 
How  many  ll>s.  of  each  intisl  there  he  in  a  chest  of  126  Uis., 
which  shall  be  worth  X'30  ? 

BOLLTION. 

Let  X  =  number  of  lbs.  at  4s.  3d.  or  17  threepences  per  11). 
Then  120  -.T  -  number  of  lbs.  atSs.  9d.  or  23  threepences  per  lb. 
I7x  -  \Torth  in  threepences  of  a-  lbs.  nt  4s.  3d.  per  lb. 
23(120  -  .t)  =  worth  in  threep(*ticcs  of  120  -  .r  lbs.  at  r>^.  fld. 
per  lb. 

2400  =  number  of  threepences  in  £30. 
Then  l7x  +  23(120  -  x)  =  2400. 
17a:  +  27G0  -  23x  =  2400. 

17.1-  -  23x  ^  2400  -  27G0. 
—  6a:  =  -  360. 

a-  =  60  -  lbs.  at  4s.  3d.  per  lb. 
120  -  60  =  60  -  lbs.  at  .5s.  9d.  per  lb. 

Ex.  9.  Divide  the  number  90  into  four  parts  such  that  the 
first  increased  by  2,  the  second  diminished  by  2,  the  third 
divided  by  2,  and  the  fourth  multiplied  by  2,  shall  all  be  equal 
to  the  same  quantity. 

SOLUTION. 

Let  X  =  the  quantity  to  whidh  the  1st  part  is  equal  when 
increased  by  2. 

Then  x-2  =  1st  part ;  a;  +  2  =  2nd  part ; 

X  X  2  =  3rd  part ;  x  •=■  2  =  4th  part. 
Then  (x  -  2)  +  (x  +  2)  +  2x  + 1^  =  90. 
X-2+X+2  +  2X  +  I  =  90. 

4x  +  i.  =  90. 

2 

8x  +  x=  180. 
9x  =  180. 
x  =  20. 
x-2  =  20-2  =  18  =  1st  part;  x  +  2=  20  +  2  =  22  ^  2nd  part. 
■  2x  -  20  X  2  =  40  =  3rd  part ;  1  =  7  =  10  =  4tL  part. 
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Ex.  10.  A  workman  is  engaged  for  7i  days,  at  p  cents  per  day, 
upon  condition  that  for  everj'  day  that  he  is  idle  instead  of 
receiving  anything  he  shall  forfeit  q  cents.  At  the  end  of  the 
time  agreed  upon  he  received  c  cents.  Required  the  number  of 
days  he  worked,  and  the  number  of  days  he  was  idle. 

SOLUTION. 

Let  X  =  the  number  of  days  he  worked. 
Then  n  -  x  =  the  number  of  days  on  which  he  was  idle. 
px  =  number  of  cents  he  received  for  x  days  work. 
q(n-x)  =  number  of  cents  he  forfeited  for  Qi-x)  days 
idleness. 
Then  px  —  q(n  -  x)  =  c. 
^  px  -  qn  +  qx  =  c, 

px  +  gx  =  c  +  q7i. 
(p  +  q)x  =  c  -i-  qn. 
c  +  qn 


p  +  q 

c  +  qn        np  +  nq  -  c  —  nq       np 


p+q  p+q  p+q 


number,  of  working  days. 

=  number  of  idle  days 


Exercise  XXXIII. 

1.  Required  two  numbers  whose  sum  is  47  and  difference  13. 

2.  There  are  two  numbers,  one  of  which  is  greater  than  the 
other  by  21,  and  the  quotient  of  their  sum  by  the  less  is  3  ; 
what  are  the  numbers  ? 

3.  After  paying  away  f  and  f  of  ray  money,  I  had  $2-50 
remaining  ;  how  much  had  I  at  first? 

4.  Find  a  number  such  that  if  21  be  taken  from  it,  and  the 
remainder  divided  by  8f ,  the  quotient  will  be  5. 

5.  Divide  54  into  three  such  parts  that  the  first  divided  by 
2,  the  second  by  3,  and  the  third  by  4,  shall  all  give  the  same 
quotient. 

6.  Paid  I  of  my  debts,  and  then  paid  ?  of  the  remainder,  and 
afterwards  owe  $192  ;  how  much  did  I  owe  at  first? 

7.  A  drove  of  cattle  is  disposed  of  as  follows:  ^  to  A,  "^  to 
B,  ^  to  C,  and  the  remainder,  which  was  9,  to  D  ;  how  many 
cattle  was  there  in  the  drove? 


fl(J 
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8.  A  fiumpr  has  two  tlocka  of  sliocp,  each  conliiininp  tht 
same  luiniber  ;  but  whou  ho  luid  sold  19  Bheeji  from  om- liock 
and  "Jl  from  the  other,  the  former  now  conUiued  twice  uh  many 
tii  Ibo  latter.      Required  the  number  originally  in  each  (lock. 

'J.  Find  a  number  whose  fourth  j.arl  exceeds  its  seventh  part 
by  6. 

10.  What  number  is  that  the  double  of  which  exceeds  ^  of  its 
half  bj  25.     , 

11.  Find  a  number  such  that  increased  by  one-half  of  itself 
the  sum  shall  be  39. 

12.  What  number  is  that  which  exceeds  the  sum  of  its  half 
and  its  third  parts  by  17? 

13.  Find  a  number  such  that  when  15  is  taken  from  its  double, 
and  to  half  the  remainder  7  is  added,  the  sum  is  greater  by  :i 
than  5  of  the  original  number. 

14.  What  number  is  that  to  which  if  11  be  added,  two  and 
a-half  times  the  sum  shall  be  85. 

15.  Find  a  number  such  that  one-half,  two-thirds,  and  three- 
fourths  of  it  added  together,  shall  exceed  U  times  the  original 
number  by  21. 

16.  A  farmer  sold  a  load  containing  a  certain  number  of 
barrels  of  apples  for  $36,  and  he  afterwards  sold  a  second  load 
at  the  same  rate,  but  as  it  contained  5  barrels  less  than  the 
former,  he  only  received  $21.  What  was  the  price  per  barrel, 
and  what  was  the  number  of  barrels  in  each  load? 

17.  A  person  starts  to  walk  from  Toronto  to  Brampton  at  the 
rate  of  3J  miles  per  hour;  precisely  28il  minutes  afterwards 
another  person  starts  from  Brampton  to  walk  to  Toronto  at  the 
rate  of  4  miles  per  hour,  and  they  meet  one  another  exactly  half- 
way between  the  two  places.  Required  the  distance  from  Toronto 
to  Brampton. 

18.  In  a  certain  grist-mill  there  are  three  runs  of  stones  ;  the 
first  of  which  can  empty  the  granary  in  72  hours,  the  second  in 
84  hours,  and  the  third  in  90  hours.  Two  teams  are  engaged 
drawing  wheat  and  storing  it  in  the  granary,  and  of  these  the 
first  can  fill  it  in  60  hours,  and  the  second  in  78  hours.  Now  if 
the  granary  be  full,  and  both  teams  and  all  three  runs  of  stones 
be  set  in  operation,  in  •^yhat  time  will  it  be  emptied  ? 
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19.  If  from  the  number  of  the  yenr  in  which  .all  the  slave,?  in 
Canada  received  their  freedom,  the  number  1780  be  taken,  three 
times  the  remainder  increased  by  1620,  will  give  the  year  of  the 
celebrated  Indian  massacre  of  Lachine,  and  if  the  two  dates  be 
added  together,  one-half  their  sum  increased  by  116  will  give  the 
year  1862.  Required  the  date  of  the  abolition  of  slavery  in 
Canada,  and  also  that  of  the  massacre  of  Lachine? 

20.  Divide  $7400  among  A,  B,  and  C,  so  that  A  shall  have 
$120  more  than  B ;  and  C  $106  less  than  A. 

21.  A  pupil  receives  24  music  lessons  and  32  drawing  lessons 
in  the  quarter,  and  the  former  cost  her  $3  more  than  the  latter ; 
if,  however,  she  had  received  32  music  lessons  and  only  24 
drawing  lessons,  the  latter  would  have  cost  her,  at  the  same 
rate,  $10  less  than  the  former.  Required  the  price  per  lesson 
for  music  and  drawing  ? 

22.  A  library  contains  twice  as  many  volumes  on  General 
Literature  as  on  History,  IJ  times  as  many  volumes  on  History 
as  on  Biography,  as  many  volumes  on  Biography  as  on  Travels, 
and  three  times  as  many  volumes  on  Travels  as  on  the  Sciences, 
and  the  number  of  volumes  on  the  Sciences  is  70.  Required  the, 
number  of  volumes  in  the  library  ? 

23.  The  Rideau  Canal  is  six  miles  less  than  four  times  as  long 
as  the  Niagara  River,  and  their  combined  length  doubled  and 
decreased  by  100  miles,  exceeds  the  length  of  the  Great  Western 
Railway  by  one  mile.  The  G.  W.  R.  being  229  miles  long, 
required  the  length  of  the  Rideau  Canal,  and  also  that  of  the 
Niagara  River? 

24.  A  can  do  a  piece  of  work  in  12  days,  which  B  can  finish 
in  15  days,  and  C  in  18  days.  Now  A  and  B  work  together  at 
it  for  1  day  ;  B  and  C  work  together  at  it  for  two  days  :  in  what 
time  will  all  three  finish  the  work  remaining  to  be  done  ? 

25.  Divide  a  number  n  into  two  parts,  such  that  one  may 
exceed  the  other  by  («  -  c). 

2C,.  What  is  the  first  hour  after  12  o'clock  at  which  the  two 
hands  of  a  watch  are  (I)  together,  (IT)  directly  opposite,  and 
(III)  at  right  angles  to  one  another? 

27.  A  man  owns  two  fields  and  a  horse,  the  latter  being  worth 
$90.     He  oflTurs  to  sell  the  first  field   with  the  horse  in  it  for  $25 
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more  tlian  he  usks  for  the  second  lioM  alone,  Imt  lor  llio  second 
field  with  tlic  horse  in  it  lie  iisks  double  as  much  iis  for  the  lirsl 
field  ulone.     Required  the  price  of  each  field? 

28.  A,  B,  and  C  can  do  a  piece  of  work  in  20  days,  wliich  A 
can  do  alone  in  50,  and  li  alone  in  G5  days.  C  work.s  at  it  for 
11  daj's,  then  B  and  C  togetlior  for  n  days.  In  what  lime  can 
A  and  C  finish  Xhc  remainder? 

20.  Divide  $7189  among  A,  B,  C,  and  D,  so  as  to  give  to  A 
as  much  as  the  other  three,  to  B  $40  more  than  two-fifths  of  tlie 
shares  of  C  and  D ;  and  to  D  $25-40  less  than  three-sevenths  of 
C's  share. 

30.  A  piece  of  work  can  be  finisiied  by  4  men  in  9  days,  or 
by  10  women  in  7  days,  or  by  15  cliildren  in  8  days.  In  what 
time  can  I  man,  3  women,  and  4  children  finish  the  work? 

31.  There  is  a  number  consisting  of  two  digits,  whose  sum  is 
14  (the  right  hand  digit  being  the  greater),  and  three-seventeenths 
of  the  number  is  equal  to  three  halves  of  the  right  hand  digit. 
Required  the  number? 

32.  A  farmer  sold  his  farm  for  $8600,  and  considered  that  he 
had  cleared  a  certain  amount  by  the  transaction.  A  note,  how- 
ever, for  $640,  which  he  had  accepted  in  part  payment,  turned 
out  to  be  worthless,  and  he  found  that,  in  consequence,  he  lost 
upon  the  whole  transaction  two-fifths  as  much  as  he  would  have 
gained  bad  the  note  been  good.  What  was  the  value  of  the 
property  ? 

33.  There  is  a  fish  whose  tail  weighs  9  lbs.,  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
much  as  his  head  and  tail  together.  What  is  the  weight  of  the 
fish? 

34.  A  merchant  yearly  increases  his  capital  by  one-third  of 
itself,  but  takes  away  $1000  for  current  expenses.  At  the  end 
of  the  third  )'ear  after  taking  away  the  $1000  he  finds  that  the 
original  capital  was  doubled.    What  was  his  capital  at  starting? 

35.  The  fore-wheel  of  a  waggon  is  a  feet;  and  the  hind-wheel 
b  feet  in  circumference  ;  through  what  distance  must  the  waggon 
pass  in  order  that  the  fore-wheel  shall  have  made  7i  revolutions 
more  than  the  hind-wheel? 

36.  The  hour  and   minute-hands  of  a  watch  are  together  at 
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noon.     When  and  how  often  will  they  be  together  during  the 
next  twelve  hours  ? 

37.  Divide  the  number  9G  into  two  guch  i)arts  that  when  the 
greater  is  divided  by  7  and  the  less  multiplied  by  3,  the, sum  of 
the  quotient  and  product  shall  be  30. 

38.  Divide  $2560  among  A,  B,  and  C,  so  that  A  shall  have 
h.ilf  as  much  again  as  B ;  and  that  C  shall  have  half  as  much 
again  as  A. 

39.  A  steamer  makes  the  down  trip  from  the  head  of  Lake 
Ontario  to  Montreal  in  28  hours,  the  current  being  in  its  favor. 
When  returning  it  is  found  that  in  ascending  the  St.  Lawrence 
(three-sevenths  of  the  entire  trip)  the  rate  of  sailing  is  5  miles 
per  hour  less  than  the  average  rate  in  its  downward  journey, 
but  upon  entering  the  lake  it  is  enabled  to  increase  its  speed 
2  miles  per  hour,  and  again  reaches  Hamilton,  at  the  head  of 
the  Lake,  in  J^'  of  the  time  it  would  have  required  had  the  rate 
been  uniformly  the  same  as  when  ascending  the  river.  Required 
the  distance  between  Montreal  and  Hamilton,  and  the  rates  of 
sailing  ? 

40.  A  gentleman  bequeaths  his  property  as  follows  : — To  his 
eldest  child  he  leaves  $1800  and  I'  of  the  rest  of  his  property  ; 
to  the  second  twice  $1800  and  -^  of  the  pavt  now  remaining;  to 
the  third  three  times  $1800  and  ^  of  the  part  now  remaining, 
and  so  on.  By  this  arrangement  his  property  is  divided  equally 
among  liis  children.  How  many  children  were  there,  and  what 
was  the  fortune  of  each  ? 

41.  A  certain  number  consists  of  two  digits,  whose  difference 
is  7 — the  right  hand  one  being  the  greater.  When  the  number 
is  divided  by  the  sum  of  its  digits  it  gives  a  quotient  2,  with  a 
remainder  7.     Find  the  number. 

42.  Divide  $2100  among  A,  B,  and  C,  so  that  A  shall  have 
$80  more  than  ^  of  B  and  C's  shares  together,  and  that  C  shall 
have  $20  less  than  B. 

43.  A  nurserymen  has  an  orchard  to  plant  with  a  given 
number  of  trees,  and  he  finds  that  when  he  has  as  many  rows 
as  trees  in  a  row  there  are  75  trees  remaining,  but  if  he  puts  5 
trees  less  in  a  row,  and  increases  the  number  of  rows  by  6,  he 
then  has  only  5  trees  remaining.    What  was  the  number  of  trees? 
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44.  Diviilo  tlii>  nninluM-  n   inlo  two  sucli  jiaitp  tliat    llif  one 

» 
dlmll  1)0     llis  of  llic  olliur? 
Ill 

45.  What  are  thu  two  parts  of  GO  Biidi  that  tlieir  inodiicl  is 
ecjual  to  tlircc  times  the  s'luare  of  the  less  ? 

40.  Twelve  oxen  arc  turned  into  a  field  of  grass  containinp 
3}  acres,  and  by  the  end  of  4  weeks  have  not  only  eaten  all  tlie 
praes  on  it  when  thej-  were  turned  in,  but  also  all  that  grew 
during  the  4  weeks.  Similarly  in  9  weeks  21  oxen  eat  all  the 
grass  that  grows  on  10  acres  during  that  time,  together  with 
what  was  on  the  field  when  they  were  turned  in.  Now  assuming 
in  all  cases  that  the  original  quantity  aud  quality  per  acre,  and 
the  growth  per  acre,  is  the  same,  how  many  oxen  can  in  this 
way  graze  for  18  weeks  on  24  acres  ? 

47.  Divide  the  number  it  into  three  parts  such  that  the  second 
may  be  n  times  and  the  third  m  times  as  great  as  the  first. 

48.  Divide  the  number  a  into  three  parts  such  that  the  second 
shall  be  m  times  the  nth  part  of  the  first,  and  that  the  third  shall 
be  the  ^th  part  of  p  times  the  first. 

49.  From  the  first  of  two  mortars  in  a  battery  3G  shells  are 
thrown  before  the  second  is  ready  for  firing.  Shells  are  then 
thrown  from  both  in  the  proportion  of  8  from  the  first  to  7  from 
the  second  ;  the  second  mortar  requiring  as  much  powder  for  3 
charges  as  the  first  does  for  4.  How  many  balls  must  the  second 
mortar  throw  in  order  that  both  may  have  consumed  the  same 
quantitj'  of  powder? 


SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE, 
INVOLVING  ONLY  TWO  UNKNOWN  QUANTITIES. 

122.  For  the  solution  of  equations  involving  two  or 
more  unknown  quantities,  as  many  independent  equations 
are  required  as  there  are  unknown  quantities  involved. 

Thus,  tlie  equation  x  +  y:=8i8  called  an  indeterminate  equation,  because 
an  unlimited  number  of  values  may  be  assigned  to  x  and  »/,  so  as  to  satisfy 
the  equation.  For  example,  we  may  take  x  :=  i,  ^,  1,  2,  3,  4,  5,6,  7,  8,  0,  &c., 
and  y  =  7|,  'i,  7,  G,  .5,  4,  3,  2,  1,  0,  8,  &c.,  and  the  equation  will  be  satinfied 
by  auy  pair  of  these  values. 

But  il' we  take  the  equation  x  -\-  y  :=  S,  and  limit  it  by  another  corres- 
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ponding  but  independent  equation,  as  lor  example,  2x  —  3i/  =:  1,  wo  shall 
find  that  the  two  equations  are  only  catigf ied  by  the  value  x-  =  5  and  >/=:3. 
An  equation  of  this  kind  is  called  a  determinate  equation. 

.  123.  A  set  of  two  or  more  equations  thus  mutually 
limiting  the  values  of  the  unknown  quantities  involvedj 
form  what  is  called  a  simultaneous  equation. 

124.  As  stated  in  Art.  122,  in  order  that  the  equation 

may  be*  determinate,  there  must   be  as  many  independent 

equations  as  there  are  unknown  quantities  involved.    Now 

equations  are  said  to  he  independent  ivhen  they  express 

different  relations  between  the  unknown  (juantities. 

NoTK.— That  is,  the  two  or  three  equations  given  must  not  be  derived 
from  one  another  by  mere  niultiplieation,  or  division,  or  subtraction,  or 
addition.  Thus,  if  a;  +  2/  =  8  be  one  of  the  equations,  it  would  be  useless 
to  associate  with  it  2j;  +  2^  =  16,  or  |  a;  +  1 7/  =  li,  or  a;  +  2?/  =  8  +  y, 
y  —3.C  =  8  —  4r,  &c.,  because  these  equations,  though  true  in  themselves, 
express  no  new  relation  between  the  unknown  quantities,  and  are  all 
reducible  to  the  form  o{  x  +  y  =:  8,  having  obviously  been  derived  Irom 
it  by  mere  addition,  subtraction,  multiplication,  or  division. 

125.  Simultaneous  equations  arc  solved  by  elimination, 
as  it  is  termed,  i.  e.,  by  so  combining  the  given  equations 
as  to  get  rid  of  one  of  the  unknown  quantities,  and  thus 
to  obtain  from  them  a  new  equation  involving  only  one 
unknown. 

126.  There  are  three  methods  of  eliminating  one  of  the 
unknown  quantities,  and  thus  of  solving  simultaneous  equa- 
tions. 

ELIMINATION    BY   ADDITION    OR   SUBTRACTION. 
Rule. 

127.  I.  If  the  coefficients  of  the  quantity  we  desire  to  climinale 

are  not  already  the  same  in  both  equations,  multiply 
one  or  both  equations,  by  such  multipliers  as  shall 
make  the  coefficients  of  that  quantity  similar. 
II.  Having  thus  prepared  the  two  equations,  add  them, 
member  to  member,  if  the  signs  of  the  quantity  to  be 
eliminated  are  unlike;  subtract  one  equation  from 
the  other  if  the  s>igns  in  question  are  like. 
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Ex.  1.  (;iv(.ii'lx-3j/=G    } 
Ax  +  7y  ■---  26  i 


to  liiul  the  values  of  i  mul  j/. 


Ax  -  31/  =     6 
'U-  +  1y  -  2G 


lOy  =  20 
y^    2 


SOLUTION. 

(i)  Here  us  the  coef.  of  j  is  llio  siihk 
in   both  oquiitions    tlicru    is    ii' 

(ii)  necessity  of  inulliplying,  and  \m 
accordingly  subtract  at  once. 

(III)  -  (II)  -  (I). 

(IV)  =  (III)   V   10. 


Then  Ax-3y  -  4j:  -  6  -  G      (v)     -   (i)  by  substituting  2  for  y. 
4x  =  12 
X  =    13 

Therefore  values  are  x  =  3  and  y  =  2. 
Ex.  2.  Given  4x  +  3</  =  43  ^   ^^  ^^^  ^^^  ^^^,^^3  ^^  ^,  j^^^  ^ 


3x  -  2j/ 


43) 
11  > 


4x  +  Sy  =  43 
3x-  2y  =  11 

8x  +  6y  =  86 
9x  -6y  =  33 


I7x 
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(0  ' 
(")  i 
(m)   I  =  (0  X  2. 

(IV)      =  (II)  X  3. 


(V) 


(hi)  +  (iv).      We   add  because 
the  signs  are  unlike. 

(V)    -r     17. 


=  (i)  with  7  substituted  for  x. 


X  -    7     '(vi) 

4x+3y  -  28+3y  =  43     (vii) 

3y-:  15 

y  =    5 

Therefore  values  are  x  =  7  and  y  =  5. 

Note.— We  can  always  prepare  the  equations  for  addition  or  subtraction 

by  multiplying  each  by  that  coef.  of  the  unknown  to  be  eliminated,  whicli 

is  giveu  in  the  other  equations.    Sometimes,  however,  it  is  not  necessary 

to  multiply  both  [equations,  but  we  can  find  by  inspection  a  multiplier 

for  one  only,  which  will  at  once  prepare  the  equation  for  elimination. 

Thus,  if  4x  —  3i/ =  8    >  ,      .,  ..  .  ,  •  u  ..      ,•    ■ 

_     1  Q    _  ar  f  equation  as  given  and  we  vnsh  to  ehmi- 

nate  x,  wc  may  multiply  the  lower  equation  by  4  and  the  upper  by  2,  and 
tJien  subtract,  but  we  may  obviously  attain  the  same  end,  in  the  elimina- 
tion of  X,  by  simply  multiplying  the  lower  equation  by  2,  and  then  sub- 
tracting. Similarly  if  we  wish  to  eliminate  the  y,  instead  of  multiplying  the 
upper  equation  by  9,  and  the  lower  by  3,  we  may  prepare  the  two  equations 
tor  addition  by  simply  multiplying  the  upper  by  3. 
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Ex.  3.  Given  ax  + 


bx  -  ay 

ax  +  y  =  VI 
bx  —  ay  =  n 
a^x  +  ay  =  am 
a^x  +  bx  =  am  +  n 
(a'-  +  b)x  =  am  +  n 

am  +  n 

X  =  — ,— 


>   to  find  the  values  of  x  and  v. 
-  (///  =  «  > 


am +  71 
'  d^  +  b 


a^  +  b 
■xa  +  y  -  711 


d^m  +  an 


y  =  m  - 


SOLDTION. 

(0 

(") 
(III) 

(IV) 
(V) 


(VI) 
(VII) 


a?  +  b   ' 

ahn,  +  bm  —  a'm  -  an 

a^  +  b 


=  (i)  X  a. 

=  (n)  +  ("O- 
=  (iv)  factored. 

=  (v)  V  a-  +  b. 


=  (i)  with  value  of  x  substi- 
tuted for  X. 


bm  -  an 

"o^+y* 


ELIMINATION   BY  SUBSTITUTION. 

Rdle. 

128.  I.  Find  from  one  of  the  given  equations  the  value  of  the 
unknown  to  be  eliminated  in  terms  of  the  other 
unknown  quantity. 
II.  Substitute  this  value  in  the  remaining  equation  for  the 
same  unknown  quantity,  and  there  will  result  an 
equation  containing  only  one  unknovm  quantity. 


Ex.  4.  Given  2x  - 
7x  +  9 

2x-y=    I 
7x  +  9y  =  16 

y=    1 
(/=  16 

sc 
(0 

(") 
(III) 

(IV) 

(V) 
(VI) 
(VU) 

("II) 

•   to  find  the  values  of  x  and  y. 

LUTION. 

2/  =  2x  -    1 

7x  +  9(2x-l)  =  16 

7x+18x-9=  16 

25x  =  25 

X  =     1 

=  2x-l  =  2-  1=1 

~  (i)  transposed. 

=  (ii)  with  2x  - 1  substituted  for  y 

=  (iv)  expanded. 

=  (v)  transposed  and  collected. 

=  (VI)  ^  25. 

=  (in)  with  value  of  x  substituted. 
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4y-1x 
Ex.  5.  Given  5.r  -  —  —  -  8 


m  or  -  —  -—  -  o  -V 

■IV       7x-2y  [  to  iind  the  val 


5.r  — 


4y+1x 


11  ti 

SOLUTION. 

(0 


41/     7x  -  2y 
7x-jf  +  -— .3,-8 


23x  -  41/      =48 

539i  -  244y  =  -  528 

48  +  4y 

X 

23 


/48  +  4y\ 
\    "23"/' 


539 1  — iTT^  )  -  244y  =  -  528 
25872 +  2156y 


23 
34502/  ^  38016 

V=ll 
48  +  4!/      48  +  44 


-244y--528 


-  4 


(") 
(III) 

(IV) 
(V) 

(VI) 

(VII) 
(VIII) 
(IX) 

(X) 


-  (I)  icducpil. 
=  (ii)  reduced. 

-  (hi)  traiisp.  and  t  23 
48  1-  Ay 


-  (iv)  with 


sub.  tor. I. 


23 

-  (vi)  e.xiianded. 

-  (vii)  reduced. 
■-  (viji)  V  3456. 
=  (v)  with  11  substitut.  for  y. 


23  23 

Therefore  the  required  values  are  x  -  4  and  y  -  11. 

ELIMINATION   BY    COMPARISON. 

Rule. 

120.  1.  Find  from  the  first  equation  the  value  of  the  quantity  to 
be  eliminated,  in  terms  of  the  other  unknown  quantity  ; 
and  similarly  find  another  value  for  the  same  quantity 
from  the  second  equation. 
II.  Place  these  values  equal  to  one  another,  i.  e.,  form  an 
equation  by  placing  the  sign  of  equality  between  them. 


Ex.  6.  Given  x  +  64i/  =  1552 
64x  +  y  =  1048 


to  find  the  values  of  x  and  y. 
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X  +  641/  -  1552 

64a:  +y  =  1048 

.    X  -  1552-647/ 

_  1048 -J/ 

1048 -y 


64 


=  1552-641/ 


1048-1/  -  99328-4096)/ 

4095y  =  98280 

2/ =  24 
X-  =  1552  -  G-irj  =  1552  -  1536  =  IG 


(0 
(") 
(ui) 

(IV) 

(V) 

(VI) 

(VII) 

(VIII) 
(IX) 


=  (i)  transposed. 

=  (ii)  transp.  and  ~  64. 

•.•  first  members  of  (iii) 
and  (iv)  are  -  .-.  also 
the  second  meiidoers  are 
=  (Ax.  xi). 

=  (ii)  X  64  to  clear  of 
fractions. 

=  (vi)  transposed  and 
collected. 

=  (VII)  V  4095. 

=  (in)  with  24  substitut- 
ed for  y. 

NoTK. — Although  either  of  these  three  methods  may  be  employed , 
the  student  is  recommended,  as  a  rule,  to  use  the  first,  that  being 
upon  the  whole  the  most  convenient. 

Exercise  XXXIV. 

Find  the  values  of  a:  and  y  in  the  following  equations  : — 

1.  7x-3!/  -  5  ;  and  4x  +  y  =  11. 

2.  X  +  3y  =  23  ;  and  6x  -  y  =  24, 

3.  3x  -  lly  =  1 ;  and  5x  -  7j/  =  64. 

4.  5x  +  6!/  =  80  ;  and  9x  -  5y  =  -  14. 

5.  |x  +  y  =  4  ;  and  4x  -  ^  =  27. 

6.  ix  -  .|i/  =  -  11  ;  and  |x  +  -,V7  =  37. 

2i/+  9x       3x  7x  +  13y 

7.  llx  +  i/  +  ll  =  59-  ■— —  +  Y  ;  and  11 ■  = 

y  -X (x  +  i/4-  0- 

4 

8.  k(x  +  3y)  -  K^  -  2y)  =  2  ;  and  ^(x  -  y)  +  |(x  +  5y)  =  10. 

9.  19x  +  18y  =  147  ;  and  I7(x  +  y)  -  16(x  -  y)  =  168. 

10.  2x  +  3y  =  a  ;  and  5x  -  2y  =  b. 

11.  3x  +  ay  =  wi ;  and  4x  +  by  =  n. 


lOt)  Sl.MlM.K    Kt^l'ATIONf.  I^k^''    ^' 

li.  Ill  -  J  (1/     /'  ;  and  2'>x  ~  by  -  r. 
i;<.  .1  -  1/  -  II  ;  aiyl  x'  -  y*  =  b, 

X       y                      X  +  y       X  -  // 
11.  -    -       =  m  ;  and -—  =  "• 

„        r  f  w» 

»/i       »  /'         '/       , 

.  15.    -    I-        -a;  ft'ul        -    -   =  ('. 
I        y  X        y 

10.  a-  +  y  =  11  ;  and  x'^  -  y-  =  55. 

J,(45x  +  4y)  ,    .  ,,  3x  +  2y     y-5 

n.        33       +2^y+i-K3y  +  -^-3);and— ^ — 

llx+  152        3y  +  1 
~  ~  ~n  2 


y 


a 


\  and 


18. —  -  P ;  and  +  — ; —  -  0, 

X  -  6        4x  +  7         \Ox-y)  _   19  +  y  _  i(ll^  +  18) 

^^-    "^  "^  ~24  '  6  "       42       "  56y 

12x-15y+V       93 -9x 

ioy  -  8x  +  »/  ~  6a;  -  V^" 

(8a  -  2b)ab         ,     ,         ab'^c 
20.  3x  +  5y  =       ^,_/     i  and  a^x  -  ^y-^  +   (a  H   6  +  c>fcy 

=  b^x  +  (a  +  26)«t. 

SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGUEE, 

I.VVOLVINO    MORE    THAN    TwO    UnKNOW.N    QUANTITIES. 

130.  If  we  have  three  equations  involving  three  iin 
known    quantities,  we   may   obtain   their  values   by  the 
following : — 

Rule.— Co/n6t/ie  fty  ^/-fs.  127,  128,  129,  the  first  and  second  of 
the  given  equiitio7is,  so  as  to  eliminate  one  of  the  unknown  quanti- 
ties. Jho  combine  the  first  and  third,  orlhe  second  and  third,  so 
us  to  eliminate  the  same  unknown  qmnlily.  There  usill  result  from 
this  process  two  equations  invoicing  but  two  unknown  quantities 
the  values  of  which  may  be  obtained  by  the  jneoiqus  rules. 

Ex.  Given  2x  +  4y  -  3i  =  22  ;  and  4x  -  2y  +  5?  =  18,  and 

6r  +  7y  -  :  =  63,  to  find  tbe  valufcS  of  x,  y,  and  ~ 
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2x  +  4y  -  3c  -  22 
Ax  -  2!/  +  5c  =  18 
Qx  +  1y-    s  =  63 


4x  +  By  -  6c  =  44 
lOy-  llc=  26 


6a;  +  I2y  -  Qc  -  66 
5y  -  8c  =  3 


10)/-  llc  = 
5y  -    8c  ^ 

26  ) 
3  \ 

lOy  -  16c  = 
5c  =: 

6 
20 

c  - 

4 

2i 

+  4i/ 

8c  =  51/  -  32 
5y  =  35 
2/ =7 
-  3c  =  2x  ^-  28  - 

2x  =:  6 
a-  =  3 

=^  3 

-12  = 

22 

SOLUTION 

I   ('> 

(UI) 

(IV) 
(V) 

(VI) 
(VII) 

(V) 
(VII) 
(VIII) 
(IX) 
(X) 
(XI) 
(XII) 
(XIII) 
(XIV) 

(XV) 

(xvi) 


(I)  X  2. 

(IV)  -  (It). 

(I)  X  3. 

(VI)  -  (III). 


(vu)  X  2, 

(V)  -  (VIII). 

(IX)  V  5. 

(vii)  with  4  for  c. 

(xi)  transposed. 

(xii)  -f  5. 

(xiii)  ^Yith  4  substituted 

for  c  and  7  for  y. 
(xiv)  transposed. 
(XV)  V  2. 


131.  When  there  are  more  than  three  unknown  quanti- 
ties, and  consequently  more  than  three  equations,  we  pro- 
ceed in  a  similar  manner,  so  tliat  for  solving  a  set  of  n 
c(juations   involving  n  unknown  quantities,    we   use  the 

following: — 

Rni.E. 
I.   Combine  one  of  the  given  n  equations  with  each  of  the  others 
separately,  eliminating;  the  same  unknown  (/uantity  ;  there 
will  result  n  -  1  equations,  involving  n  -  I  unknown  quan- 
tities. 
n.   Combine  one  of  these  equations  leith  each  of  the  others  sepa- 
rately, eliminating  a  second  unknown  quantity ;  there  will 
result  n  -  2  equations  involving  only  n  -  2  unknown  quan- 
tities. 
III.  Continue  thus  combining  and  eliminating  until  an  equation  is 
obtained  involving  only  one  unknoum  quantity. 
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IV.  Ildi'inS:  aolrcil  tltia  equutiun  and  Ihua  founil  Ibe  vitluc  of  mw 
unknown  <iHiiiitilij,  sulislittitr  lliis  viilur  in  one  of  two  pre- 
Cfiline;  ei/ualions,  and  lliiis  olitiiin  the  value  of  a  scronil 
unhnown  tiudnlilij :  then  sulistilule  the  values  of  these  two 
unknown  ijuantities  in  one  of  the  three  etjualionx  which 
involve  only  three  unknownis^  ami  thus  determine  the  value 
of  another,  and  so  on,  vnlil  all  Ihe  valuer  are  found. 


Rx.  Given  v  +  x  +  j/  +  :  =  14 
3r  -  2.1-  i-  41/  -  3:  =  5 
2v  -  5.V  +  21/  +  4:  =  24 
4v  -I-  3.V  ~  3;/  -  2z  =    3 


to  lind  the  values  of  i>, 
.r,  ij,  and  :. 


SOLUTION. 

V  +  .t     +     1/  +     =  -  I'l 

(0 

3v  -  2.V  +  41/  -  3=  =    5 

(ir) 

2v  -  5x  +  22/  +  4=  =  24 

(III) 

4u  +  3x-3y-2z=    3 

(IV) 
(V) 

3i;  +  3a;  +  3y  +  3s  =  42 

=  (I)  X  3. 

2v  +  2x  +  2y  +  2z  =  28 

(VI) 

=  (I)  X  2. 

4»  +  4a;  +  4i/  +  4c  -  56 

(VII) 
(VIII) 

=  (I)  X  4. 

5.1-  -    1/  X  6=  =  37 

=  (V)  -  (II). 

7.1;           -2==    4 

(IX) 

=  (VI)  -  (III). 

X  +  7i/  +  6r  =  53 

(X) 
(XI) 
(XII) 
(XIII) 

=  (VII)  -  (IV). 

35x  -1y  +  422  -  259 

=  (viii)  X  7. 

36x  +  48=  =  312 

-  (X)  +  (XI). 

3x  +'4z  ^  26 

=  (XII)  ^  12. 

14x-  -  4s  =    8 

(XIV) 
(XV) 

=  (ix)  X  2. 

17a;  =  34 

=   (XIII)  +  (XIV). 

a;  =    2 

(XVI) 

=  (XV)  V  2. 

3x  +  4s  =  6  T  4s  =  26 

(XVIl) 

=  (xiii)  with  2  for  X. 

s^    5 

(xviii)  - 

=  (xvii)  transp.  and  -f  4. 

5x  -y  +  Qz=  lO-y  +  30  = 

37 

(XIX) 

=  (viii)  with   2   substit- 
uted for  X  and  5  for  s 

y  =  3 

(XX) 

=  (xix)  transposed. 

t)+x+]/  +  2-i'4-2  +  3+5  = 

14 

(XXI ) 

=  (i)  with  values  of  x,  y, 

V  =  4 

and  z  substituted. 

Therefore  the  required  values  ai"e  v  =  4,  x  =  2,  y  =  3,  and  s  =  5. 
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Exercise  XXXV. 

Find  the  values  of  the  utikiiown  quantities  in  the  following 
equations  : — 

1 ,  2.1-  -  31/  +  42  ^  28 
3x  +  4y  -  5z  ~  2Q 
4.C  -  5y  -  6i  ^  16 

3.     x  ■\-    y-\-   z  ~  0     ^ 
2x  +  3tj  +  iz-  -  4 
3x 


+  3Jj  +  iz-  -  4  > 
+  6y+1z^  -6) 


2. 

.1" 

+  y  + 

2  = 

5 

2x 

-  y- 

tjZ  ~ 

-  5 

X 

+  2y  - 

z-^ 

-  I 

4. 

3x 

-2tf- 

z  - 

12  ■ 

4x 

-3y- 

22  - 

17 

5.C 

-5y- 

3s  = 

21 

6. 

a  -  12 

] 

5.     x+y+z-\-v^O 
2x-3y-   z-2v  -^  11 
X  +  22/-32  +  5t)  =  -17 
3x  +  2i/-42-    v  =  -    5 

7.     .c  +  y    =    .i-y  ")  8.     X  +  3y  +  22  =  6 

X  +  2    -  2x2  >  3x  +  5r/  -  2s  -  m 


J(y  +  s)  =  3>/s  J  4x-    y+    2-  vi 

ff,f  vby  -  c  '\  10.  t;  +  X  +  y  =  13 

6x  +  C2  =  a/-  t;  +  x  +  2=l7 


cy  +  az  =  6  _)  v  +  y  4-  s  =  18 

X  +  y  +  2  -  2 1 

11.  x-l-y  +  2  =  a  +  6  +  ^  ) 
6x  +  cy  +  a2  =  ex  +  ay  +  62  -  c-  +  6^  +  c^  ) 

12.  X  +  a(i/ +  2)  =  m 
y  +  a(x  ±  z)  =  11 
2  +  a(x  +  y)  =  ;) 


PROBLEMS 

PiiODDCiNG  Simultaneous  Equations  of  the  First  Degree. 

E.X.  1.  What  fraction  is  that  whose  numerator  beinjf  doubled 
and  denominator  decreased  by  unity,  the  value  becomes  ?,,  but 
the  denominator  being  doubled,  and  numerator  inrroased  by  .5, 
the  value  becomes  i  ? 
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SOLUTION. 

Let  —  =  the  fraction  ;  then  .c  =  munorntor  iiml  y  -  denominator. 
V 

2x 


?/-l^ '  I 

(>). 

x+  5             f 

("). 

Gi  -  2y  =  -  2  j 

(Ill) 

=  (i)  reduced. 

2j:  -  21/  =  -  lOj 

(IV) 

=  (11)  reduced. 

4z  =  8 

X  =  2 

12  -  21/  =  -  2 

-  21/  =  -  14 

7/  =7 

Tiierefore  the  fraction  is  ■-. 

Ex.  2.  A  certain  field  is  rectangular  in  form,  and  its  dimen- 
sions arc  such  that  if  it  were  4  chains  longer  and  3  chains  wider 
its  area  would  be  103  chains  greater  than  at  present,  but  if  it 
were  2  chains  shorter  and  7  chains  wider,  its  area  would  be  119 
chains  greater  than  at  present.     Required  its  area. 


Let  .r  -  its  length  and  //  -  its  breadth  ;  hence  xy  -^  its  present 
area. 
Then  x  +  4  -  its  length  when  increased  by  4  chains. 
V  +  3  -  its  breadth  when  increased  by  3  chains. 
(X  +  4)(y  +  3)  -  its  area,  which  is  greater  than  xy  by 
103  chains. 
Also  X  -  2  -  length  when  decreased  by  2  chains. 
y  +  1  =  breadth  when  increased  by  7  chains. 
Then  (x  -  2)(y  +  7)  =  its  area,  which  is   greater  than  xy  by 
119  chains.     Hence  the  two  required  equations  sre 
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(x4  .l)(i/  +  3)  =  xy  +  103  i 
ix-2)(y  +  1)  =  xy  +  n9  \ 

(0 

(") 

xy+3x  +  'iy+  12  =  xy  +  103 

(111) 

=  (i)  expanded. 

£y+1x-2y-l4:  =  xy  +  119 

(IV) 
(V) 

~  (ii)  expanded. 

3a;  +  4y  =  91 

=  (ill)  transposed  and  col- 
lected. 

7x-'^y  =  133 

(VI) 

=  (iv)  transposed  and  col- 
lected. 

14x  -  4!/  =  266 

(VII) 
(VIII) 

=  (vi)  X  2. 

nx  =  357 

=  (V)  +  (VII). 

x  =  21 

(IX) 

=  (viii)  ^17. 

Sx  +  4y  =  63  +  4y  =  9 1 

(x) 

=  (v)  with   21   substituted 

4y  =  28 

for  X. 

y+1 

Hence  the  area  =  a 

;y  =  21 

X  7  =  147  cliaiuff. 

Ex.  3.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  con- 
taining 664  gallons  of  water  ;  after  6  hours  one  of  them  becomes 
stopped,  and  the  cistern  is  emptied  by  the  other  in  20  hours  ; 
but  had  8  hours  elapsed  before  the  stoppage  occurred,  it  would 
only  have  required  15h.  36m.  more  to  empty  it,  Assuming  the 
discharge  to  be  uniform,  how  many  gallons  did  each  plug  hole 
discharge  per  hour? 

SOLUTION. 

Let  X  and  y  -  rates  of  discharge  per  hour  of  the  two  plug  holes, 

Then  Gx  +  Gy  =  No.  of  gals,  discharged  in  6  hours. 

And  20v  -  No.  of  gals,  discharged  by  second  in  20  hours. 

Then  6.r  +  2Gy  -  664  (i). 

Also  8x  +  8y  =  No.  of  gals,  discharged  in  8  hours  by  botii. 

78v 

"5" 


And  I5ly  = 


No.  of  gals,  discharged  by  2nd  in  1.5h.  36m, 


Then  3x  +  8y  + 


I8y 


40j;  +  118;/  = 
120j;  +  520?/  = 
120x-f-  354,1/  --- 


664 

00 

3320 

(in) 

13280 

(IV) 

9960 

(V) 

=  (ii)  reduced. 
=  .(i)  X  20. 
^  (in)  X  3. 
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166y=    3320    (VI) 
y=       20    (vn) 
Gx  f  261/  =  6x  +  520  =  664   (viii) 
6x  =  144 
X  =    24 
Therefore  rales  of  discharge  are  24  ami  20  gals,  per  lioiir. 


=  (IV)  -  (V). 

=  (VI)  T  166. 
=  (i)  with  20  Bubstilntcil 
f'Jr  y. 


EXKHCISK  XXXVI. 

1.  Find  two  numbers  such  that  seven  times  their  sum  in- 
creased by  four  times  the  less  is  equal  to  50,  and  twice  their 
difference  increased  by  three  times  the  greater  is  equal  to  IG. 

2.  Find  two  numbers  whose  sum  is  equal  to  a,  and  such  that 
b  times  the  greater  is  equal  to  c  times  the  smaller. 

3.  Two  tons  of  hay  and  35  bushels  of  oats  cost  $44,  but  if 
oats  were  to  fall  in  price  20  per  cent,  and  hay  were  to  rise  in 
price  33i  per  cent.,  they  would  cost  S51'20.  Required  the 
price  of  hay  and  oats. 

4.  A  rectangular  garden  is  of  such  dimensions  that  were  it 
20  yards  longer  and  24  yards  wider  it  would  contain  4180  square 
yards  more  than  its  present  area,  but  if  it  were  24  yards  longer 
and  20  yards  wider,  its  present  area  would  be  increased  by  only 
3860  square  yards.     Required  its  present  area. 

5.  Find  two  numbers  such  that  the  sum  of  one-half  of  the 
first  and  one-third  of  the  second  shall  be  11  ;  and  one-third  of 
the  first  shall  be  greater  by  unity  than  one-fifth  of  the  second. 

6.  Divide  the  number  144  into  two  parts  such  that  ^  of  the 
greater  shall  exceed  I  of  the  less  by  1^. 

7.  Divide  the  number  48  into  two  parts  such  that  the  greater 
shall  contain  4  as  divisor  four  times  as  often  as  it  contains  the 
less  as  divisor. 

8.  Find  three  numbers  such  that  the  first  is  equal  to  5  of  the 
other  two,  the  second  exceeds  half  the  sum  of  the  other  two  by 
6,  while  the  third  is  less  by  3  than  I  of  the  sum  of  the  first  and 
second. 

9.  In  4000  lbs.  of  gunpowder  there  are  3240  lbs.  less  of  sul- 
phur than  of  charcoal  and  salljieii c,  and  2700  lbs.  less  of  charcoal 
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than  of  sulphur  and  saltpetre.     How  many  lbs.   are  there  of 
each  ? 

10.  Divide  the  number  72  into  three  such  parts  that  I  of  the 
first,  i  of  the  second,  and  }  of  the  third  shall  all  be  equal  to 
each  other? 

11.  A  purse  holds  16  shillings  and"  27  ten  cent  pieces.  Now 
11  shillings  and  13  ten  cent  pieces  only  fill  -^^^  of  it.  How  many 
will  it  hold  of  each  ? 

12.  A  work  is  printed  so  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If 
the  page  had  contained  3  lines  more,  and  each  line  4  letters 
more,  then  the  page  would  have  contained  224  letters  more  than 
it  now  contains,  but  if  there  had  been  2  lines  less  on  a  page  and 
3  letters  less  in  each  line,-  the  page  would  have  contained  fewer 
letters  by  145.  How  many  lines  are  there  in  a  page,  and  how 
many  letters  in  a  line  ? 

13.  A  certain  number  of  two  digits  is  such  that  when  divided 
by  4  less  than  twice  the  sum  of  its  digits  the  quotient  is  3,  but 
when  divided  by  5  more  than  the  difference  of  its  digits  the 
quotient  is  13.  Required  the  number,  the  right  hand  digit  being 
the  greater. 

14.  A  sum  of  $81-60  is  to  be  paid  in  ten  cent  and  twenty-five 
cent  pieces,  and  2^  times  the  number  of  twenty-five  cent  pieces 
exceeds  6  times  the  number  of  ten  cent  pieces  by  4.  Required 
the  number  of  each  coin. 

15.  A  railway  train  running  from  Toronto  to  Kingston  meets 
with  an  accident  which  diminishes  its  speed  by  ^th  of  what  it 
was  before,  and  in  consequence  of  this  the  train  is  b  hours  behind 
time.  If,  however,  the  accident  had  happened  c  miles  nearer  to 
Kingston,  the  train  would  only  have  been  d  hours  behind  time. 
Required  the  rate  of  the  train  before  the  accident. 

16.  A  stage  set  out  from  Collingwood  to  Goderich  with  a 
certain  number  of  passengers,  4  more  being  outside  than  inside. 
The  fare  of  seven  outside  passengers  is  half-a-dollar  less  than 
that  of  4  inside  passengers,  and  the  whole  fare  received  amounted 
to  §45.  At  the  end  of  half  the  journey  it  took  up  three  more 
outside  and  one  more  inside  passenger,  in  consequence  of  which 
the  whole  fare  received  was  l-,'^  times  what  it  was  before.  Wliat 
1Yas  the  number  of  passengers  and  the  fare  of  each  ? 
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17.  WliftI  nimihor  of  Iwo  digits  is  tiialwliicli  is  C'<iual  to  twicf 
the  iiroilnct  of  its  digits,  or  to  four  timoa  llioir  sum  ? 

18.  There  is  a  numbor  of  throo  digits  such  tliat  the  niidilld 
digit  is  the  arithmetical  mean  between  tlio  others.  If  tlic  num- 
ber bo  divided  by  the  sum  of  its  digits,  tlie  tiuotient  is  4S,  and  il 
198  be  takaii  from  it,  tiie  digits  are  inverted.  Re(inircd  Ihi 
number. 

19.  A  given  piece  of  metal  wliicli  weiglis  p  o/..,  loses  a  oz.  in 
water.  It  is,  however,  composed  of  two  other  metals,  A  and  7i, 
and  we  know  that  p  oz.  of  ^  lose  b  oz.  in  water,  and  ;>  oz.  of  jB 
lose  c  oz.  in  water.  How  many  oz.  of  each  metal  arc  there  iu 
the  piece  ? 

20.  Five  gamblers.  A,  .B,  C,  D,  E,  tiirow  dice  upon  condition 
that  he  who  has  the  lowest  throw  shall  give  all  the  others  the 
sum  which  they  already  have.  Each  loses  in  turn,  commencing 
with  A,  and  at  the  end  of  the  fiftii  game  each  lias  the  same  sum, 
§33.     How  much  had  each  at  first  ? 


SECTION    VII. 

INVOLUTION  AND  EVOLUTION. 

132.  Involution  is  the  process  of  finding  any  proposed 
power  of  a  quantity. 

133.  If  the  quantity  to  bo  involved  have  a  negative 
sign,  then  the  signs  of  all  the  even  powers  will  be  positive, 
and  the  signs  of  all  the  odd  powers,  negative. 

Thus,  (  -  iiy  =  -  ax  -  a  -  +  «'-. 

(  -  a)^  =  (  -  n)'^  X  -  a  =  +  u?  X  -  n  =  -  n^. 

(  _  ,i)4  =  (  _  a)'^  X  (  -  a)'^  -  +  rt-  X  +  a-  =  +  a*. 

(  _  ,/)'•  =  (  -  a)*  X  -  a  =  +  a*  X  -  a-  -  a'',  &c. 

134.  If  the  quantity  to  be  involved  have  a  po.sitivc  sign, 
then  all  its  powers,  both  even  and  odd,  will  have  the  positive 
sign. 
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Note  1.— It  follows  tliat  no  cvon  power  of  any  quantity  can  be  negative, 
and  that  all  odd  powers  will  Imvo  the  same  sign  as  tho  quantity  from  which 
they  are  derived. 

Note  2.— Since  {n  —  b)i  =  a^  —  2ab  +  62  is  a  positive  quantity,  it  fol- 
lows that  ft2  .\.  hi  >  2rt7»,  as  othorwisc  a'i  -\-  hi  —  2ah  would  be  negative. 
Hence  the  sum  of  the  squares  of  any  two  quantities  is  p;roater  than  twice 
their  product. 

135.  Since  (a'")'*  =  a'"  x  a'«  x  a'" to  n  factors,  it 

follows  (Art.  53)  that  (a'")"  =  a"™,  and  hence  we  find  a 
required  power  of  the  given  power  of  a  quantity  by  multi- 
plying the  exponent  of  the  given  power  by  that  of  the 
required  power. 

136.  The  Involution  of  algebraic  quantities  may  bo 
divided  into  three  cases — the  involution  of  monomials,  of 
binomials,  and  of  polynomials. 

Case  I. 
INVOLUTION   OF   MONOMIALS. 

137.  Rule. — Raise  the  coefficient  to  the  required  power  by  artual 
multiplication ;  also  raise  the  different  letters  to  the  required,  power 
by  multiplying  the  exponents  they  already  have  by  the  exponent  of 
the  required  power,  and  connect  the  two  parts  thus  obtained  so  as  to 
form  one  quantity. 

Note.— A  fraction  i.s  raised  to  any  power  by  involving  both  numerator 
and  denominator  separately  to  that  power, — a  mixed  number  by  involving 
the  equivalent  improper  fraction. 

Ex.  1.   (2a-j:)/^)*  =  2*  x  (ff^x!/^)*  =  16  x  a'^x^y^'^  ~  IGrt-x'//'^. 
Ex.  3.  {-Zax-y  =  (  -3)-'  x  (ax-)^  =  -  27  x  a^x"^  =  -2Ta''x«. 

Exercise  XXXVII. 
Write  down  the  values  of — 

1.   (2d^y;  (3ab^y;  (im-y ;  (3a6V)i ;  1';  (2a''y)"  ;  (Sa-x^^) 
3.  (-«')*;  (-2d'bc^y;  (-iabc^y-,  (-^s^y^^;  C-2m.rV)'. 
3.  (a^xy-  (-axh/z^y-   (Say'y  ■  (-Zay'y  ■  (Safy-,  (-Say^y. 
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Cxr^E  II. 

I.NVol-l'TION   OF    BINHMIALS. 

138.  By  actual  luulliplicatioD  we  find  thai — 
(a  +  c)'  -  a'  +  1u*^c  +  2l«'c-  +  Sba^c'  Y^  SGaV  +  2lah'^  +  lac^  +  t' . 
(o  -  cy  =  a"*  -  8tt'c  +  28a''c2  -  OGaV  +  70a<c*  -  nGft-'c"  +  28«^'  ' 
-  Srtc'  +  c«. 

We  here  observe  the  following  facts  : — 

I.  The  first  term  of  the  expansion  is  fouml  by  raising  the  first 

term  of  the  binomial  to  the  required  poioer. 
II.    The  literal  part  of  the  second  term  of  the  expansion  is  obtained, 
by  prefixing  the  first  term  of  the  expansion  with  exponent 
decreased  by  unity  to  the  simple  power  of  /he  second,  term 
of  the  binomial. 

III.  In  the  succeeding  terms  of  the  expansion  the  exponent  of  the 

first  term  of  the  binomial  constantly  decreases,  while  that 
of  the  second  term  of  the  binomial  constantly  increases  by 
unity. 

IV.  If  we  take  the  coefficient  of  any  term  and  multiply  it  by  the 

exponent  of  the  first  letter  of  the  same  term  ami  divide  by 
the  number  of  the  term,  the  quotient  is  the  coefficient  of 
the  next  succeeding  term. 
Y.  JVhen  the  sign  of  the  binomial  is  +  all  the  signs  of  the  expan- 
sion are  +,  but  when  the  sign  of  the  binomial  is  -  the  signs 
of  the  expansion  are  +  and  -  alternately. 

Ex.  1.     (x-yy  =  x^  -  5x*y  +  lOx^y^  -  lOxV  +  Sari/*  -  y^. 

Here  — ^ —  =  5  =  cocf.  of  2nd  term;  -  =  10  =  coef.  of  3rd  term: 

10  y  3 

=  10  =  coef.  of  4th  term,  &c. 
3 

Note.— It  will  be  remarked  by  the  student  that  in  these  expansions— 
I.  The  number  of  terms  =  one  more  than  thee.xponent  of  the  required 
power. 

II.  The  sum  of  the  exponents  of  each  term  =  the  exponent  of  the 
required  power. 

III.  When  the  power  is  even  there  is  only  one  middle  tCTm,  but  when 
the  power  is  odd  there  are  two  terms  in  the  middle  of  the  expansion  having 
the  same  coefficient. 

IV.  The  terms  following  the  middle  term  liave  the  same  coefficients  ac 
those  preceding  it  but  are  reversed  in  order. 
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Ex.  2.     (2a  -  3l>)'^  ^-  (2rt)'^-  G(2(ty'(3.b)  i-  I5(2(i)\3h)-  - 
20(2a)\3by  +  15(2a)-(3i)*  -  6(2a)(36)'''  +  (3b)^ 

=  64a6  -   G(32a5)(36)  +   15(lGa'»)  (9&^)  -  20(8a')  (276')  + 
I5(4a-)(8I6*)  -  G(2a)  (2436')  +  7296« 

=  64(iG-o7Ga56  +  2l60a*6'-  -  4320a'=6''  +  48G0a''6' -  291G«6 ' 
+  7296'i. 

Trinomials  may  be  involved  by  writing  them  as  binomials  and 
jirocceding  after  a  manner  similar  to  the  above. 

Ex.  3.  («-6-2c)i  =  {(a-^)-2c{*  =  (a-6)i- 4(a-6)'(2c) 
+  6(a-by^  (2c)^  -  4(a-6)  (2c)=*  +  (2c)i 

=  (a*-4a^6  +  G(i26-  -  4ai^  +  b^  -  4(2c)«-3a^6  •!-  3n6-  -  b')  t- 
G(4c2)(a-2  -  2a6  +  6^)  -  4(8c^)  (a-6)  +  IGt'^ 

=  a*  -  4a*6  +  ea'b'^  -  4a6*+  6*-  (8a^c  -  24a-6c  +  24rt6^c  -  86^c) 
■<r  (24aV-48a6c2  +  246V)-(32ac3-326c»)  +  16c* 

=  a*  -  iaJ^b  +  Garb'^-  iab^  +  6*  -  Qa?c  +  24a^6c  -  24a6-c  +  86^c  +  24a^c''^ 
-  1:8n6c''^  +  246-'c2  -  32ffc^  I-  326c^  +  16c*. 


ExEUCiSB  xxxviir. 

Write  down  the  expansions  of 

1.  {a-by.         2.  (c  +  x)i.       3.  (.c-!/)'".       4.  (a  +  m)". 

5.  (2 -a)*.         6.  (x-3)^      7.  (2a+3)6.       8.  (3-2/ft)*. 

9.  (3a-2y)5.  10,  (26-5c)''.  11.   (3.r-4y)-.  12.  {ab  +  3cy. 

13.  (2ac-xyzy\  14.  {a-^b-cf.  15.  (2«-6-c)*, 

16.  (2a  +  26-3c)''.        17.  (l  +  x-x^)*.  18.  (a-6  +  2c)«. 

Case  III. 
INVOLUTION   OF   POLYNOMIALS. 

139.  No  general  method  can  be  given  for  involving- 
polynomials  to  a  given  power  except  by  actual  multiplica- 
tion. The  second  power  of  polynomials,  however,  may  be 
expeditiously  obtained  by  the  following ;— - 
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Kiti.K. —  Wiilf  tlKU'ii  llir  .s(/U((/c  o/llif  first  Imn  (iml  twicv  llir 
jiroiliict  of  the  /n  it  term  by  each  succeeding  term  vfthe  polynomial. 

Under  this  set  down  the  square  of  the  second  term  and  ttnicv  the 
product  of  the  second  term  by  each  succeeding  term. 

Similarly  set  down  the  square  of  the  third  term  and  twice  the 
product  of  the  third  term  by  each  succeeding  term.  Jlnd  proceed 
thus  through  all  the  terms  of  the  polynomial. 

La$tly,  add  the  several  results  together  for  the  complete  square. 

Ex.   1.     (a-c-d-f-^g-h)'^  -  a'-2nc-2ad-2af+2ag-2ah 

+  &  H-  2cd  +  2c/-  2cg  +  2cA 
+  (i^  +  2(//-2rfg  +  2fiA 

^■g'-2gh 

Here  wc  cannot  add  the  quantities  together  since  they  arc  all 
unlike. 

Ex.  2.     (1  -  a;  H-  x''  -  Ji'  +  2x*  -  \x''Y 

1  -  Ix  !  2x^  -    a=*  +  4x*  -    x'' 

+    x'^  -  2x'  +    X*  -  4x'  +      x6 

+    X*  -    X*  +    4x^  -    x7 

^•    ix"  -  2x'  -  .Jx» 

+  4x8  _  2x9 

H-^x' " 

-  I  -  2x  +  3x''  -  3x»  +  6x*  -  6x«  +  ^^^x^  -  3x^  +  ^x^  -  2x9  +  ^x '  ^ 


Exercise  XXXIX. 

1.  (a  +  Jx-Sx'O^  2.   (x  +  x'^-xy.       3.   (2x-3x2-ix»)^. 

4.  (l-^'a+2a'^-aY.     5.  (1  +  x- Jx'^- J  x^'  +  x^)^. 

6.  (2o-ax  +  2ax^)^.       7.  ( 1  +  tx  -  cx''=)^. 

8.  (a-fcx-cx'^  +  dx^''.  9.  (1 -a  +  tV'- t'V  +  (Z*x<)^ 

lO.  (a  +  i)6.  11.  (ii-f)'.  12.  (ax -2)*. 

13.  (2-3x  +  4x^- U'-^ii"')^  14.   (l-*2x-x''+ 2x='-x*)* 
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K  VOLUTION. 

140.  Evolution  is  the  process  of  finding  any  required 
root  of  a  quantity. 

141.  Since  (  +  «)"  -  +""  ^^^*^  (""F  '^^30  =  +d-,  the 
square  root  of  a^  may  be  either  +  a  or  -  a,  and  hence  we 
always  attach  the  double  sign  +  to  the  even  roots  of  a 
quantity. 

Thus,  a/xV  =  ±^y ',  i/x^y^^  =  +  •■'•"V  j  &c. 

142.  Since  all  even  powers  are  positive,  whether  the 
root  be  negative  or  positive,  it  follows  that  a  negative 
quantity  can  have  no  even  root. 

Note. — Expressions  indicating  an  even  root  of  a  negative  quantity,  such 

asV-a*,    V-lSmTT  ^  -\^>*,   V-«"w' *'-'*!  &c.,  are  called  (M«(///i«ry 
or  impossible  quantities. 

143.  The  root  of  a  complete  odd  power  has  the  same 
sign  as  the  power. 


Thus, -^- a-'  ~  -a;  V-32a"'6«   -  ■^2a^b^  ;  ^2la^m^  =  3a^/«. 
Cask  T. 
EVOIiU'TlON   OP   MONO.MIALS. 

144.  To  extract  any  root  of  a  monomial : — 

RvLS.-^JixtrOct  the  required  root  of  the  numerical  coefficient^  and 
then  extract  the  root  of  the  literal  part  by  dividing  the  exponent  of 
each  letter  by  the  index  of  the  root  to  be  extracted. 

Note  1.— We  extract  a  required  root  of  a  traction  by  taking  the  root  of 
the  numerator  and  denominator  sejjaratcly— of  a  mixed  number  by  taking 
the  root  of  the  diuivalent  improper  fraction. 


Ex.  yiQa'b^-  -■  V16  X  a'V  =  2a''b^ ;  ^G4a='66  ^  3/g4  x  ab'  =  Aab''. 

iS'oTE  2.— When  the  exponent  of  the  literal  part  is  not  exactly  divisible 
by  the  index  of  the  rout  to  be  tak«n,  We  cannot  obtain  the  root,  and 
consequently  we  merely  indicate  its  fxtraction  by  using  the  radical  sigil 
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anil  iiroiHT  imlcx,  or  by  u>iiij,'  ii  rnictioual  oxpoii.nt.  Iliiis,  wi  ciiniiDt  llml 
the  cube  root  ol'.i  i  Ixcnuso  4,  tlio  cxiioia-iit  ol'x,  is  not  i-xiictly  tlivisild.'  liy 
3,  till'  iutU'X  of  the  cuIm?  root;  we  thon-loru  iciirfs-.-iit  tlic  root  ri«iiiirwl  l>y 
the  expression  \/'t'  or  ti'.  Sucli  nuniitilicH  ari'  culled  xitvils  or  irniliniKil 
i/iintititks.  ■ 

Exehcise  XL. 

1.  Fiud  Ihe  siiimrc  roots  of  a'  ;  i Y  ;  4fAn'  ;  G4(('=;   l2Ui'''y\ 

2.  Find  the  cube  roots  of-27a^;  G4««y'*  ;   125a^.i'''  ;  -8u«i/"'=\ 

16«^  IGa-        144r»i/"'  64(/'' 

3.  Find  the  square  rootsof -^^  ;  -  —  ^  ;    -^^i-^i"  I    625/h^x^' 

4.  Find  the  cube  roots  of  ~'^»~~  > 

5.  Find     1^ 


32a' 


Cask  II. 
EVOLUTION   OF    TOLYNOMIALS. 

SQUARE  ROOT. 

145.  In  order  to  investigate  a  method  for  extracting  tlic  square  root  of 

a  polynomial,  we  take  the  quantity  a  +  b  and  square  it;  this  gives  us 

ai  +  2ab  +  6*.    Next  we  seek  to^find  or  to  devise  some  process  by  wliich 

we  can  evolve  from  this  latter  quantity  its  square  root,  a  +  6.    Arranging 

the  square  according  to  the  powers  of  the 

a2  +  2ab  +  6*(a  +  b     letter  of  reference,  we  readily  see  that  we 

ai  can  get  a,  the  first  term  of  the  root,  by  taking 

the  square  root  of  the   first    term    of  the 

2a +  6)       2ab  +  bi  arranged  square.    Subtracting  a^  we  have  a 

2ab+  bi  remainder  2a^  +  &*.    Now  we  endeavour  to 

find  some  process  by  which  we  may  use  a, 
tlie  first  term  of  the  root,  as  a  divisor  for  finding  the  second  term,  and 
knowing  that  this  second  term  is  b,  we  see  at  once  that  we  must  use  2u  for 
a  trial  divisor,  because  2ab  -f-  2a  gives  b,  the  second  term.  Finally,  as  the 
divisor  multiplied  by  the  last  term  put  in  the  root,  must  cancel  the  remain- 
ing part  of  the  dividend,  i.e.,  2ab  +  b^,  we  observe  that  we  must  add  b  to 
the  trial  divisor  in  order  to  complete  it. 

146.  The  several  steps  of  the  above  process  give  us  the 
foUowins; : — 


Arts.  145-147.1  EVOLUTION.  121 

Rule. 

I.  Having  properly  arranged  the  given  square,  we  take  the  square 
root  of  its  first  term  for  the  first  term  of  the  root,  and  sub- 
tract  its  square  from  the  given  square. 
II.   We  double  the  port  of  the  root  alreadi/  found  for  a  trial 
divisor. 
III.   We  ask  how  uftta  this  trial  divisor  is  contained  in  the  first 
term  of  the  remainder.    This  gives  us  the  second  term  of  the 
root. 
TV.    We  place  the  second  term  both   in  the  root  and  also  in  the 
trial  divisor  to  complete  it. 
V.    We  multiply  the  complete  divisor  thus  obtained  by  the  second 

term  of  the  root,  ami  subtract. 
VI.  If  there  be  a  remainder  we  again  double  the  part  of  the  root 
.  already  fowul,  for  a  new  trial  divisor ;  again  ask  how  often 
the  first  term  of  the  trial  divisor  is  contained,  in  the  first 
term  of  the  remaiiuler ;  place  the  quantity  answering  this 
both  in  the  root  and  in  the  divisor ;  multiply  the  divisor  thtia 
completed  by  the  last  term  put  in  the  root ;  and  so  on. 

147.  We  are  led  to  infer  that  the  above  rule  will  answer 
ill  all  cases,  from  observing  carefully  the  law  by  which  any 
polynomial  is  raised  to  the  second  power,  and  that  the 
given  method  for  extracting  the  square  root  is  just  the 
reversal  of  this  process. 

Thus,  (a  +  6)^  =  a:^  +  2ab  +  b^. 

(d.  +  b  +  cy  =  a'"'  +  2ab  +  6^  +  2(tt  4-  b)c  +  c^. 

((/.  +  6  -i-  c  +  d)'^  =  tt^  +  2ab  +  b'^  +  2(a  +  b)c  +  c'-  + 

2(a  +  6  +  c)rf  +  d^, 
(<t  +  6  -1-  f  +  (^  +  «)'■'  =  a,'-  +  2a6  +  6'-'  +  2(a  +  6)c  +  e  + 

2(a  +  b  -v  c)rf  +  rf^  +  2(«  +  6  +  c  +  d)e  +  e^ 

That  is  to  say  : — 

The  square  of  any  [jolyiiomial  is  equal  to  the  square  of  the  first 
term,  plus  twice  the  product  of  the  first  term  by  the  second,  plus  the 
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tquar€  of  the  scc-onri,  plus  twice  the  sum  of  the  first  two  terms  into 
the  third  plus  the  s<juare  of  the  third  term  ;  plus  twice  the  sum  of 
the  first  thrcv  terms  into  the  fourth,  plus  the  square  nf  the  fourth 
term, — and  so  on. 

148.  Then  also,  linding  upon  trial  that  the  rule  holds 
in  every  case  in  which  it  is  tested,  we  conclude  that  it  is  a 
general  rule,  and  use  it  as  such ;  and  moreover,  wc  derive 
the  arithmetical  rule  from  it,* 

E.x.  1.  What  is  the  square  root  of  25a*  -  30ab  +  db'l 

OPERATION. 

25a2  _  3Qflj,  +  95^!  ^  5rt  _  36  =  gq.  root, 
25a' 


10a  -  36  )        -  30ab  +  9b'^ 
-  30ab  +  9b^ 


Ex.  2.  What  is  the  square  root  of  x*  -  4x-^  +  8a:  +  4? 

OPERATION. 

x*  -  4x3  +  8x  +  4  (  x^  -  2a:  -  2  -  gq.  root. 


2x='  -  2x  )     -  4x3  +  8x  +  4 
-  4x'*  +  4x^ 


2x2  -  4x  -  2  )     _  4x2  +  8x  +  4 
-  4x^  +  8x  +  4 


Ex.  3.  What  is  the  square  root  of  4x6  +  Ux'^  +  5x*  -  2x^  +  7x^ 
-  2x  +  1  ? 


*  See  Author's  National  Arithmetic  for  the  inTestigation  of  the  square 
root  M  appUed  to  numbers. 
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OPERATION. 

.4.r<*  4-  12j;*  +  5.r*-2.«;-^+'?.t;^-2.c+l  (  2x^  +  3x^-x+  1 
4.cfi 


4x"  +  3.1-^  )  12x-'  +  5.r-* 

12.c''+9.r< 


4.1-'  +  6.t'^  -x)        -  4-1;'  -  2x^  +  t-e^ 
-  4.T''  -  6.r-*  +    .1'" 

4x'  +  6.r^  -  2 j;  +  1  )  4.c^  +  6x- -  2.r  +  1 

4.r-'  +  G.c-  -  2x  +  1 


JsoTE  1. — If  the  givcn^uantity  is  not  an  exact  nqiiarc,  it  i;;  an  iiTafinn«l 
quantity,  and  of  course  its  exact  square  root  cannot  he  extracted. 

Note  2.— In  the  above  examples,  and  in  all  others  whore  an  even  root 
is  extracted,  all  the  terms  of  the  root  may  have  their  signs  changed,  and 
the  resulting  expression  will  still  be  the  root  required.    (Sec  Aii.  141) . 

Exercise  XLI. 

E.xtract  the  square  roots  of  : — 

1.  4ft''  +  \2ah  -V  96- ;  a-  -  4«x  +  4x- ;  4a-X'^  -  2Qacx  +  49c 

2.  9a?m^  +  Zdamxij  +  25a;V  ;  IGa^.i-*  -  ?,abVx-  +  b'c''. 

3.  5z2  +  1  -  Qx  -V  \2x^  +  4a:*.     . 

4.  x*  -  2xV  -  2x2  +  y4  +  2y2  +  1. 

5.  ft''^  +  2«6  -  2ac  +  6^  -  26c  +  c^, 

6.  12a''  +  9a-*  +  Z4:a?  +  20a  +  25. 

7.  a^  +  2a6  +  6^  +  2ftc  +  26c  +  c^  +  2ar/  +  2bd  +  2crf  +  d^. 

8.  x6  -  6x5y  +  15xV  -  20xY  +  15xV  -  6.ry'^  +  i/<^, 

9.  a*  -  8a^c  +  24aV  -  32ac*  +  16c*. 

10.  1  -  21/  +  71/''  -  2f  +  51/*  +  122/5  +  4(/«. 

11.  4a*  +  12a^x  +  ISa^x^  +  Gax''  +  x*. 

12.  (X  -y)*-  2(x''  +  y2)(x-2/)2+  2(x*  +  2/*). 

13.  a*  +  6*  +  c*  +  d*  -  2a'''(62  +  d^)  -  2b'^(^c^  -  d^)  -  2c\rP  -  a?). 

14.  1  +  2^x'^  -  ix'  +  iV^s  -  |x  -  Jx^  +  Jx*. 

(x\  ^  x^       1/'^ 

-       -  yx  +  ix*  -  2  +  -  +  -  . 
y/        '  2/         x^ 
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140.  TiiKOKKM. — I'l  llic  iirilltmclifdl  cilrarlion  of  the  xquurc 
root,  after  n  I  1  futures  of  the  root  have  hern  obtained  !>>/  the  rule, 
n  7Horc  may  be  obtained  by  dividing  the  last  remainder  by  the  last 
trial  divisor. 

Demonstration.— Let  A^'i-cjircHcul  lln-  mini Ikt  whose  P(iunr<>  root  i* 
to  be  extracted;  let  a  repre»ent  tlie  part  of'tlio  mot  already  fotiiid,  and  let 
X  represent  the  part  of  the  root  yet  to  be  found. 

Then  VA'  =  a  +  x  .-.  JV  =  ««  +  2(ix  +  x*. 

JV —  a*  ^  tlie  reniniiidr-r  after  7t  -)- 1  lif<ureH  liiiv*^  been  Ibunil,  and  2(/  is 

t)ic  trial  divisor. 

N—  ««            '2u.f  +  x'i  x^ 

Then  — z — ^ — : —    —    x   -4-    -— .      It  now  we  cau  show 

X* 

that is  a  proper  fraction,  we  sliall  show  that  the  integral  part  ol 

2a  / 
the  quotient  of  the  remainder  -f  the  trial  divisor,  under  the  giren  con- 
ditions, constitult's  the  riiuaining  jiart  of  the  root.  Uy  sujiiiosition  :c 
containii  only  ii  digits,  therefore  .x'-!  cannot  contain  more  than  2n  digits, 
but  ((  by  hypothesis  consist.s  of  the  m  -f  1  lell  liand  digits  of  the  root,  and 
must  therefore, atlixing  the  wcipliers  wliich  arc  understood,  contain  2m  +  1 

digits.    Hence  in  the  fraction         the  denominator  contains  2ji  -f  1  digits, 

while  tlie  numerator  cannot  consist  of  more  than  2/j  digits,  and  therefore 

X'i  .  iV  — «2 

—  is  a  proper  fraction,  and  rejecting  it,  we  get  — =  x  =  the  re- 

2a  2" 

maining  digits  of  the  root. 

Ex.  Find  the  square  root  of  12  to  11  places  of  decimals. 

Here  we  must  obtain  the  lirst  6  digits  by  the  ordinary  rule ;  this  gives  u» 
3-46410  and  a  rem.  llliXKt,  the  last  trial  divisor  being  092820.  Then  111900 
-f-  692820  =  16151  =  the  remaining  live  digits  of  the  required  roet,  wliich 
is  therefore  =  3-4641016151. 

j^QTE. — If  the  given  quantity  be  iu>t  n  complete  square,  then  the  approxi- 
mate square  root  thus  found  may  possibly  differ  by  a  unit  of  the  lowest 
denomination,  from  the  square  root  carried  out  to  same  number  of  places 
by  the  ordinary  rule. 

CUBE    ROUT. 

150.  Ill  investigating  a  method  for  extracting  the  cube 
root  of  a  polynomial,  we  proceed  a.s  follows  : — 

Taking  a  -i-  b  and  cubing  it,  we  get  a*  -J-  Sa^b  +  3a6«  +  b*,  and  we 
endeavour  to  devise  some  process  by  which  we  can  evolve  from  this  latter 
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quantity  its  known  cube  root,  «  +  li.    Having  arran{?etl  tlio  given  cube 

according  to  tlie  powers  of  its 
a^ -\-''kfitj-{-'iab'i^-\-b''  ((i-\-b  letter  of  reference,  we  see  that 
a  i  we  can  obtain  a,  tlie  first  term  of 

the  root,  by  taking  the  cube  root 

■iat  —■iiib-i^  h-i):i,iih-\-:inb^  +6^  ofa3,  the  first  term  of  the  cube. 

Za^-b-\-Qabi  -{-bi  We  subtract  tlic  cube  of  a  from 

the  whole  expression,  and  bring 

down  the  remainder  Za^b  4-3a^* 
+  ^ '.  Next  we  observe  that  if  we  divide  the  1st  term  of  this  rem.  by  three 
times  the  square  of  (t  (the  part  of  root  already  found),  the  quotient  is  b, 
the  required  2ud  term  of  the  root.  Finally,  as  all  the  remainder  must  be 
cancelled  by  tlie  product  of  the  divisor  by  b,  the  la.st  term  put  in  the  root, 
we  see  that  we  must  increase  3(t-,  the  trial  divisor,  by  'iab  (i.e.,  three  times 
tlie  product  of  what  was  in  the  root  by  the  term  hist  put  in).  :i"d  b'^  (i.  e., 
lhes<iuare  of  the  term  last  put  in  the  root).  Upon  multiplying  the  complete 
divisor  ?Mt'^  -\-  'iub  ~\-  b'^  by  b.  and  subtracting,  we  find  that  there  is  uo 
remainder. 

151.  The  above  process  enables  us  to  extract  the  cube 
root  in  this  particuhir  ca.se,  and  as  it  holds  good  in  every 
case  in  which  it  is  tested,  we  conclude  that  it  holds  univer- 
sally.   Thus  for  the  extraction  of  the  cube  root  we  get  the 

following : — 

Rule. 

I.  Arrange  the  given  cube  according  to  some  letter  of  reference. 
II.    Take  tlie  ctibe  root  of  the   1st  term  of  the  arranged  cube, 
and  'place  it  as  the  \st  term  of  the  root. 

III.  Subtract  the  cube  of  the  1st  term  of  the  root  from  the  given 

cube. 

IV.  Take  three  times  the  square  of  the  part  of  the  root  already 

found  as  a  trial  divisor. 
V.  Divide  the  1st  term  of  the  remainder  by  the  1st  term  of  the 
trial  divisor,  and  place  the  quotient  as  the  2nd  term  of  the 
root. 
VT.  Complete  the  trial  divisor  by  adding  to  it, 

1st,   Three  times  the  product  of  what  reus  in  the  root  b'J 

the  term  last  put  in  the  root ;  and. 
2nd,  The  square  of  the  term  last  put  in  the  root. 
VII.  Multiply  the  divisor  thus  completed  by  the  last  term  put  in 
the  root,  and  subtract  the  product  from   the  part  of  the 
given  cube  remaining. 
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VIII.  ^t^uiii  Jiiid  a  trial  divisor,  as  in  (iv)  ;  divide  the  1st  term  uj 
last  leinniiuler  by  the  1st  term  of  this  trittl  divisor,  and 
place  the  quotient  a<<  2rd  term  of  the  root.  Jlt^ain  complete 
the  trial  divisor  as  in  vi,  by  Hi«/.i«ir  the  two  (ulditions  there 
described;  multiply  the  complete  divisor  by  the  last  term 
put  in  the  rout,  subtract, — and  so  on. 

152.  Wc  may  be  led  to  inlbr  tliis  rule  for  extracting 
the  cube  root  of  a  polynomial  by  rcver.siiig  the  process  by 
which  a  polynomial  is  raised  to  the  third  power,  as  may  be 
seen  by  an  attentive  examination  of  the  following: — 

(o  +  6)^  =  a^  +  3a^6  +  3ab'^  +  b'\ 

(a  +  6  +  c)*  =  a^  +  3a^b  +  3ab'^  +  b^  +  3(a  +  by^c  +  3(a  +  b)c^  +  c''. 

(rt^-6  +  c^■fZ)*  =  «■'^-3a■■'i  +  3a6'''^-6^+  3(a  +  6)^c  +  3(a  +  b)c'  + c". 
+  3(a  +  6  +  c)H  I-  3(a  -!-  6  +  c)d^  ^■  d\ 
Whence  it  ai)[)ears  that : — 

The  cube  of  any  polynomial  is  equal  to  the  cube  of  the  first  term, 
plus  three  times  the  square  of  the  first  term  muUi/dicd  by  the  second, 
plus  three  times  the  first  term  multiplied  by  the  square  of  the 
second,  plus  the  cube  of  the  stcond  tern},  plus  three  times  the  square 
of  the  sum  of  the  first  two  terms  multiplied  by  the  third,  plus  three 
times  the  sum  of  the  first  two  terms  multiplied  by  the  square  of  the 
third,  plus  the  cube  of  the  third  term,  plus  three  times  the  square  of 
the  stun  of  the  first  three  terms  multiplied  by  the  fourth,  plus 
three  times  the  sum  of  the  first  three  terms  multiplied  by  the  square 
of  the  fourth,  plus  the  cube  of  the  fourth  term;  and  so  on. 

Ex.  1.  Find  the  cube  root  of  Sd"  -  Sia'x  +  294ax^  -  343x^ 


Stt"  -  84tt'''x  +  29iax^  -  343a;^(2a  -  1x 


3(2a'f  =  12a^ 

3(2a)(-7a;)=  -42«x 

(-  Ix)'^  =  +  49x'^ 


-  84tt''x  +  294ax^  -  343x''' 

-  SAtt'x  +  29iax^  -  343x2 


12a'''-42ax  +  49x^ 

Ex.  2.  What  is  the  cube  root  of  27a6  -  5Aa^  +  63a*  -  44a^ 
+  21a''' -6a  +  1  ? 
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KxHl.ANATioN.— rill)  lort<)(oiiig  if  tl  socoiiil  iiutliiiil  (il  cxtriicliiin  Ili<- 
cube  lool,  known  as  llmnpr'H  iiii'tlioil.  ri)i)n  ciirt'lnl  cxutiiiniitioii  il  will 
be  Sfon  tlint  the  sHuic  trini  divisors  sniil  ooniplcti- diviHors  arc  usi-d  in  in 
lUe  utlitT  nu-lliud,  but  that  tlicy  iiru  oblfiincd  soniiwliiit  dilVcrcully.  I'lie 
•everal  stfps  art'  as  I'ollows  :  — 

Ut.  I'ake  tlic  cube  root  ol'tlii'  lirst  tiTni  and  place  it  as  llrst  term  ol'  (lie 
root,  also  place  it  to  the  Idt  of  the  arranged  cube,  under  the  liead 
First  Colunin. 

■Jnd,  Multiply  the  lirst  term  of  the  tirst  column  by  the  lirst  ttfrm  nl  the 
root,  and  place  the  product  as  lirst  term  of  the  ceci.Mul  colunin; 
also  multiply  the  first  term  ofthe  jsecond  coUuun  by  the  lirsit  term 
of  the  root,  and  place  it  in  the  thinl  column,  i.e.,  under  the  k'^*'" 
cube,  and  subtract. 

ard.  To  the  lirst  term  of  the  lirst  colunin  add  the  lirst  term  of  the  root, 
multiply  the  sum  by  the  tirst  term  of  the  root,  and  place  the  jiio' 
duct  as  the  second  term  of  the  second  column. 

4th,  A^ain  add  to  the  lirst  column  the  lirst  term  ol  the  root. 

&tli,  Add  the  first  and  second  terms  ofthe  second  colunin  tojjetber  lor  a 
trial  divisor.  Ascertain  how  oHen  this  goes  in  the  first  term  of  tin- 
dividend,  and  place  the  quotient  (-2")  in  the  root,  and  also  attach 
it  to  tlie9o2  in  the  lirst  column. 

rftli.  Multiply  the  9ai  -  2a  in  the  first  column  by  -  2a,  the  last  term  put 
in  the  root,  and  place  the  product  -  18a '  -^ia'^  under  the  27ai  in 
the  second  column  and  add;  this  gives  27«-«  -  18a  '  -|-  4at  for  com- 
plete divisor. 

7th,  Multiply  the  complete  divisor  by  -2«,  the  term  last  put  in  the  root. 
and  place  the  product  in  the  third  column. 

isth,  .Subtract  and  go  again  through  the  whole  process  as  before. 

Exercise  XLII. 

Extract  tjie  cube  root  of  each  ofthe  following  quantities  : — 

1.  8a;--(-  36x'-\-  54z  -f  27. 

2.  a'^  -  40a^  +  6a^  +  96«  -  G4. 

3.  1  -  6a  -I-  Ua'  -  8a'. 

4.  a^  -  6a«  +  15a*  -  20a^  +  \5d^  -  6a  +  1. 

5.  8a^x»  -  Sid^bx^  +  294o6*x5  _  3436^x6. 

6.  8x6  _  sgax*  -H  102a'''x*  -  lllaV  +  204a*x'^  -  144a'x  -f  64a«. 

7.  x6  -  3x*  -I-  6x*  -  7x^  +  6x^  -  3x  -t-  1. 

8.  a^  +  30.%  +  3ab'^  +  b''  +  3(a+byc  +  3(a+b)c'  +  c'  +  3(a  +  b  +  cy'd 
■^  3(a  +  b  +  c)d'  +  (P  +  3{a  +  b  +  c  +  riy^e  +  3(a  +  b  +  c  +  d)e^  -i-  e'\ 

Note.— In  Ex.  8  endeavour  to  keep  the  quantities  in  brackets,  and  the 
labor  of  extracting  the  cube  root  will  be  materially  liglitened. 
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153.  Theuukm. — la  Ike  exlruclion  of  the  cube  root  of  u  number 
when  n  +  2  figures  have  been  found  by  the  ordinary  rule,  n  figures 
more  may  be  found  by  dindins:  the  remainder  by  the  luxt  trial 
diri^or. 

DuMox.'^'BiiATioN.— Let  jV  represent  the  number  wliose  cube  root  is 
required  ;  let  <i  represent  the  >i  +  2  Ji.a;ure.s  already  found,  and  let  r  repre- 
sent the  71  remaining  figure.i. 

Ihen  ^/X=  <i  +  .1-,    .-.   i\^=:  n^-  +  Tiii-'x  +  Zax-i  +  ,r *. 

A'  —  a'i  z=  the  temaindor  alter  »^  +  2  figure*  of  the  root  have  been  found, 
and  3a-  =:■  the  trial  divisor. 

^■--  aJ     _     -iaix  ■\-  ^ixi  -L  .x-i     _    _         x-i  x-i 

''ia'i        ~  Zai  —  a  i-  — •  +    —  . 

,r2  a- 3 

Xow  if  we  can  sliow  that 4-    - —    is  a  proper  fraction,  we  shall 

a  3a''' 

have  proved  that,  neglecting  the  remainder  arising  from  the  division,  we 

may  obtain  the  next  n  figures  of  th(^  root  by  dividing  by  tlie  trial  divisor. 

Ky  hypotheiiis.i'  containsonly?)  digits,  whileit  is  manifest  that  lo"  contains 

«  -}"  1  digits;  hence  .r  <  lO"  and  .•.  x'^  <  lO'^".    And  since  a.  contains  the 

loft  hand  It  4-  2  digits  of  the  root,  taking  into  account  the  position  of  thest- 

\Yith  refel-ence  to  the  decimal  point,  a  must  coutain  In  +  2  figures.    And 

therefore  a  is  not  less  than  10'^"''''^.      TIence    ^~-  ■<    that  is,  — 

(I,  in'  + 1  a 

x'i  10'"'  1 

<  .1.      Similarly    -  -       <    --  ,    that    is    <     , ^ 

'"•  Za-i     ^    .sxio'i''^-^  3x10'"*'^ 

Hence -}- <    -1-    4-    jprr,  and  .-.  <  unity. 

a  3a2  '"     ^    3  X 10"  *~  -  ^        ^ 

Ex.  Reqviired  the  cube  root  of  10973936866941015122085048. 

Here  since  there  are  26  figures  in  the  cube  there  arc  9  in  the  root,  and 
we  proceed  to  obtain  the  first  5  of  tlie.«e  by  the  ordinary  rule.  The  five 
digits  thus  obtained  are  22222,  with  a  remainder  .3291818930151220851)48, 
and  a  trial  divisor  1481451852(X).  Then  32918189.3015122085048  -r  14S145185200 
=  2222  4-  =  remaining  four  digits  of  tin;  root,  which  is  tlu'refore  =:: 
222222222. 


EXTRACTION  OF  ROOTS  IN  GENERAL. 

154.  By  observing  the  mode  of  writing  the  square,  cube, 
&c.,  of  polynomials,  we  can  deduce  the  following  general 
rule  for  the  extraction  of  any  root  of  a  polynomial : 
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RUI.K. 

I.  Jlrran^c  the  given  polynomial  according  to  a  letter  of  refer  envf . 
11.  Extract  the  required  root  of  the  fir d  term,  this  will  lie  tin 
first  term  of  the  root. 

III.  Subtract  the  power  of  this  first   term  of  the   root  from  the 

e;ive?i  polynomial. 

IV.  Divide  the  first  term  of  the  remainder  by  twice  the  first  term 

of  the  root  for  the  square  root,  three  limes  its  square  for  the 
cube  root,  four  times  its  cube  for  the  fourth  root,  five  times 
its  fourth  power  for  the  fifth  root,  and  so  on  ;  the  quotient 
will  be  the  second  term  of  the  root. 
V.  Involve  the  whole  of  the  root  now  found  to  the  specified  poioer, 

and  subtract  it  from  the  given  polynomial. 
VI.  Divide  the  1st  term  of  the  remainder  by  the  same  divisor  as 
before,  and  the  quotient  will  be  the  third  term  of  the  root, 
.^gain  involve  the  whole  of  the  root  now  found  to  the  speci- 
fied power ;  subtract,  and  so  on. 

NoTK.-  It  is  manifest  that  the  rule  vcrilies  itself. 

Ex.  What  is  the  fourth  root   of  IGa:"  -  32x'  i-  SSx'**  -  104.r  ■ 
+  145x*  -  104a;^  +  88x-  -  32x  +  16  ? 

OPERATION. 

(root=  2x'''-a  +  2) 

16xS-32.r"i-88x-6-104x'>+145x»-104x''+88x^-32x+lG 

(2x2)4  =  16x« 


32xS)       _32x"  -  1st  term,  of  rem. 
(^Ix'^-xy  =  16x8 -32x' +24x6 -8x'+x4. 

32x6)      64x6  -  igt  term,  of  rem. 
(2x2-x+2)4  =  16x»-32x'+  b!8x6-104x''+I45x4-104x^+88x''-32x+16 
Rem.  -~Q.     Hence  2x''  -  x  +  2  is  the  fourth  root  required. 


SECTION     VIII. 

THEORY  OF  INDICES. 
155.  It  has  been  stated  (Art.  17)  that  when  a  frac- 
tional index  is  employed,  the  numerator  of  the  fraction 
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denotes  the  power  to  be  taken,  and  the  denominator  indi- 
cates the  root  to  be  extracted.  We  have  now  to  add  that 
a  negative  exponent  is  sometimes  employed  for  the  purpose 
of  denoting  the  recijjrocal  of  a  qiiantltij  loith  the  same 
exponent  taken  positively. 

Thus,  a  ' '"  is  used  to  denote  —  whether  m  be  fractional  or  integral. 
a 

156.  Theorem  l.Ifm  and  a  be  amj  positive  integral  quantities, 
then  a"'  x  a"  =  a'"*". 

Demonstration,  a'"'  =  ux  a  x  a  , . . .  to  .m  factors,  and  a"  =  a 
X  a  X  a  ... .  to  71  factors. 

Therefore  a'"'  x  «"  -  a  x  a  x  a  . . .  .to  m  factors  x  a  x  a  x  a  . . . . 
to  71  factors. 

-  a  X  a  ... .  to  m  +  71  factors  -  a'"^*",  which  was  to  be  proved. 

157.  Theorem  II.  If  va.  aiulu.be  amj  positive  integral  quantities, 
then  (a"')"  =  a"'"  =  (a")"'. 

Demonstration,  (a'")"  =  «'"■  x  d'"-  x  a™ to  n  factors  = 

jjj;i  +  7;t  +  HI to  n  lerms  _.  (jjim^ 

(ft™)'"  =  a"  X  a™  X  a™  ... .  to  m  factors  =  a"  +  "*"  •  •  •  •  ">  ™  '""s 
=  a™™. 

But  mn  -  nm  .-.  a"'"'  =;  a'""',  and  since  (ft")"'  and  (ft™)"  arc  each 
=  a'""  •.-.    (ft'")"  -  a'""  :^  (ft")'"  which  was  to  be  proved. 

158.  Theorem  III.  Ifva.  and  n  be  any  positive  integers,  then  the 
rath  root  of  the  nth  power  of  a  is  equal  to  the  nth  power  of  the  rath 
root  of  a.     That  is,  ^(a'')  =  (^a)". 

Demonstration.  Let  ^(a")  =  x"  ;  raising  both  to  the  with  power 
we  get  ft"  ~  (a;")'"  =  (x'")"  by  the  preceding  theorem. 

Extracting  the  ?ith  root  of  each  of  these  we  get  a  =  x"* ;  and 
extracting  the  mth  root  of  each  of  these  we  get  ^a  =  x;  and 
finally  raising  each  of  these  to  the  nth  power  we  have  (^ft)"  =  x". 
But  7(«")  =  x"  .-.  J7(ft")  =  (7a)",  which  was  to  be  proved. 


ONTARIO  COLIJ'^'^  ^"^  r->..'.,.Tw 


i:V2  THEORY  or  inmces.  (Sect  vm 

159.  Tiii:oi[K.M    IV.    Bath  iiumi'iiilur  iiinl  ilciunniiHiluru/' a fr<ii 
tioiutl  e.ri>oiitiil   inaij  be  multifilkd  by  the  sniiie  (iiiuiitil!/  willioiii 
alliTiiiii  till'  I'liluc  of  the  whole  eriiri'^nioii,  of  which   it  forms  pail. 

Thai  is,  a"    =  a'"^ . 
Dbmonstiiation.  Let  a  "      .r.     TIumi  (('"  -  .1"  ;  also  a""  -  .v"'. 

Therefore' e.\tr:ic1ing  tlie /(/til  mot   of  t-arli,  <i"'    -  x;    but   u" 

-  x. 

Tlierefore  a'         a"\  wliicli  was  to  l)e  ])rove(l. 

160.  Theoi'.em   V.    If"  and   '   are  any  jio'iitii-f  fiadiunal  tjuaii 

lilies,  I  hen  a"  x  a*     -  a"       '  " 

Dkmonsthatio.n.  By  last   theorem   a"    -  «"'  and  </ ■     ■  u '• . 

TLerefore  a"   a  a'    =  a"'   x  a"' 

n,,  I  M^  I 

a"'  -  («"")'"  and  also  a'"  -  («")"'. 

Therefore  a"  x  a'    -  a '"  x  «"'  -  (a"'  )"'  x  (a"'  )"'  -  (f/""xa")  " 

-  (a""  *"'■)''''-  ""^^    -a'"'     "' =  a^      \  which  was,  to  be  proved. 

Corollary.  Similarly  it  may  be  proved  that  «'" ^  «'  -  «"      "- 

101.  Theorem  VI.   («"  )'  =  a*^. 

Demonstration.  Let  \^h"  )'    =  x,   then  ^a"  ^  =  x",  that  is 
(Art.  157),  a"  =  .r'.    Therefore  o""' =  a;''',  and  therefore  extract- 
ing the  wsth  root  of  each,  «"*  =  x,  but  \«"  y'    -   x   .■.   \a"  /* 
«"",  which  was  to  be  proved. 

102.  Theore-M  Vn.  a'"  x  a"  =  «"•  +  "  when  ?«  or  n,  or  both  m 
and  7i  are  negative  quantities. 
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Dbmonstkation.  First,  let  either  one  of  the  exponents,  as  for 

instance  n,  be  a  negative' quantity. 

1        a'"' 
Then  a™  x  a"  =  a'"  x  a""  =  "'"  ^  ^  =  ^  =  «'"""  =  a'^M""). 

Next  let  both  ?«  and  n  be  negative  quantities. 

Then  a"'  x  ««  =  a " '«  x  a  " «  =  ^  x  ^  =  -1-  =  «  "  «  "  " 

^  a"'" *("'"■),  which  was  to  be  proved. 

163.  Theorem  VIII.  (a'")"  =  a™"  when  j/i  or  n  or  both  m  and 
n  are  negative  quantities. 

Demonstkation.  First,  let  7i  be  negative,  then  (a™)"  =  («'")-'' 

1  1 

„  _. -a' '"'"  ~  ci"^ « c  -  'i ) 

(a™)"       a"'" 

Second,  let  ?«  be  negative. 

Then  on-  -  (« - '")"  -  (^)    =  ^  -  «■ '""  =  «    ™ "  "• 
Third,  let  both  m  aud  ?t  be  negative, 

Then  («»)"  =  (a- '")  "  »  =  T^-^y,'  =  ^iS^  (^y  second  part  of 
demonstration)  =  a'""  =  a"™" «-"',  which  was  to  be  proved. 

164,  Theorem  IX.  a"  x  b"  =  {aby\ 

1       i- 
Demonstration.  Let  a"  x  6"  =  a:,  then  (a"  x  6^')"  =  x" . 

that  is,  a  X  6  =  i"  or  aft  =  x"  .-.  (aft)"  =  x. 
But  a"  X  6™  =  X.     Therefore  also  a"  x  6"  ^  (aby\ 
Corollary.  (oA)"  =  a»  x  6".     Similarly  ^a  x  V*  ^  V(«^)>  i^ud 
1.       J 
conversely  («6)    =  a   x  6  . 


185.  Theorem  X.  Jny  factor  may  be  transferred  from  one  lerm 
of  a  fraction  to  the  other  by  changing  the  sign  of  its  exponent. 

Demonstration.—    -    ^    x    ^"n   "     6^^~   "    T"~ 

~~b^^  ""       i      ■ 

tt'"       a'"        a  - '"        a'"  x  a ' '"        a'" ' '"  _       «" 
Again,  ^  "  ^  X  — m    =   fc^x'ir-"^  "  6^"^  ^   6"a    "^ 

,  „ -,  whicli  was  to  be  proved. 

6 'a "  "• 
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166    Kt  these  Theorems  it  baf  hi-oii  jirovrd   tlmi   wlnlher  m 
nnd  n  are  positive  or  negative,  int«igral  or  frnclional, 

a™  1 

a'"  y  a"  ^  a'"  *  "  :  rt"  ■:•  «"  -  —-  -  «""  x  —  ^  «'"  x  a    "  ^  «"■    "^ 


(«'")"  :-  a'""  .-.  («")'"  ;  a"  -  a"'  ;  a"  x  6"  -  ((//»)"  ;  </ "  x  t   -  (.//>) 
i         i       J     a*"  1  A    " 

That  is : — 

(1)  Pou'crs  of  the  same  qnanlily  are  multiplied  togcHicr  by  nddiiip: 
their  indices. 

(II)  One  power  of  a  fjuanlily  is  divided  btj  anolhcr  power  of  the 
same  by  subtracting  the  index  of  the  divisor  from  that  of 
the  dividend. 

(III)  .i  power  of  a  given  power,  or  a  root  of  a  root,  is  obtained  by 

multiplying  together  the  two  indices. 

(IV)  Powers  having  unlike  fractional  indicet  may  be  reduced  to 

equivalent  expressions  having  fractional  indices  with  a 
common  de?iominator. 
(V)  jS  factor  may  be  removed  from  one  term  of  a  fraction  to  the 

other  by  changing  the  sign  of  its  exponent. 
(VI)   The  product  of  the  same  root  or  power  of  two  or  more  dis- 
similar quantities  is  equivalent  to  the  same  root  or  power 
of  their  product,  and  vice  versa. 


Illustrative  Examples. 


4m        4m  i  Am 

Ex.  1.  -— —  =  - — -  =  *  Twa  "  *,    or   — r- 


5Va      5tti       °  '  5Va        5m'^  ^a 

5n*6''c^7w    ''71    '■^ 


3^(ab^c*)  _  3(ab'^c^y  _  Sa-'b^c'*        ^  jl  j  i       j        3 


3 


5a"*6'*c    ^  m^n^ 
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r,  ',  1     -  ]  f 

a-*b    "*  mJc^         (mc';'-2       ^(mc^) 

Ex.  4.  rt  " ^  X  a   •'  =  a  -  «  ;  a  '  x  «*  -  «  ;  nr  ^  x  a^  =  a  -  *  ■  a^  y.  a'  * 


=  n4 


Ex.  5.  a'  X  a^  =  a^  +  ♦  :.  «■>*«  +  l^i?  ^  Jl  ■  J  x  a  ~  *  ^  J  +  ("  ^^ 
Ex.  6.  a*  -f  a-^  =  a*-(-»)  =  0*+==  „6.  a   3  ^  a"  ^  =  a    »- f  -  '  ' 


„         _         1^         -V         A  _  J,  -^  -  3  A  .T  _  3  3_r-3\ 

Ex.  7.  a'^a^^rt^     '^  =  «•>     «   :r.   ati  •  a"   ■^   «     •»  ^  n'     ^    '»'' 


Ex.  8  (a'y=a^'^  =  a^  .  (^-2)2^  a   ^""^-^  a"*;  (a'^y^^a''^'-^ 
^a6;  (a^)"'=a"^''  =  a  '  ; '(a~^  )" '  =  a. 

Ex.  9.  l(aVM"  =  («^''  ~^)  "  =  (a-  ^  )"  «  =  a'^^    «  =  a' 

Ex.  10.  ^^(aW^{abc*fJCd^'PW=  ^^/ia,^b^abc*(a-H-^c-^yl^y^ 
Ex.  11.  Divide  a^-a' +  2a3- 2 -a     s  +  a"-*  by  a'' +a'* -a     =» 

OPERATION. 

a*+a^-a    *-a     ^  Ja^-a*  +  2a*  -  2 -a    3^  +  a~^^a^-a*+a  *-a  ^ 
a»  4-  a  6  _  ^6  _  1 

-  a  6  -c^  \a'»  ■'r  2a*  -l-a~*+a-3 
IJl        4        J-         _4 

X  J.  _  2.  _  iJL 

a^+a^-a     •'-a      * 


-a    *-l  +  a    ^  +  a"'' 

_  *     *•  -  1 J- 
-  1  -  a     *  +"a      6  +  a   * 
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ExKnciSR  XLIIl. 

1.  Express  V"  I  \/«'';   V""  i  V("'''c-)  ;   ^("^O"  ;   V(«''"^"'>» 
and  JJKd^h^c'y  with  fractional  indices. 

2.  Express  (J^  ;  fc  * ;  c'   ;   o^/*^   ;    (ahr)'-   ;   </'/»'    ;    ((/'//V)'  ; 
((("tV'i/*") ',    and   («'6"r"/"i' witli  tlic  radical  sign. 


3.  Express 


1    i 
2a        2  3a  //i^  3«/;7«  Sm'w" 


1  a^b-'c* 

~-r, —  -  ; r-.   and  — ; — ; — r  Willi    ncgativf;    indices, 


3ah^/(cm-^)  1  a^i^c" 


4.  Express  2h  :  ~  :  — ; —  ;  — 7-  :  itb'^c'  :    „  .,  ,-  ;  - —   and 


so  as  to  remove  all  the  literal  factors  into  the  numerators 

6*      3«/ft         2a  i       Sffxj/'^       4uc 

.  .  „//^c  *  •   —  •  

'Jr.     '    ^x^y  '  '    2a-V«  '  3'"^ 

5y(7Jm^x4) 

-——-1—7-,  with  negative  indices  so  as  to  remove  all  the  literal 
3^(a6i'*)  '  " 

factors  into  the  denominators. 

3alb-'^          b-'          2-»a-^6-* 
5.   Express  a  - »  ;  2a'b  " '  ■ ;     — --- ;     — ; 


1\  -  n^  -  vi 

with  positive  indices. 


mi 

0.  Simplify  (a     ^  xa~-^j      and  («'■' x  a~  ^  x  h^/     '  and 

7.  Simplify  (^{V(«"'x-7^)tM;})^'    and    JVCVIV"})-'*^'     • 

8.  Simplify  the  following  expression  : 

r  iJ(a^'Jb)  a?b\^  ) 

l-j(a3)*63c=']-»       ({(a«)*66jic'')-='  J 

^- 1-7(1/") ^(yrvcy^)}*"' "  K^*'  /  J 
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10.  Multiply  a^  -  3ab^  +  3Jb  -  6^   by  a**  -  6*. 

11.  Multiply  o'  -  a^a;2  +  x^  by  a*  4-  a'a:^  +  i*. 

12.  Multiply  4x  -  2x^y~^  +  U^z^-y  " » +  y"  ^2^  by  ax^+y'^zs 

13.  Divide  9i-^y  -  4x "  ^y  - »  by  -  3x  -  *y  -  2z  - '. 

14.  Divide  a  +  ah~^ -ah'^^b-^  by  a^+  aU"^  +  rtH"* 
4- a^6~  ^  +  a^6"  *  +6  ■^. 

15.  Divide  i-»  +  x"»-l  +  x3+«by  x"«4-x»  +  l. 

a  L  _  1  _  3 

16.  Squarea*  -  a  +  fli' +  1 -a     *~a-^  +  a     *. 

a         i  _  J.        _  K^ 

17.  Extract  the  square  root  of  a^  + 2a' -  1  -  2a   ^  +  a     s. 

18.  Extract  the  square  root  of  x^ -4x  +  10x*  -  16x'  +  19   - 
16x~^  +  10x"^_  4«"'  +  a?"^ 

19.  Extract  the  cube  root  of  X  - 1  y'  -  3x~ 'y +3x3'y-i-a;y-'. 

20.  Extract   the  cube  root  of  x^  -  6x»y*  +  21x*yS  -  44xy* 
+  63x^y^  -  54xM  +  27v. 


SURDS. 

167.  A  surd  or  an  irrational  quantity y\B  a  quantity 
which  cannot  be  represented  without  the  aid  of  a  fractional 
exponent  or  the  radical  sign. 

Thus,  V3,  V«,  V2,  {/«'  or  a^,  ^(a  +  b)  or  (a  +  6)^,  &c.,  are 
surds  or  irrational  quantities. 

168.  A  rational  quantity  is  one  which  does  not  neces- 
sarily involve  the  use  of  a  radical  sign  or  a  fractional 
exponent. 

■  Thus,  a,  a'6,  3a7;i,  (a^)*,  (Sa')^  (327n''x '")'',  &c.,  are  rational 
quantities. 

Note  1.  The  last  three  of  tho  quantities  given  above  arc  written  in  the 
form  of  surds,  but,  the  power  being  such  that  the  root  indicated  in  each 
ease  can  be  extracted,  the  quantitios  arc  really  rational.  Thus,  a^)i—a; 
(Sa^)^  =2<i:  (a3m^xi'')^=2»»x«. 

K 
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Note  '1,  riio  toriiiH  rational  and  irrational  arc  usimI  finiply  to  cxprou 
(1(0  fact  that  tlio  nuantity  has  or  hun  not  eoiuo  (inti'miinabic  ratio  to  unity. 
Thus,  V'-i  is  iirational,  bt'OuuHo,  giuco  it  ia  ixiual  to  1  +  a  duciniul  wliich 
noittiur  roportts  nor  toriulnutcs,  wo  cannot  comimrt'  it  witli  unity  »o  an  to 
»vf  that  it  contains  unity,  or  that  unity  coutaiuB  it  any  dclluite  numbur  of 
times. 

169.  Surds  arc  cither  entire  or  mixed.  An  entire  surd 
is  one  in  wMch  the  whole  expression  is  affected  by  the 
radical  sign  or  fractional  index.  A  mix-cd  surd  ia  one 
composed  of  two  or  more  factors,  one  of  which  is  not 
affected  by  the  radical  sign  or  fractional  indox. 

Thus,  VtfF;  Vf  i  (a  +  i  -  7c) ^;  (abVy  are  entire  surds. 

2b^]  4V5;  3(ai)^i  i^rf  ]  a6(acV)*  are  mixed  surds. 

170.  In  mixed  surds  the  part  not  affected  by  the 
radical  sign  or  fractional  index  is  called  the  coefficient  of 
the  surd,  and  the  part  affected  by  the  radical  sign  or' 
fractional  index  is  called  the  surd/actor. 

171.  Surds  are  either  similar  or  dissimilar.  Similaf 
Burds  are  such  as  have,  or  may  be  made  to  have,  the  same 
surd  factor  :  all  others  are  dissimilar  surds. 

Thus,  V2,  V2)  (a  +  '')V2)  V^i  which  is  equal  to  2^/2,  &c.,  are 
similar  surds.  So  also  ^ab;  m^ab;  (_a  +  m){ab)i,  I7x(a6)i, 
and  paUi  are  similar  gurds. 

172.  A  surd  is  said  to  b«  reduced  to  its  simplest  form 
when  the  surd  factor  is  made  as  small  as  possible  without 
putting  it  in  the  form  of  a  fraction. 

KoTE.— A  quadratic  eurd  is  one  in  which  the  fractional  index  i  is  em. 
ployed ;  a  cubic  surd  ia  one  in  which  the  index  i  is  employed,  &o. 

173.  To  express  a  rational  quantity  in  the  form  of  a 
purd  : — 

Role. — Raise  it  to  the  power  tehose  root  the  mrd  expretseSf  and 
place  it  beneath  the  radical  sign, 
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Ex.  1.  2a  -  (2a)^  =  {  (2a)^l  ^  =  (40.^)*  =  »J{ia}), 
Ex.  2.  a^OT  =:  {ahri)^  =  (a^m^y  =  ^(a«ni'). 

174.  To  reduce  a  mixed  surd  to  an  entire  sUKl : — 

Rule. — Raise  the  coefficient  to  the  power  indicated  by  ihe  denom- 
inator of  the  iurd-index,  and  place  beneath  the  radiccu'  sign  the 
product  of  this  power  and  the  given  surd  factor. 

Ex.  3.  4V2  =  Vi6xV2  =:  Vl6x2  =  ^32  ;  cm/^i  -  *Ja'^\/m  =  'firm. 

Ex.  4.  2^7  =  V8  X  V'^  ^  \/  (8  X  7)  =  ■^56  )  c^a^'^*  =  \/c«  x^{am) 

/  m  \  /  wi  \  /  in\ 

Ex.  5.  6a  y[  —  \  .  ^(216a^)  x  ^(^— J  .  V(^216a«  x  —  j   . 

175.  To  reduce  an  entire  surd  to  a  mixed  stti>d : — 

Rule. — Resolve  the  quantity  under  the  radical  sigti  into  two 
factors,  one  of  which  is  the  greatest  possible  perfect  power  of  the 
root  indicated.  Extract  the  root  of  this  factor,  and,  place  it  as 
coefficient  of  the  remaining  surd  factor. 

Ex.  6.  -^Vl  =  V36  X  2  =  V36  X  V2  =  6V2  ;  V^"*  =  '\{''Wx5a  = 
2aV5a. 

Ex.  7.  Vi35  ^  ^2r~5  =  ^21  x  ^5  ^  3^5;  ^af:c^  -  a^x^  = 
^i?P(x''  -  a')  =  ax^x''  -  d^. 

176.  To  reduce  surds  to  their  simplest  form  - — 

Rule. — Reduce  the  entire  surd  to  a  mixed  surd  by  2ast  rule,  and 
if  the  remaining  surd  factor  be  fractional,  multiply  bo  th  its  numer- 
rator  and  denominator  by  such  a  quantity  as  will  enable  us  to 
emove  the  latter  from  under  the  radical  sign. 

Ex.  8.  ^132  =:  ^21G  X  2  =  ^UE  x  ^2  =  6^2. 

Ex.  9.    V^    =    V^  =  Vii  =  VS"x~15  =  V3^5  X  V'lS  =  ^a/15, 
,^  _^     5  l48ir25     5    IsTTSa,  

Ex.  10.  §V9f^tV¥=^^-Y^^=2^~T2a~>  =§^^^^1^0 
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177.  To  compare  dissimUar  (surds  no  as  to  dctermiuc 
which  is  the  greater  : — 

RoLB.— //■  mixed  surds,  reduce  them  to  entire  surds,  then  redurc 
their  indices  to  a  common  denominator,  and  raise  each  surd  to  the 
power  indicated  by  the  numerator  of  its  surd-dmlex  when  thus 
reduced. 

Ex.  11.  Compare  3^3,  4V5,  aud  ^325  with  one  another, 
that  is,  #i  ;  V80  and  ^325  ;  that  is,  (81)*,  (80)^and(325)i, 
that  is,  (81)^,    (80)^and  (325)'^;  that  is  (81^)%  (80^)Mvnd 
(325)^, 
that  is,  (6561)^,  (512000)^  and  (325)%  whence  it  is  evident 
that  4V5  is  the  greatest  and  ^326  is  the  least. 

178.  To  add  or  subtract  surds: — 

Rule. — Reduce  them  to  the  same  surd  factor,  when  similar,  and 
then  add  or  subtract  their  coefficients.  Dissimilar  surds  are  unlike 
quantities,  and  we  can  only  indicate  their  addition  or  subtraction  by 
connecting  them  by  their  proper  signs. 

Ex.  12,  4V24  +  2V64  -  V^  +  3  V9<3  -  5V150 
^  8V6  +  6V6  -  V6  +  12V6  -  25V6 
=  (8  +  6  +  12)V6  -  (1  +  25)V6  =  26V6  -  26V6  ^  0V6  -  0. 

Ex.  13..  3V?  -  2VtV  +  Vf  -  3yi^  -  2Vt^(P.5  +  V^ 

179.  To  multiply  two  or  more  simple  surds: — 

RciiE. — Reduce  them  to  the  same  surd  index,  then  multiply  the 
coefficients  together  for  a  new  coefficient  and  the  surd  factors  together 
for  a  new  turd  factor, 

Ex.  14.  4V7  X  3VH  =  3  x  4  x  •^TTll  -  12V49  x  2  -  84V2. 
Ex.  15.  2V5  X  3^2  -  2(5)^  x  3(2)'  =  2(5)^  x  3(2)6   :,  2V125 
X  3^4  =  6^5007 
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180.  To  divide  one  simple  surd  by  another : — 

RvL^.— Reduce  both  to  the  same  surd  index.  Then  divide  coejji,' 
dent  by  coefficient  and  surd  factor  by  surd  factor. 

Ex.  16.  4VTl  T  2V5  =  I  VV  =  2Vfi  =  f  V55. 

2^2  Zm        W5 

Ex.  17.  (2^2  -  3V3  +  7V5)  ^  ^2  =  ^  -  -^  +  -,-^^ 

-- tvi -ivi^ivi-  ivi\  - ,? vn  +  im  =  (§  x  j 732)  - 

a  X  i  V12)  +  (^  X  i  V40)  =  i  V32  -  -,'tf  V12  +  1^0  V40. 

181.  To  find  a  multiplier  which  shall  rationalize  a 
binomial  quadratic  surd,  and  hence  to  rationalize  the 
denominator  of  a  fraction  when  it  consists  of  a  binomial 
quadratic  surd. 

Rule  — Change  the  connecting  sign  of  the  given  binomial  quad, 
ratic  surd,  and  the  resulting  expression  will  be  the  multiplier  re- 
quired. 

Ex.  18.  What  multiplier  will  rationalize  2V2  -  3V3  ? 

Ans.  2V2  +  3V3. 
Proof.  (2V2  -  3v3)  x  (2V2  +  3V3)  =  8  -  6V6  +  6V6  -  27  = 
8-27  =  -  19. 

5V2-V7 
Ex.  19.  Rationalize  the  denominator  of  the  fraction  ^ir'Tlc' 

Here  the  multiplier  is  3V5  -  V^- 

5V2-V7     _       (5V2-V7)(3V5-V6) 

''^^^'^  iVsTVG      "       (3V5  +  V6)(3V5-V6) 

15VTo  -  3V35  -  10V3  +  V42 

45-6 

182.  To  find  a  multiplier  which  shall  rationalize  a 
trinomial  quadratic  surd : — 

Rule.— First  use  as  multiplier  the  given  trinomial  quadratic 
surd  with  one  of  its  connecting  signs  changed,  the  result  will  be  a 
binomial  surd  which  can  be  rationalized  by  the  last  rule. 

1  f 

Ex.  20,  RatJQSalize  the  denominator  of  -jz — 1/2  +  3^/3' 
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Here  tho  first  muUiplicr  -  \Jb  -'^1-  2s]2  or  V''>  1  V2  l-  3V3. 
Use  cither,  say  tho  former. 

1  V5  -  V2  -  3V3 


'^"^  V5  -  V2  +  3V3   '  j(V5- V2) +3V3  j{(V''>-V2) -3V3( 
V5  -  V2  -  3V3   _    V5  -  V2  -  3V3     _  V^  -  V2  -  3V3 
(VS  -  V2)*-  27  ~  (5-2  VlO  +  2)  -  27  ~   -  20  -  2  VlO 
V2  -  V-'>  +  3V3 
20  +  2  V10~ " 

Next  multiply  both  terms  of  this  by  20  -  2a/10. 

V2-V5  +  3V3    _     (V2  -  V5  +  3V3)(20-2V10) 
20  +'2VT0~    "  (26T2V10)(20  -  2Vl0r" 

30V2  -  24V5  +  60V3  -  6V30  5V2  -  4V5'+  10V3  -  V30 

400  ~40  "  60  " 


EXKRCISB  XLIV. 

1.  Express  2*;  ?' ;  2^;  {HY  \  (3i)~^;  3^;  (Va")"'Sa3 
•equivalent  surds  with  indices  whose  numerator  is  in  each  case 
+  1. 

2.  Reduce  a ;  3 ;  4J  ;  2a ;  Zu^b ;  4zV,  to  equivalent  surds 
having  indices  i,  -  ^,  and  \. 

3.  Reduce  a?  ;  V3 ;  2a^6'  ;  ac^  ;  4»  ;  3"^  ;  (IJ)  "  '  and 
^x"*  7/"^  r')"^  to  equivalent  surds  with  indices  -  \  and  \. 

4.  Reduce  4V3;  5V5  ;  2V31 ;  4Va;  i(J)';and  -(-/)        to 

entire  surds. 

2/ab\i     a  /3\"t  i  x 

5.  Reduce  |(^-j    ;  ^(^4^     )   ^30^  Hir,  and 

5a(J6)        to  their  simplest  form. 

6.  Reduce  3-^4;  2^a;  3(«)3  ;  a(c)^;  2a(ga'')~3;  "t(im)^  and 

/am  +  P9  \  -  1 
ram  +  pa)    I        to  entire  surds. 

^     V^-IlJ    _      _       _  If   Ua    Yl 

7.  Reduce  ^135  ;  VlG2  ;  V80  ;  7^324  ;  W?  ;  2[l^^^J 

and  (0'."^^  -  a^m^  +  a^m^y  to  their  simplest  form, 
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:^< ^  to  their  Simplest  forms. 

9.  Compare  as  to  their  magnitude  3V2  and  3^3  ;  3^2^,  2V11 
and  3VT. 

10.  Simplify  4Vl8  +  3V32  -  \/2  -  4V8  +  5V98  ;  also  8Vt  +  V^O 
-VV15'+VI- 

11.  Simplify  V28  +  V^i   +  2V63  -  2^24  ;    also  Zh''{ahy  + 
2  1  fac\\ 

12.  Simplify  ^^'^in^f^^W'^^*^  +  j^^ffi^- mTi  +  3  jm  +  *  _  jj^ipj.^^m 

13.  Multiply  5V6  by  3V7 ;  3V40  by  2V5 ;  V^  by  5 V 10;  and 
3V6  by  4^60. 

14.  Multiply    ^\Q   by  V8  ;    4a^  by  W  ;    2V3   by  ^T2  ;  and 
(V4  X  7V«)  by  iV5. 

ax  .  6y  ^^'^  ./ 

15.  Multiply  together  —  \lax,    —  ^Jby    and    —  ycz  ;  also 

X  -  *Jxy  +  yhj'i/x  +  *Jy. 

16.  Multiply  4V3  +  3^J1  by  2V2  -  4V5 ;  and  2V3   +  sVf  by 
3V2T-  4V3. 

17.  Divide  3V2  by  4V3  ;  5V7  by  3^/8  ;  2V§  by  VI  /  and  2V2l 
by  3V3l. 

18.  Divide  6VT2  by  3^7  ;  3^4  by  2V5  ;  4V5  by  3^?  and  4^^ 
by  3^ax. 

19.  Divide  *J2  +  3Vi  by  iVJ  i  4V3  -  5^4  +  6^1  by  2^3 ;  and 

20.  Rationalize  V'?  +  G  i  V3  -  V2  ;  W^  -  ^27 ;  WJ  +  ?V2  and 

21.  Rationalize  the  denominators  of  -jj^Tw^  ;    ^7^3-^ 
2V3  +  V11  7    T    -v  -v         ^ 
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3  n\]m  -  m*Ja 

22.  Rfttionnlizc  iho  (Icuominaiors  of  -7- :—  ;    — ; 7- 

2  ^  3  /,  V3  -  V-r         "V'n  +  "'V« 

ond — — 

iVi  -  >i  Vi  ., ^ 

V J/+  .T  +  1    -    V^    -  I  -   1 

23.  Rationalize  the  denominator  of  — :=■. 

^x'^'  +  x-i-l  +  V^*-x  -  1 

1  1  -  3V2 

24.  Rationalize  the  denominators  of  nj" T^Js'  lT3V2"-T3 

2  +  3V3  V        V        V  y        V 

and 


1  +  2  y/S  -  V2  TUEOUEMS. 

183.  Theorem  I. —  The  prodtict  of  two  dissimilar  quadratic  surds 
cannot  be  a  rational  quantity. 

Demonbtration.  Let  Va  and  V''  be  any  two  dissimilar  surds. 
Then  V«  x  V''  cannot  be  equal  to  r,  a  rational  quantity.  For  if 
it  be  possible  let  ^ax^b  -  r.     Then,  squaring,  we  get  ab  =  r^ 

■  6=—  r— -  =  —  a.   Hence  extractipg  the  square  root  we  get 
a         a^       a* 

^b  -  —-[fa ;  that  is,  %Jb  may  be  made  to  have  the  same  surd  factor 

as  V«,  and  therefore  V«  a°<l  V'  are  similar  surds  (Art.  I7l),  but 
by  hypothesis  they  are  dissimilar,  therefore  they  are  both  similar 
and  dissimilar,  which  is  impossible.  Hence  V  x  V'*  cannot  be 
equal  to  a  rational  quantity. 

184.  Theorem  II. — A  quadratic  surd  cannot  be  equal  to  the  sum 
or  difference  of  a  rational  quantity  and  a  quadratic  surd. 

Demonstration.  For  if  it  be  possible  let  V«)  a  quadratic  surd, 
be  equal  to  the  sum  or  difference  of  r,  a  rational  quantity,  and  V&, 
another  quadratic  surd,  i.e.,  let  >Ja  =  r±^Jb.   Then  a-r'  i  2r^jb 

a  -  r'  -  b 
+  6   .•.   +  2rVi'  =  a-r'-b  or  ±  ^b  = ,  that  is,  a  quad- 
ratic surd'  equals  a  rational  quantity,  which  is  impossible  from 
the  definition  of  a  surd. 

185.  Theorem  III. — J  quadratic  surd  cannot  be  equal  to  the 
sum  or  difference  of  txvo  dissimilar  quadratic  surds. 

Demonstration.  For  if  it  be  possible  let  ^/a  =  ^b  ±  \jm  where 
V(7,  V''  and  ^]m  are  dissimilar  quadratic  surds 
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Then  a  -  b  ±  2^b  x  ■sjm  +  7?i  .-.   \  Isfb  x  ^/m  =  b  +  m  -  a  or 
b  +  m  -  a 

Vo  X  V'"  = • 

i2 

That  is,  the  product  of  two  dissimilar  surds  equals  a  rational 
quantity,  which  is  impossible  by  Theor.  I. 

186.  Theoukm  IV. — In  any  equation  consisting  of  rational 
quantities  and  quadratic  siirds  the  rational  parts  on  each  side  ara 
equal,  and  so  also  are  the  quadratic  surds. 

Demonstration.  Let  a  +  '\/6  =  z  +  ^/y,  then  a  =  x  and  ^/b  -  ^y. 

For  since  a  -i-  ^/b  ~  x  +  -^/y,  then  V''  ~  {^  -  o)  +  Vy  i  hence  if 
X  -  a  does  not  -  0,  that  is,  if  x  does  not  ~  a  then  we  have  V^  = 
the  sum  of  a  rational  quantity  and  a  surd,  which  (Theor.  II)  is 
impossible.     Therefore  x  -  a  and  consequently  \Jb  =  ^/y. 

Cor.  1.  Hence  if  a  +  ^Jb  =  x  +  */y  then  also  a  -  ^b  =  x  -  ^y, 

Cor.^  2.  Hence  also  if  a  +  ^/b  =  0,  then  a-  0  and  also  V*  =  0> 
as  otherwise  we  should  have  ^/b  -  -a,  i.  e.,  a  surd  =  a  rational 
quantity,  which  is  impossible. 

187.  Theorem  V. — If  the  square  root  of  a.  +  ijh  =  x  +  Vy,  then 
the  square  root  of  a  -  '^h  =  x  -  Vy- 

Demomstration.  Since  by  hypothesis  ^(a  +  ^/b)  =  x  +  ^y, 
squaring  these  equals  we  get  a  +  'Jb  =  x''  +  2x^/y  +  y,  and  .-. 
(Theor.  IV)  a  =  x^+  y  and  V&  =  2iVy.  Then,  subtracting  equals 
from  equals,  we  have  a  -  \Jb  =  x''  -  2xt/y  +  y\  whence  ^{a  -  ^b) 
=  X  -  Vy. 

Cor.  Hence  if  -^Ji^Ja  +  \Jb)  -  \Jx  Jr  i/y,  then  also  VCV'^  ~  V^) 
-^jx-  Vy. 


188.  Suppose  it  is  required  to  extract  the  square  root 
of  a  binomial,  one  of  whose  terms  is  rational  and  the  other 
a  quadratic  surd,  wc  may  proceed  as  follows : — 

Let  the  given  binomial  whose  square  root  is  to  be  extracted 
be  9  +  4V5,  and  let  V-*^  +  Vy  =  the  required  square  root. 
Then  V(9  +  4V5)  -  V^  +  Vy  •'•  9  +  4V5  =  ^  +  V^y  +  y. 
Hence  (Theor.  iv)  x  +  y  =  9,  and  2Vxy  =  4V5  or  4xy  =  80. 
Then  (^  +  y)^  =  x^t  2xy  +  y*  =  8I,    Subtracting  the  equals 
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Ary  and  80  from  those  equals,  wo  get  r'  -  3xi/  V  y'  -  1,  wlictico 
X  -  y  -  1,  but  X  4-  y  =  9  .-.  2z  =  10  and  .r  =  5.  Also  2i/  -  8  and 
y  =  4.     Ilenco  V-*^  +  Vv  =  V^  +  V^  =  V5  +  2  =  square  root  required. 

189.  Instead,  however,  of  working  out  the  question 
thus  in  full,  we  can  easily  deduce  a  general  rule  for  ex^ 
tracting  the  square  root  of  certain  binomials  of  the  kind 
alluded  to. 

Thus,  let  a  +  ^h  represent  the  given  binomial,  and  let  ^x'  +  V.V 

-  the  required  square  root.     Thus  wo  have 
V(«  +  V^)  =  V-"^  +  Vy  !  t'len  by  Cor.  Theor.  v, 
V(<f  -  V'')  =  V-*^  "*  Vy  )  multiplying  equals  by  equals  we  get 
V(a'  -  b)  =  X  -y;  but  by  squaring  the  first  equation  we  get 
a  +  ^b  =  X  +  2\Jxy  +  y ;  therefore  by  Theor.  iv, 
J  +  y  =  a,  and  we  have  shown  that  x-y=  V(a*  -  b), 
Hence  by  addition  2i  =  a  +  V(a'''  -b)  .•.  x  -  \  \a^- ^J  (a^ '-  b)  }, 
By  subtraction  2y  =  a  -  V(a*  -b)  ,•.  y  -  i  {  a-  \l{u?  -  b)  }, 
And  substituting  these  values  for  x  and  y  in  the  first  equation 

we  get  the  square  root  required. 
Ex.  1.  Find  the  square  root  of  11  +  6V2. 


LetVU  +  6V2  =  V^  +  Vy 

(1) 

Then  ^/rr~6^  =  ^x-<^y 

(") 
(III) 

Theor.  v  Cor, 

V121-  72  =  x-y 

=  0) X  (n). 

V49  =  X  -  y 

(IV) 

=  (hi)  reduced. 

.:x-y=n_ 

(V) 

11  +  6V2  =  X  +  2Vxy +  y 

(VI) 

=  (i)  squared. 

.-.   x  +  y=  11 

(VII) 

from  (vi)  by  Theor.  IV 

But  X  -  y  =    7 

(V) 

.•.  2x       =  18  and  x  =  9 

(VIII) 

=  (vii)  +  (v). 

Also  2y       =4  and  y  =  2 

(IX) 

=  (vn)  -  (V). 

Hence  VU  +  672  -  V^^  +  Vv  ~  V^  +  V2  -  3  +  V2 
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Find  the  square  roots  of  : — 

1.6  +  V20.                     2.   12  -  ^/^A0'.  3.  32  +  V63- 

4.  23  -  2V22.                 5.  10  -  ^/9G.  6.  42  +  3V174-2. 

"7.  2  +  V3.                      8.  43  -  15V8.  9.  a-  2'^'cr-l. 

_  d^             _____ 

10.  2a+2Va'-i'.         11.  8  +  V39.  Vl.  -  ■\- ib^¥^b\ 


190.  It  appears  from  Art.  189  that  when  a*  -  6  is  not 
a  perfect  square,  V«  and  'Jy  will  be  complex  surds,  and  the 
expression  ^Jx  +  Vy  will  be  more  complex  than  the  given 
expression  V(«  +  V^)-  Sometimes,  however,  the  square 
root  may  be  similarly  found  of  a  binomial  consisting  of  the 
sum  or  difference  of  two  quadratic  surds,  i.e.,  a  binominal 
both  of  whose  terms  are  quadratic  surds.     This  is  evident 

from  the  fact  that  Vf?c  +  V&  niay  be  written  Vc  («  +  V-)j 

and  then,  as  above,  if  a^  -  -   be    a   perfect   square,   the 

square  root  of  a  +  V-  may  be  represented  by  ^x  ±  ^y. 

Ex.  Extract  the  square  root  of  V27  +  2V6. 

OPERATION. 

V27  +  2V6  =  V9\/3  +  2V2V3  =  V3(V9  +  2V2)  =  V3(3  +  2V2). 

Hence  V(V27  +  2V6)  =  V{V3(3  +  2V2)}  =  V3V3  +  2V2. 

Let  V3T272  =  V-^  +  Vy,  then  V3^W2  -  V^  -  V2/. 

And  V9-  8  -  X  -y  .-.  x  ~y  =  I. 

But  3  +  2V2  =  X  +  2\Jxy  +  y  .-.  a;  +  y  =  3. 

Hence  2x  =  4  and  x  =  2  ;  2y  =  2  and  y  =  1. 

Therefore  V3  +  2V2=  V2  +  1,  and  V3  (V2  +  1)  =  V3  {ij\  +  VO 
:=  yii  +  V3. 

EXERCISK   XL VI. 

Find  the  square  roots  of: — 

I,  'pi  -  V24,      2,  Sa/o  +  y^-      3-  3y6  +  2V12.     4.  V18  -  4' 


I'lS  IMAniNARY   QUANTITIES.  [Skot.  VUl 

IMAGINARY     QUANTITIES. 

191.  An  imaginary  quantity  is  an  expression  wliicli 
roproscnts  an  even  root  of  a  negative  quantity.  (Sco  Art 
142). 

Thus,  V"^;  V^^l  V--~i;  V~*;  V-^',  &c.,  an;  imaginary 
quantities.  We  can  approximate  to  the  value  of  surd  quantities, 
but  we  cannot  even  indicate  an  approximation  to  the  value  of 
an  imaginary  quantity,  which  must  therefore  be  regarded  as  *« 
purely  symbolical  expression.  Such  expressions,  however,  often 
occur  in  practice,  and  so  far  from  being  useless  have  lent  their 
aid  in  the  solution  of  questions  requiring  the  most  skillful  and, 
delicate  analysis. 

192.  Imaginary  quantities  may  be  added,  subtracted, 
multiplied,  divided,  &c.,  like  ordinary  surds,  attention 
being  paid  to  the  few  simple  principles  given  in  next  para- 
graph. 

193.  I.  Any  imaginary  quantity  may  be  reduced  so  as  to 
involve  only  the  imaginary  expression  V  -  1 ;  because  V-a* 
=  Va^x  - 1  =  V«V  -  1  =  ±  a  V~l.    So  also  V^  =  V^V^  ; 

II.  (V  -  af  =  ■-  a,  that  is  'J  -  a  x  V  -  a  =  -  a.  For 
though  it  is  true  that  V-  a  x  V^  =  '^-ax-a  =  'Ja'=±ay 
we  say  hero  that  ^/a^  =  -  a  because  we  know  that  the  a* 
has  arisen  from  squaring  -  a.  We  only  use  the  double 
sign  +  where  we  wish  to  indicate  that  a^  might  have  arisen 
from  squaring  either  +  a  or  -  a, 

IIL  (V~iy  =jpi ;  (V^r  =  -J_;  (V~ir ^(V~l)* 
X  V-l=-l  xV-1  =  -V-1;  (V-1)*  =  |(V-1)'|^  = 
(-  1)^  =  +  1,  and,  since  every  whole  number  may  be  ex- 
pressed by  one  of  the  four  expressions  4»,  4»  +  1,  4n  +  2, 
4»  +  3,  according  as  when  divided  by  4  it  leaves  a  remain- 
der of  0,  I,  2,  or  3,  and  (V^l)*"* '  =  V~l ;  (V"^!)'"* ' 
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-  -  1 ;  (V^)"'  * '  -  -  V^  aud  (T^Y"-  =  +  1,  it  fol- 
lows that  the  formulae  V-l,  -1,  -V-1,  and  +  1  express 
all  the  powers  of  V  -  1. 

IV.  ^J~a  X  VTft^^  Vo  V~l  X  -Jh  V"^  =  V^(V~1)' 

=  V«6    X  -  1  :^  -  \]ab. 

Ex.  1.  The  sum  of  V^  + V-18  =  ■Ji^/~2  +  V9V-^=  2V"^ 

+  3V^^5V-2.  

Ex.  2.  The  sum  of  3-V^4'-(2  +  V-1)  =   3-V64V-1  -  2 

-  V~l  =  3  -  8^"^  -  2  -  -y^TT  ^1-9  V^^ 

Ex.3.  (2V^(3V~3)  =  (2V2V^1)(3V3V~1)  =   6V6(V^)== 
=  (6V6)  X-  1  --6V6. 

Ex.  4.  (1  +  V~l)'  =  1  +  2V~1  +  (V-^)^  =■  1  +  2V^-  1  ^  2  V^ 

Ex.  5.  (5  +VTT)(5_^r^)   ^   (5)2 -(V^)^  =  25 -(-7)  = 

25  +  7  =  32. 

2V8  V"^0        2V4V2 

Ex.  6.  2V8  -  V-  10  ^  -V-2  -  — -=  -  -  = 

-V-2       -V-2       -V-2 

V5V^  _      4V2  V^V^         -  V5  V^       4V^^  V~-^ 

-V^     -V^       -V^         -V^  -V^ 

V5(-V^)        v^^  — 

=  =iz +  (4V-  1)  ~=r^V5  +  4V-l(-l)^V5-4V-l- 

-V-2  -V-2 

Ex.  7.  Find  the  square  root  2  +  4V  -  42. 


Let  V2  +  4V  -  42  -  V^  +  Vy- 


V2  -  4V  -  42  =  \/x  -  'Jy. 

■/T-lQ'x^T, -  V4  +  672  =  V6^  =  26  =  x  -  2/. 

Also  2  +  4V-42  -  a;  +  y  +  2Vxy      .-.     2  -  x  +  y.         

^ence  x  =  14  and  y  =  -  12  and  V^  +  Vj/  =  Vl'l  +  V  -  12  = 

Vl4  +  2V"^.  

ExaBciaB  XLVII. 
Find  the  value  of  ;— 

1.  (4V"^7)  -  (2V-12)  and  also  of  (a  H-  V~^)  +  («  +  V -^)- 
a,  The  sum  of  V^j  V"-Tand  V  -  H' 
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3.  The  s<niarc  root  of  7  +  G^  -  2. 

5.  The  flquare  of  (V"^  -  3V"^3). 

1 

6.   rrr  with  denominator  rationalized. 

V2  +  V  -  5 

7.  (av/Ti)i«;  (V~l)'*^~l)",and(V~l)''". 

8.  The  square  of  (a  -  V  -  a)- 

9.  The  cube  ofV2  -  V  -  4. 

10.  The  square  root  of-  2  -  2V  -  15. 

11.  The  square  root  of  V  -  1  and  of-  v*  -  f. 

12.  The  square  root  of  31  +  42  V  -  2. 

13.  (4  +  V-  2)  divided  by  (2  -  V-  2). 

14.  14  -  vis  -  (7V3  +  2V5)V"^  divided  by  7  -  V^^ 

15.  (a  +  6  V"-T)  multiplied  by  (a  -  6  V^)-* 

SECTION  IX. 

QUADRATIC     EQUATIONS. 

194.  A  quadratic  equation  is  one  which  involves  the 
Beco7id  jyower  of  the  unknown  quantity,  but  no  higher 
power  than  the  second. 

NdTB.— Quadratic  equations,  like  equations  of  the  flrst  degree,  may  In- 
volve only  one  unknown  quantity,  or  thoy  may  involve  two  or  more 
tinknown  quantities.  In  the  latter  case  they  are  called  simultaneous  quad- 
ratic equationt. 

195.  Quadratic  equations  are  of  two  kinds: — 
I.  Pure  Quadratic  Equations ;  and 

II.  Adfected  Quadratic  Equations. 

196.  A  Pure  Quadratic  Equation  is  one  which  involves, 
when  reduced,  only  the  second  power  of  the  unknown 
quantity. 

*  Th<9  W«ftn)pl§  indiCRtes  a  mode  of  resolving  a*  +  l"^  into  factors 
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Thus,  x^^a;  x^  ^0;  a:*  =  (x^f  ^  16 ;  x^"^  =  x^  ^  {x^f  =  4 ; 
ax^  +  b  -  cx^  -  m,  &c.,  are  pure  quadratics. 

197.  An  Ad/ected  Quadratic  Equation  is  one  which 
involves  the  Jirst  power  as  well  as  the  second  power  of  the 
unknown  quantity. 

Thus,  i^  +  6x  =  27 ;  ox^  -  6x  =  c,  4x^  -  3x  =  2x  -  x^  +  a,  &c., 
arc  adfected  quadratic  equations. 

198.  Any  equation  may  be  solved  as  a  quadratic  if, 
when  reduced  by  transposition,  &c.,  the  unknown  quantity 
appears  in  but  two  terms  and  its  exponent  in  one,  is  double 

that  in  the  other.  Thus  x^  +  x"^^  =  3,  x  -  b^Jx  =  50 ; 
Vx  +  3  Va5  =  9,  X*  -  2x^  =  8,  &c.,  may  be  solved  as  quad- 
ratics, but  they  are  not  properly  speaking  quadratic  equa- 
tions. 

199.  Equations  involving  surds  are  generally  capable  of 
being  solved  only  by  the  methods  employed  for  quadratic 
equations,  but  they  are  frequently  reducible  to  simple 
equations  by  the  following : — 

Rule.— ^rrang-e  the  surd  terms  on  one  or  both  sides  of  the  equa- 
tion,  as  appears  most  convenient ;  square  both  sides  of  the  equation^ 
transpose  and  reduce  ;  again  square  if  necessary ^  and  so  on. 


Ex.  1.  Given  VT  + 

V6  +  V-P 

=  3  to  find  the  value  of  x, 

OPE 

(0 

RATION. 

Vt  +  V6  +  V^  =  3 

7  +  V6  +  Vi  =  9 

(") 

=  (i)  squared. 

V6  +  V^  =  2 
C  +  V*  -  4 
V*  =  -  2 
X  =  4 

(III) 

(XV) 
(V) 
(VI) 

=  (ii)  transposed  and  reduced. 
=  (III)  squared. 

=  (iv)  transposed  and  reduceds 
^  (v)  ^quftred, 
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Ex.  2.  Given  V  I-'  +  2V('"  +  'i^))  -  -Ji  -  sja  to  find  the  value 
of  X.  • 

Ol'KUATION. 


Vlr  +  2 V(ax  +  rt')}  -  -Ja^  \Jx 
X  +  2 VC"*  +  «')  -  a  +  2V<''J:  +  ^ 
2V(<":+a^)  =  (t+2'\/ax 
4ax  +  4o^  =  a*  +  ^Chjax  +  4ax 
4Va*  =  3o 


(0 
(>0 

(III) 

(IV) 

(V) 
(VI) 
(VII) 
(Vlll) 


=  (i)  trandposeJ. 

=  (ii)  aquiircd. 

=  (in)  transposed. 

=  (iv)  squared. 

=  (v)  trausp.  and  then  -c-  a. 

=  (vi)  squared. 

-  (vii)  ^  a  and  then  ^  16. 


Ex,  3.  Given  ^a  +  x  =  'JJ'PT'Sai  +"5'  to  find  the  value  of*. 

OPEHATIOX. 


a  +  X   -   ^^?~+  5ax +~5^ 


rt  +  X  -  ^x-  +  5<u;  +  6* 
a''  +  2ax  +  i^  =  z^  +  5ai  +  6^ 
Sax  =  0^-62 


3a 


(0 

(n) 
(m) 

(IV) 
(V) 


=/(i)  raised  to  the  m^  power, 

-  (ii)  squared. 

=  (m)  transp.  and  reduced. 

-  (iv)  T  3o. 


jQx-i       15  +  V9x 
Ex.  4.  Given  —, — — r  -  -. — —77-  to  find  the  value  of  x, 


OPEBATION. 


VOa;  -  4         15  +  V9^ 


V*  +  2    ~     V^  +  40 

3x  -  4^/3;  +  40V9X  -  160  ) 

-  15^1  +  3i  +  30  +  2-j9x  \ 

-4Vx+120Va:-15V^-6V^-  30+160 

95Vx  =  190 

-Jx  -  "£ 

X  =  4 


(I) 

(") 
(III) 

(IV) 
(V) 
(VI) 


-  (i)  cleared  of  fractions. 

=  (11)  transp.  and  red. 

-  (ui)  collected. 
=  (iv)  T  95. 
»-(v)  squared. 
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Find  the  value  of  x  in  the  following  equations  : — . 

X  -  2       2'Jx 

1.  Vl2  +  x  =  2+V^.  2.-^=  — 

3.  V-K  -  24  =  *Jx  -2.  4.  V^  -  V"^^  =  ^aTlc. 

5.  »jJ'J'\/^/xTU3  +  4  +  5  +  6+7  =  2. 


6.  V*  +  V^  =  V'^^'-  "^^  V2x  +  Va;^  - X''  =  X  +  2. 

aJx  +  28       38  +  ^x  1 

8    -5^^ =  -; — .  9.  'Jx  +  'Jx+  2  ^  4(2  +  x)      * 


10.  V«  +  ^  +  Vtt  -  ^  =  V"-^'  11-  «  +  ^  =  Va'''  +  X'^b'^+  x\ 

'ijx  +  2a       4rt  +  V^ 
12.  6  +  x  +  V(6'^  +  «x4.x^).«.     13.     ^__^  =  -^-_^^. 

14.  V*  +  V4a  +  x=2a(l  +  x)~^.     15.  \Jx-i2  =  l&-\lx. 
._         ^       3   /      X 


18.  V^cT~a  =  c-V^  +*•     19.  a;'^  +  «'^  =  Va"^  +  V4«i"H-"^+9-r"* 

20.  V^+^+  ^=^"^^  =  m. 
^x  -^  a  -  '^x  -  a 

200.  To  solve  pure  quadratics  we  proceed  by  the  fol- 
lowing : — 

RcLE.— ffauing-  reduced  the  equation  to  the  form  of  x*  =  «, 
extract  the  square  root  of  each  side,  and  prefix  the  double  sign  +  to 
the  right-haivi  viember  of  the  resulting  equation. 

Ex.  1.  Given  x^  =  a  to  find  the  values  of  x. 

OPKRATION. 


x^-a^      I    (I) 
X  -  ±a    I  (ii) 


-  1  witli  square  root  extracted 
L 
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Ni>TK. — Tlio  youDK studont  in  AI);obraiHHometim(mat  a  Iobk  to  know  wliy 
tho  double-  Kigu  t  is  not  ftlso  proftxod  to  tliu  loft-liaud  inuinbor,  wncc  cx- 
tractiiif;  the  Kiiuiiro  root  of  ouch  aidodoo!)  really  tivo  i  x  -  +  a  inntoud  of  x 
=  +a.  Till'  former  of  thetic  oxpronHioDM  in,  howuvor,  oaHily  rt'duciblo  to  tho 
latter.  Thus,  if  i  x  =  +  a,  then  +  a;  =  +  «,  or  -|-  x  ;-  —a,  or  —  x  r= 
+  a,  or  —  X  =  —  a,  but  tho  laat  two  of  thodo  oxproHSiont;  aro  oquivalont  to 
tho  tirtit  two  transposed.  So  that  on  tho  whole  x  i=  a  or  x  :^  --  a,  that  in, 
X  =:  +  a.  It  appearH  from  tliis  that  when  wo.  extract  tho  square  root  of 
the  two  meuiberg  of  an  eciuatiou  it  i8  Hutncient  to  put  the  double  xigu 
before  the  root  of  one  of  the  uiomberc. 

Ex.  2.  Given  4x^  +  11  =  i*  +  14,  to  find  tho  values  of  i. 


4x^+  11 

3x*=  3 
1^=  1 
x=  +  1 


+  14 


0) 

(") 
(III) 

(IV) 


=  (i)  transposed  and  collected. 

=  (II)  V  3. 

=  (ui)  with  V  of  each  member  taken. 


Ex.  3.  Given  3x'^  -  4  = 


x^  +  2 


5x" 


—  to  find  the  values  of  x. 


j-^  -  4  = 


x^+2 


5x0 
15z*-20  =  a:''+2 
14«*  =  22 


(0 


(ii)    =  (i)  X  5x",  i.  e.  X  5  since  x" 
(in)    =  (ii)  transposed. 
(IV)    =  (III)  T  14 

,  2a? 

Iz.  4.  Given  x  +  V"^  ^^ 


-J  a?  +  x' 

OPEBATION. 


to  find  the  values  of*. 


as  +  'sjW~Vl?  - 


•la?' 


xVa^+~i?  +  a''  +  ar^  =  20* 

X'yjd?  +  x^  =  a^  -  x'^ 

u?z^  +  x*  =  o*  -  laH^  +  X* 

3a2r«  =  a* 


^-^ 


(0 
(n) 
(III) 

(IV) 
(V) 

(VI) 


=  (i)  X  Va-  +  x^ 

-  (ii)  transposed. 

=  (ill)  squared. 

=  (iv)  transposed 

=  (v)  4-  -ia^. 


a;^  +  aVi  =  i«Va=l  W3- 
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Ex.  5.  Given  ^"' ~  ^'  "  V'^  +  -^'  _  ^   to  find  the  value  of  .c. 

OPKRATION. 


-  2Vc^  +  x^    ~  b  -  d 


f.2_  T*  , 


(b+jiy 


(a^+c*) 


(0 

(") 
(in) 

(IV) 

(V) 


=  (i)  taken  as  in  Art.  106  (vii). 

=  (ii)  cancelled  and  then  squared. 

=  (ill)  taken  as  in  Art.  lOG  (viii). 

=  (iv)  X  (a-'  +  c'). 

2a\b'^  +  (P)  -(6  +  (i) V  -  (6  +  c/)V 


2         (^  +  ^)' 
^'  "  ^  ~  2(6^  +  d')   ("'  ■*"  '^'^  ~  2(6^  +  d^) 

^\2b''  +  2d'-b'^  +  2bd -d^)-c'^(b+  df  _  dXb^-2bd  +  d?)- c\b  +  dyt 
2(6^  +  d^)  ~  2(62TrfO 

_  a'^(6  -  (f)"  -  c^(fe  +  (i)^ 
^  2(6^  +  d^) 

KCTE.— In  equatiODB  of  the  form  of  Ex.  5,  in  wliich  the  unknown  quan- 
tity does  not  enter  into  both  sides,  the  principles  deduced  in  Art.  106  may 
be  used  with  much  advantage,  as  is  here  illustrated. 


EXEHCISE  XLIX. 


Find  the  values  of  x  in  the  following  equations  : 
1.  2x'''-6  =  x2  +  3. 
2x        x2  +  3 


9  9 

2.  1, — w-  +  Ti—ir  =  25. 
2  +  2x       2  -  2x 


3. 


4.  4x''«-8x"  =:  1. 


3  2x 

5.  (X  -  3)2  =  13  -  6x.  6.  3(x  +  5)^  -  7x  =  23x. 

10x2+  17       5x2-4  _  12x2+2 

18  9        ~  11x2-8' 

8.  24  -  V9  +  2x2  -  15  9    ^^  +  V(^  -  3)(*'  +  3)  =  4a. 

fl  'i/ti'^  —  r'^        X  _ ,_^_ 

10.  -  +  — -  =  r-  11-  Va*^  "  '^  +  i^  -  ^10^^^^=  b. 

X  X  0 

12.  2ax2  +  5  _  4  =  cx^-5  +  d  -'ay?. 
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13.  V""  -  ^^  *"  J V"'-~i  =  't'Vi  -  •*;^' 

14.  X  +  ^ir+~P  =  ,-.  —  . 


201.  By  transposition  and  reduction,  and  change  of 
signs,  if  necessary,  every  adfccted  quadratic  equation  may 
be  reduced  to  the  form 

x^  +  ])X  +  q  =  0 

where  p  and  (j  arc  cither  positive  or .  negative,  integral  or 
fractional. 

202.  To  investigate  a  rule  for  solving  adfected  quad- 
ratic equations,  we  proceed  as  follows  : — 

If  we  take  any  binomial,  as  x  +  a,  and  square  it,  we  obtain 
x'  +  2ax  +  d^.  Now  we  observe  that  (a'O  the  last  1'^rm  of  this 
square  is  the  square  of  half  the  coefficient  of  .t  in  the  second 
term,  and  we  hence  conclude  that  when  we  have  reduced  a 
given  quadratic  equation  to  the  form  x'^  +  px  =  -  p,  we  may 
regard  the  left-hand  member  as  being  composed  of  the  first  two 
terms  of  the  square  of  a  binomial,  and  that  we  may  make  the 
1st  member  a  complete  square  by  adding  to  it  the  square  of  half 
the  coefficient  of  its  second  term,  and  of  course  adding  this  to 
one  side  we  must  also  add  it  to  the  other,  in  order  to  preserve 
the  equality  of  the  members.  Thus  we  get 
p2  p^ 

x'^  +px  +  -  =  -  q  +  —. 
4  4 

The  first  member  of  this  equation  is  now  a  complete  square,  and 
we  observe  that  by  extracting  the  square  root  of  each  side  we 
shall  get  rid  of  the  second  power  of  the  unknown  quantity,  and 
thus  reduce  the  quadratic  to  a  simple  equation.     Thus, 


x  + 


1-4? 


9 


Whence  by  transposition  x  =  -  I  p  ±    I      -  q 


That  is,  X  -  i(±^fp~~  4j  -  p) 
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x^+  lOx  =  -24 
x^+  lOx  +  25  =  1 

x  +  5  =  +  1 
a;  =  +  l-5=-4or-6 


203.  Hence  for  the  solution  of  quadratic  equations  wc 
have  the  followini-- 

Rule. — By  transpoiiiion  and  reduction  arrange  the  equation  in 
such  a  manner  that  the  two  terms  involving  the  unknown  quantities 
shall  be  alone  on  the  left-hand  side,  and  the  coefficient  of  x'  shall  he 
+  1. 

II,  jldd  to  each  side  of  the  equation  the  square  of  half  the  coeffi- 
cient ofx. 

III.  Extract  the  square  root  of  both  sides  of  the  equation,  and 
thence  by  transposition  find  the  values  ofx. 

Ex.  1.  Given  x^  +  lOx  =  -  24  to  find  the  values  of  a;. 

OPEKATION. 

(I) 
(11)    ,=  (I)  with  (^i^y  =  5^  =  25  added  to 

each  side, 
(ill)    =  (11)  with  square  root  taken, 
(iv)  I  -  (ill)  transposed. 
NoTK.— When  we  solved  the  general  equation  x^-[-px-\-(i=0,  wo  obtained 
X  ^=  i(  i  yp^  —  47  — ji).    Now  we  may  use  this  as  a  formula  for  finding 
tlic  value  ol  a;  in  a  quadratic  equation.    Thus,  in  the  lust  example  p  =  10 
and  q  =  2i;  then 

X  =  \{i^^Jp^~~~A^ -  y)  =  i(+Vi00~~96  -  10)  =  i  (±  V4  -  10) 

—  8       —  12 
=  i  (i  2  -  10)  =  Y  or  — -  -  -  4  or  -  6. 

But  although  quadratic  equations  may  thus  be  solved  by  formula,  this 
method  should  be  resorted  to  only  by  the  advanced  student,  as  the  junior 
student  requires  all  the  practice  he  can  get  in  the  solution  of  quadra- 
tics by  completing  the  square,  &c. 

X  z  +  1        13 

Ex.  2.  Given +    =  —  to  find  the  values  or  x. 

X  +  I  X  6 

OPEUATION. 

X  X  +  1       13 

x+  1  X      ""6 

Gx2  +  6(x  +  l)2=  13x(x+  1) 

6x'^  +  Gx^  +  12x  +  6  =  13X''  +  13x 

x^  +  X  =  6 

x'-^  +  X  +  i  =  6  +  i  =  -/^ 

X  +  J  =  ±  I 
x  =  ±^-.'^-2or-3 


(0 

(") 
(III) 

(IV) 

(V) 

(VI) 

(vi;) 


=  (i)  cleared  of  fractions. 
=  (11)  expanded. 
=  (in)  transp.  and  red. 
=  (IV)  with  i  ^  (i)'  added. 
=  (v)  with  sq.  root  taken. 
-  (vi)  transposed  and  red. 
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2t  +  9       4x  -  3  3r  -  10 

Ex.  3.  Given +  - — -^  =  3  +  — r^—   to  liuJ  Uic 


values  of  I. 

2j  +  9  4x-3 
lr  +  3 
72i  -  54 


Sx-IG 
9      ■^4iH^''^"^"l8~ 


4x  +  3 


=  54  +  3x-lG 


20  -X. 


4J+18  + 

721-54 
4x  +  3    '' 
72x  -  54  =  80x  +  60  -  4i''  -  3x 
4x^-5z=114 

X='-fx  =  4A 

^  -  f  =  V^^'''  =  +  ^^ 


4x  +  3 
OPEUATION. 

0) 

00 


18 


a:  =  ±  V  + 1  =  6  or  -  43 


(m) 

(IV) 

(V) 

(VI) 

(VII) 

(VIII) 


(IX) 


=  (1)  X  18. 

=  (ti)  transp.  and  red. 

=  (III)  X  (4i  +  3). 
=  (iv)  transp.  and  red. 
=  (V)  ^  4. 

=  (vi)with(^)^  added. 
=  (vn)  with  square  root  of 
each  aide  taken. 
=  (viii)  transp.  and  red. 


Ex.  4.  Given  — ^  - 


a^cV  —  2cicw?x  =  -  m* 

2m*  m* 

x^ 1  =  - 


lax       -  m'^ 


to  find  the  value  of  x. 
c 

OPERATION. 


aV 


^  +  -0  =  0 


X  -  —  =  0 
ac 


(0 

(") 
(III) 

(IV) 


=  I  T  aV 


II  with  (  —  1  added. 


Ill  with  3q.  root  not  taken. 


=  IV  transposed. 


Note.— In  this  example  wc  may  conclude  that  the  two  roots  of  the 
equation  are  equal. 


Exercise  L. 
Find  the  values  of  x  in  the  following  equations  : — 
1.  2x«  +  8x  -  20  =  70.  2.  x^  -  19  =  8x  -  10. 

3,  X*  -  8x  =  20.  4.  X*  -  29  =  16  -  12x. 
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5.  2x^  +  ar-15=  lO-x-x'^.     6.  x^  -  4x-  +  15  =  10a;  -  2x^. 
7.   llSx-  ia:''  =  x*  +  23^.  8.  4.x^  -  3a:  -  20  =  5a;  +  300. 

X        a        2 
9.  -  +  -  =  -.  10.  xH3t-72  =  201-i-4x». 

a        X       a 

3i         x-1  x2+12 

'^■x+"^--T-  =  ^-2^-  ^2-^ 4x4-ix  =  0. 

13.  x^-x- ax_2.  14,.  acx^ -It  bcx  =  adx  +  bd. 

X  +  >t/x       x^  -  x 

15. T-       -— - — .  16.  x2-2:_40  =  170. 

X  -  yx  4 

X        3    _  a:        4       11  x-2      x-3       x  +  4       x  +  2 

■  3        X    ~  4        X       12*       ■  x  +  2  ~x+3  ~  x-4  ~  x^' 

19.  (7x  +  3)(3  +  7x)  =  10{2(x-  l)(3  +  x)-  (3  +  2x)(x  -  3)}. 

20.  ax'^-bx  +  c  ^fx'^  +  ex  -  6. 

21.  (a-m  +  x)-i  =  a-i-m-i+ x-i. 

22.  oAx^  -  2x(a  +  6)  Va6  =  («  -  bf. 

204.  Many  of  the  foregoing  equations  when  reduced 
assume  the  general  form  ax^  +  6x  +  c  =  0,  where  a,  h  and 
c  may  be  any  quantities  whatever ;  now  when  we  further 
reduce  this  to  bring  it  under  the  rule  (Art.  203)  we  get 

b  c 

x^  +  —X  =  — ,  and  consequently  we  have  the  inconvenience 

of  dealing  with  fractions  throughout  the  entire  process. 
To  obviate  this  difficulty  we  may  proceed  as  follows :  — 

Taking  the  equation  (u:'^  +  bx  =  c,  let  us  multiply  every  term 
by  4a,  and  then  add  b'^  to  each  side  of  the  reaulting  equation, 
and  we  get  ia'x^  +  4a6x  +  b' =  -  iac  +  b^.  The  left  hand  mem- 
ber is  now  a  complete  square,  and  extracting  the  square  root  of 
•ach  member  we  get    2ax  +  6  =  +  ^6^  -  iac 


-bi'^b'^-Aac. 
whence  x  =  - 


2a 

205.  This  operation  translated  gives  us  the  following  : — 
Rii-E. — Having  reduced  the  equation  to  the  form  ax^  +  bx  =  c, 

multiply  every  term  by  four  times  the  coefficient  of  x',  and  to  each 

member  of  the  resulting  equation  add  the  square  of  the  coefficient 

of  the  second  term. 

Then  extract  the  square  root  of  both  terms^  transpose  and,  reduce 

and  thus  obtain  the  values  of  x. 
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Ex.  1.  (jiveii  3x"-  2x  -  G5,  to  liiul  tho  values  of  t, 


3i*  -  2x  =  G5 
36a;»-24.r=  780 
36J:»-24.r  +  4=784 
6x-2  =  ±28 
6x  =  2  +  28 
6x  =  30  or -26 
x  =  5  or-4i 


OrKUATION. 

=  (i)  X  12  i.  c.  4  limes  3,  tho  coef.  of  x". 
=  (ii)  with  (2)^  =  4  added  to  each  side. 
=  (m)  with  square  root  extracted. 
=  (iv)  transposed. 
=  (v)  reduced. 


(0 

(H) 
(III) 
(IV) 
(V) 
(VI) 

(VII)  =  (V)  ^  6. 


3x  -  7        4x  —  10 

Ex.  2.  Given + i-  =  34  to  find  tlic  values  ofx. 

I  1  +  5 


3x--7     41-10 


■  + 


3i 


x+5 
W^-39x  =  l0 
190x2- 1092r=  1960 
lOOx!*-  1092X+  (39)^=  1900+1521 
14x-39  =  V3481  =  + 59 
14x  =  39±59:=98or-20 
.-.  X  =  7  or-  13 


(0 

(") 
(III) 

(IV) 

(V) 

(VI) 
(VII) 


-  (i)  X  2x  (x  +  5)  and  red. 

=  (ii)  X  28  i.  e.  4  times  7. 

=  (m)  +  (39)2 

=  V'T 

=  (v)  transposed. 

:.   (VI)    V    14. 


Ex.  3.  Given  (Sa^  +  P)(x^  _  x  +  1)  =  (3^^  +  a'')(^x'  +  x  +  1)  to 
find  the  values  of  x. 

OPERATION. 
(3a2  +  62)(x2_a;  +  l) 

=  (362  +  a''')(x2  +  x  +  l) 
x*  -  X  +  1       36^  +  a^ 


X*  +  X  +  1  ^    3a^+b'^ 
2x*  +  2        4^2  +  4a2 
-2x     ~    26«  -  2a2 
x^  +1         26*  +  2a? 


-X     ~      b^-a" 
(62  _  a«)x2  +  62  _  a»  =  -  2  (62+a'')x 
(62-a'0x«+2(62+a2)x  =  a2-62   (vi) 
4(62-«2)V+  8(64-a*)x+4(62+a2y-'  =  4(a2 
4(62  -  ^^^yJ.^^  -).  8(6*  -  a*)x  +  4(6^ 


(0 
(n) 


(III) 


(IV) 

(V) 


(i)  v(3a2+62)(a;2  +  x+l). 
(u)  as  in  Art.  106  (vii). 

(Ill)  reduced. 

(iv)  cleared  of  fractions, 
(v)  transposed. 
•  -62)(62  -  a2)+4(62+a2)2  (vii) 
+  d^y  =  16«262  (vjii) 
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2(6^  -  a-)x  +  2(6^  +  a^)  =  +  iab  (ix) 
(6'-'  -  a^)x  +  (6^  +  a2)  =  ±  2ab 
(b^  -  a'Ox  =  -(b'  +  a')  +  2a6  =  -  a^  +  2ab  -  b'^ 
(d^  -  b^)x  =  a*  +  2ab  +  b'^ 

(a  ~  by        (a  +  by'' 

a -b        a  ^b 


(vn)  -  (vi)  X  4  times  coef.  of  x^,  i.  e.  x  4(6^  -  d^)  and  then  each 
side  increased  by  the  sq.  of  2(6^  +•«')>  the  coef.  of  the  2nd  term, 
(viu)  -  (vii)  with  right-hand  member  reduced,     (ix)  =  'Jwu. 


Exercise  Lt. 
Find  the  value  of  x  in  the  following  equations  : — 
1.  3x^-9  =  76- 2z.  2.  a;-'- a;  =  210. 

3.  4a;2  -  3.r  =  85.  4.  -    +  -  =  5i. 

5        X 

6.  4x'''  +  6x  =  2x-x''^+273.      6.  3x^  +  8x  +  U  :^  32  -  x\ 

2  7 

7.  5i =  .  8.  aV  +  abx  -  acx  +  be. 

^      X        X  +  1 

9.  Jx2  +  .'5  =  §x  +  55.  10.    7x'''-2--(2-V3)x  +  4xV3. 

5  -  X        X  7  +  4x 

11.  x'^  +  Gax  =  b\  12. ~  hx  -  —r—-. 

3+x        3       ^  19 

X       m       5 

13.  —  +  —  -  --.  14.  7nx^  +  mn  --  2)nx\Jn  +  nx'^. 

m       X       m 

(a+l)(l+x»+x'»)         x'^+3x^+G 

15.  (l+x+x^)''  =   ■— 16.    -„- ,  =  x^+  2x+  15. 

^  '  a-  I  x^  +  x-'i 


THEORY  OF  QUADRATIC  EQUATIONS. 

206.  Wc  have  seen  (Art.  204)  that  the  roots  of  the 
general  equation    ax^  +  5x  +  c  =  0  are 
-h  ±'J¥  -  4ac 
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Now  from  this  it  appears  that 

I.  Tho  two  roots  :irc   roal   ami   difTorcnt   in    value   if 
t'>4ar. 

II.  The  two  roote  are  roal  and  o(iual  in  value  if  i^  =  iac. 
III.  The  two  roots  are  impossible  or  ininginary  if  f/<4ar. 

Hence  if  any  equation  be  expressed  in  the  form,  ofax^  +  bx  +  c  -  0, 
its  roots  are  ubal  awl  different,  real  and  equal,  or  imaginary, 
according  as  b'  >,  =  or  <  4ac;  and  similarly  if  the  equation  be  of 
the  form  x^  +  px  +  q  =  0,  its  roots  are  real  and  different,  real 
and  equal,  or  imaginary,  according  as  p'^  >,  -^  or  <  4q. 

207.  Theorem  1. — J  quadratic  equation  cannot  have  more  than 
two  roots. 

Demonstration.  For  if  it  be  possible  let  the  quadratic  equa- 
tion ax^  +  bx  +  c  have  three  roots  as  3,  y  and  5.     Then 
aff^  +  6j8  +  c  =  0 


ay  +  by  +  c  =  0 
ag^  +bS  +  c  =0 

a(/3*-y')  +  6(/3-7)  =  0 
a()3='-52)+6(/3-S)=0 


a(3  -y)  +  b  =  0 
a()3  -  5)  +  6  =  0 


0) 
(") 
(III) 

(IV) 
(V) 
(VI) 

vn) 

(VIII) 


=  (0  -  (n). 
=  (I)  -  (III). 

=  (IV)  -f  (j3  -  >)  which  is  not  =  0, 
•.•  by  hypothesis  /3  is  not  =  y. 

=  (v)  -^  ()8  -  S)  which  is  not  =  0, 
■.•  by  hyp.  (i  is  not  =  5. 

=   (VII)    -  (VI). 


a{y  -  8)  =  0 

Now  a  is  not  =  0,  otherwise  ax'^  +  bx  +  c  =  0  would  become 
bx  +  c  =  0,  which  is  not  a  quadratic  equation  ;  therefore  (7  -  5) 
must  =:  0,  and  therefore  y  -  S  ;  but  by  hypothesis  y  is  not  =  5, 
which  ie  absurd.  Hence  a  quadratic  equation  cannot  have  three 
roots. 

208.  Theorem  II. —  In  any  quadratic  equation  reduced  to  the 
form  0/  x^  +  px  +  q  =  0,  the  coefficient  of  the  2nd  term  is  equal, 
when  its  sign  is  changed,  to  the  sum  of  the  roots,  and  the  3rd  term 
is  equal  to  the  product  of  the  roots. 
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Demonstuation.  Let  the  two  roots  of  the  equation  %'■  +  px 
+  y  =  0  be  3  and  7.     Then  -  i  p  +  V(i  7''^  -  l)  -  ^ 
And   -  i  p- V(iP^-9)  =  7 
By  addition  -p  =  ^  +  7  =  sum  of  the  roots. 
By  multiplication  { -  i  p  +  V(i  P'"*-  9)1  { -  J  T' "  V(i  P*  "  (?)}  =  /^y. 
That  is,  i  p^-(ip*-g)  which  is  =  9  =  jS^  =  product  of  roots. 
Cor.  If  0  and  7  are  the  roots  of  the  equation  ax^  +  6x  +  c  =  0, 
b  c 

then  /3  +  7  = and  ^7  =  — . 

209.  Theorem  III. — Iffi  and  7  are  the  roots  of  the  equation  x^  + 
p.x  +  q  =  0,  then  (x  -  ;8)  (x  -  7)  =  x^  +  px  +  q. 

Demonstration,  (a:  -  /3) (a-  -  7)  =  x^- (0  +  y)  x  +  $y. 
But  (3  +  7)  =  - P  and  ;87  =  q.    (By  Art.  208.) 
.-.  (x-)3)(x-7)  =  i^-(-p)x  +  j  =  x!'+pi  +  q. 

Cor.  If  /3,  7  are  the  roots  of  the  equation  ax^  +  bx  +  c  =  0, 

b         c 
that  is,  of  the  equation  a(x^  +  -x  +  -)  =  0.     Then  we  have 
'  ^  ^         a         a 

ax^  +  bx  +  c=  0  =  a(x  -  /3)(x  -  7). 
Cor.  2.  If  ax"  +  6x^  +  ex  +  (f  =  0  be  a  cubic  equation,  and  if  its 
roots  be  0,  7,  S  ;  then  (x  -  )3)(x  -  7)(x  -  5)  ^  cx^  +  bx^  +  ex  +  d. 

Illdstrative  Examples. 
Ex.  1.  Form  the  equation  whose  roots  are  -  3  and  4. 

OPERATION. 

Since  x  =  -3,x  +  3  =  0,  and  since  x  =  4,  x-4  =  0. 
Then  (x  +  3)(x  -  4)  =  0,  that  is  x«  -  x  -  12  =  0. 
Ex.  2.  Form  the  equation  whose  roots  are  2,  -  2,  3  and  0. 

OPERATION. 

x-2  =  0,  x  +  2  =  0,  x-3  =  0, 1  =  0.    Then  we  have 
(X  -  2)(x  +  2)(x  -  3)x  =  (x^-  4)(x'^  -  3x)  =  x*  -  3x»  -  4x«  +  12x  =  0. 
Ex.  3.  Form  the  equation  whose  roots  are  1,  -  1,  3,  -  2,  and 
2iV7. 

OPERATION. 

X  -  1  =  0,  X  +  1  =  0,  X  -  3  =  0,  X  +  2  =  0,  X  -  2  -  V7  =  0,  and 
X  -  2  +  V7  =  0. 

Then  (x  -  l)(x  +  l)(x  -  3)(x  +  2)(x  -  2  -  '^IXx  -  2  +  V?)  "  0 , 
that  is,  (X*  -  l)(x«  -  X  -  6)(x«  _  4x  +  4  -  7)  =  0, 
that  is,  x«  -  5x'  -  6x*  +  32x»  +  23x«  -  27x  -  18  ^  0. 


1g4 
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Ex.  4.  Find,  witlumt  solving  thcctiuation,  the  sum,  difference, 
and  inoduct  of  the  roots  of  x*  -  42x  l-  117  •-   0. 

OI'KRATION. 

Lot  fi  nnd  y  bo  the  roots,  then  Art.  208  P  ^■  y  ^  42  and  fiy    111 . 

Then  by  inspection  find  two  numbers  whose  sum  -  42  and 
product  -  117,  and  they  are  evidently  3  and  39,  and  hence  the 
difTerenco  of  the  roots  -  36. 

Ex.  5.  For  what  value  of  c'^m  will  the  equation  3.r^  +  7.t  +  c'^m 
~  0  have  equal  roots  ? 

OPERATION. 

From  Art.  20G  it  appears  that  in  the  equation  ax'^  +  bx  +  c  =  0 
the  roots  will  be  real  and  equal  when  b-  =  4ac,  that  is,  in  this 
equation  when  7-  =  4  x  3  x  c-m,  or  when  12c''ni  =  49,  or  c^m  =  4t^\-. 

Ex.  6.  If  0  and  y  be  tiie  roots  of  the  equation  x'^  -  px  +  q-  0, 

find  the  value  in  terms  of;;  and  <?  of  -^  +  ^,  and  of  )3'  +  7''. 

7        & 

OPERATION. 

Art.  208.  $  +  yrzpa.n(iPy  =  q. 

Then  ^  +  ^  =  l^  - 1±:^  +  22-  ^'^''^y'y'  . 

y       ^  Py      ~      $y      ^  ^'^  -  fiy        ~^ 

(g  +  7)-   2 ^^     -  ^Lr H 
&y        ~  q  ~    ~     2    • 

And  ^  +  7'  =  fis  +  3^2^  4.  3^y!  ^  y  _  ^3^2^  ^  3^y^  =  {fi-V  y'y 
-  3;87()3  +  7)  =  ;>'  -  35/)  n  p{p^  -  3q). 


Exercise  LII. 

1.  Form  the  equation  whose  roots  are  -  2,  and  -  7. 

2.  Form  the  equation  whose  roots  are  4,  -  2,  1,  and  0. 

3.  Form  the  equation  whose  roots  are  2,  -  2,  3,  -  3,  and  0. 

4.  Form  the  equation  whose  roots  are  5,  -  5,  2,  -  2,  and  3  +  V2 . 

5.  Form  the  equation  whose  roots  are  1,  2,  3,  4,  and  5  +  V6. 

6.  Form  the  equation  whose  roots  are  5,  4,  1,  0,  and  2  +  V'^ 

7.  Given  5  and  -  2,  two  roots  of  the  equation  a;*  -  6a;*  +  5a;'' 
+  12a;  =  60,  to  find  the  other  roots. 

8.  Given  1  +  V  -  6,  two  roots  of  the  equation  x*  -  4x''  +  Sx^ 
-  8a;  =  21,  to  find  the  other  roots. 
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9.  Given  14,  one  root  of  the  equation  x^  +  6x^  -  3920  -  0,  to 
find  the  other  roots. 

10.  Given  2,  one  root  of  the  equation  .r*  -  6x^  +  13x*  -  lOx  =  0 
to  find  the  other  roots. 

11.  Given  3  and  -  4,  two  roots  of  the  equation  x"  -  2x*  -  25x^ 
+  26x*  +  120x  =  0,  to  find  the  other  roots. 

12.  Given  +  V  -  2,  two  roots  of  the  equation  .r"  -  x*  +  2x- 
-  4x  =  0,  to  find  the  other  roots. 

13.  For  what  value  of  c  will  the  equation  2x^  +  4x  +  c  =:  0  have 
equal  roots. 

14.  If /3  and  y  bo  the  roots  of  the  equation  ax*  +6x+  c  =  0, 

form  the  equation  whose  roots  are  the  reciprocals  of  these. 

15    If  fl  and  y  be  the  roots  of  the  equation  x'^  +  px  +  q  ~  0,  find 

1        1 
the  value  of  ^'  +  y,  of  (3  -  7)^ ;  of  /3^  -  7^ ;  of  -  +  -  and  of 


)3 


;_y 


EQUATIONS  WHICH  MAY  BE  SOLVED  LIKE 
QUADRATICS. 

210.  There  are  many  equations  which  though  not  quad- 
ratics iu  reality  may  be  solved  by  the  rules  for  quadratics. 

Such,  among  others,  are  equations  which  come  under  one 

2         i 
or  other  of  the  general  forms  ax^  +  ix"  +  c  =  0  or  ax"  +  ix" 

+  c  =  0,  in  which  n  is  any  integral  number,  and  «,  h,  c, 
positive  or  n^ative,  integral  or  fractional. 

Ex.  1.  Given  r  +  6x^  =  -  8  to  find  the  values  of  x. 


x  +  6x^  ^  -  8 
1  +  6x^  +  9  =  1 

x»  +  3  =  i  1 
x^  =  +  1  -  3 
x^=-2  or-4 
c  -  4  or  16 


(0 

(") 

(HI) 
(IV) 

(V) 
(VI) 


OPERATION. 

=  (i)  with  square  completed  by  adding  9 

to  each  side. 
-  (11)  with  square  root  extracted. 

=  (hi)  transposed. 

=  (iv)  reduced. 

=  (v)  squared. 


IfiH 
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Ex.  2.  Given  \Jx^  +  2-l^t  ■■--  23  to  find  tho  values  of  x. 

OPKIIATION. 


x'  +  22x'  =  23 

+ 

.1 


x*+ 22x^+121  =  144 


x'  +  11  =  ±  12 
X*  =  1  or-  23 
X  =  1  or-  12167 


(0 
(") 
(in) 

(IV) 

(V) 


=:  (i)  with  (11)^  added  to  each  side 
=  (ii)  with  square  root  extracted, 
=  (III)  transposed  and  reduced. 
=  (iv)  cubed. 
Ex.  3.  Given  V-c  +  12  +  )^x  +  12  =  6  to  find  the  values  of  x. 

OPERATION. 

(0 

(") 

(III) 

(IV) 
(V) 
(VI) 

Ex.  4.  Given  x^  -  35x^  =  -  216  to  find  the  values  of  x 

OPERATION. 


(x+12)<  +  (x+12)*-6 

(x  +  12)U(x+12)*+L=  a^ 

(x+12)*  +  i  =  +  f 

(x  +  12)'»  =  2  or-3 
X  +  12  =  16  or  81 
X  =  4  or  69 


=  (i)  with  i  added  to  each  side 

-  (ii)  with  sq.  root  taken. 

=  (in)  transposed  and  reduced. 
=  (iv)  raised  to  4th  power. 
=  (v)  transposed  and  reduced. 


x6-35x3  =  -216 

4x^-140x«+ 1225  =361 

2i»  -  35  =  ±  19 

2x«  =  54  or  16 

x^  =  27  or  8 

X  =  3  or  2 


(0 
(n) 
(111) 

(IV) 
(V) 
(VI) 


=  (I)  X  4  and  (35)''  added. 

=  (ii)  with  sq.  root  taken. 

=  (ill)  transposed  and  reduced. 

=  (IV)  -f  2. 

=  (v)  with  ^  taken. 


Ex.  5.  Given  5V(x^  +  5x  +  28)  =  x*  +  5x  +  4  to  find  the  values 
of  X. 

OPKBATION. 


x^  +  5x  +  4  -  5^J(x^+  5x  +  28)  =  0 
(x^+  5x  +  28)  -  5(x-'  +  5x  +28)*=  24 

(x2+5x+28)-5(x2+5x+28)*+2/=i|i 
(xn5x  +  28)*  -I  =  i¥ 


0) 

(«) 
(III) 

(IV) 


(i)  with  24    added  to 

each  side, 
(u)  with  (5)"  added. 

(hi)  with  V  taken. 
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(I* +  5x4-  28)^  =  8  or-3 
z*  +  5x  +  28  =  64  or  9 
x^+5x  =  36  or-  19 
i^  +  5x  +  \^  =  -Lea.  or  -  ^^^ 

^  +  I  =  i  V  or  ±  y^^l 

X  =  4  or  -  9  ;  or  i(-  5  +  V-51) 


(V) 

(VI) 
(VII) 

(vm) 

(IX) 


=  (iv)  transp.  and  red. 
=  (v)  squared. 
=  (vi)  transp.  and  red. 
=  (vii)  with  (^)^  added  to 
=  (vnOwith  sq.  root  taken 
=  (ix)  transp.  and  red. 


KOTK.— In  this  example  wo  should  find  by  trial  that  only  the  first  two 
roots,  i.  0.  4  and  -  9  aro  roots  of  the  proposed  equation,  the  other  two  being 
roots  of  the  equation  x«  +  6x  +  4  +  5V(a:2  +  5a;  +  28)  =  0. 
(5x4  +  10x2 +I)(5a4+ 10a* +1) 

.E^-  6-  G'^^-^   (x-^-HOx^  +  S-KoM-lOa-^-fS    =  "^  '"  ^'""^  '^' 
values  of  x. 


OPERATION. 


(5x*+10x2+l)(5aHl0a^+l) 

_ _^ —^ — — —    —    fgj* 

(x*+10x2+5)(a*+10tt-+ 5) 
5x4  +  10x2+1       a'  +  10a^  +  5a 


x«+10x3+5x       5a4+10a2+l 
x»  +  5x*  +  lOx^  +  lOx^  +  5x  +  1 


x«-  5x*+  lOx^-TOx''  +  5x  -  1 

1  +  5a+  10a2+10a*+5tt4  +  a« 

~  1  -  5a  +  lOa''  -  10a*T5a*  -  a* 

(x  +  l)«       (1  +  ay 

{x-iy  ^    (1  -  a)6 

x+  1       1  +a 

X  -  1  ~  1 -a 

2x        2 

T  ~  2a 

1 


(0 

(") 

(ra) 

(IV) 

(V) 
(VI) 


Ex.  7. 


(VII) 

Given  x6  _  1  :;  0  to  find  the 


(i)x 


1        a*  +  lOa^  +  5 
X       5a4+10a2  +  l 


=  (ii)  taken  thus  : 
Den.  +  Num.    Ben.  +  Num. 
Den.  -  Num.~  Den.  -  Num. 

=  (m)  bracketed. 

-  (iv)  with  ^  taken. 

-  (v)  taken  as  in(iii)above 

=  (vi)  cancelled, 
values  of  X. 


x-«  -  1  =  0 

(x^+l)(x»-l)  =  0 

x^"  +  1  ^  0 


x«-l  =0 


(0 
(■') 
(in) 


(IV) 


OPERATION. 

=  (i)  factored. 
Equation  (ii)  is   satisfied   by   taking 
either  x^-  1  =  0  or  x*+  1  =  0,  and  there- 

■  fore  we  consider  x^-  1  =  one  root  and 
x^+1  =  other  root,  and  we  get  sepa- 
rately xH  1  =  0  and  x*- 1  =  0. 


1G8 
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(x+l)(i^-a;Hl):.0 

(V) 

-  (ill)  factored. 

(x-l)(x-^+j;il)  =  0 

(VI) 

=  (iv)  factorcJ. 

j:+1  =  0 

(VII) 

=  one  fiictor  of  (v). 

.r»  -  x  +  1  =  0 

(vni) 

=  other  factor  of  (v). 

1-1  =  0 

(IX) 

-  one  factor  of  (vi). 

x»  + 1  +  1  =  0 

(X) 

=  other  factor  of  (vi) 

.-.  X  =  1,  x  =  -1,  1=  j[(l  iV-  3)  andx  -  J(-l  ±  V-3). 

NoTK.— No8.  (vii)  and  (ix)  Rivo  us  by  transpoRition  x  =  -1  and  x  =  1, 
and  solving  the  quadratic  oiuatious  (vm)  and  (x)  wo  got  tlio  otiior  four 
roots  x  =  i(l  +  V~3)  and  x=  i(-l±V~3). 

The  above  is  of  courgo  equivalent  to  finding  the  six,  sixth  roots  of  unity . 

Ex.  8.  Given  x*  +  x"  -  4x'  +  x  +  1  =  0  to  find  the  values  of  x. 

OPEIIATION. 


x^  +  x'-4x''  +  x  +  1  =  0 

1         1 

x^+x-4  +  —  +  -^  =  0 
X        x' 

,      1  1 

x2+  —  +x  +  —  =  4 

X''  X 

(x'^+2  +  ^)+(x  +  |)=6 

(x4)+i=±i 
1 

x  +  —  =2  or -3 


(0 
(") 
(in) 

(IV) 
(V) 
(VI) 
(VII) 
(VIII) 


=  (I)  :  x\ 

-  (ii)  transposed  and  arranged. 

=  (III)  -with  2  added  to  each  side. 

=  (iv)  differently  expressed. 

=  (v)  with   sq.   completed    by 
adding  i  to  each  side. 

=  (vi)  with  V  taken. 

=  (vii)  transposed  and  reduced. 


Thus  we  get  two  distinct  quadratic  equations  : — 

1 

I.  X  +  —  =  2  or  x^  -  2x  =  -  1  whence  x  =  1  : 
X  ' 

1 

II.  X  +  —  =  -  3  or  x'  +  3x  =  -  1  whence  r  =  |(-3  ±  V^)- 

Ex.  9.  Given  x^  +  3x  =  14  to  find  the  values  of  x. 
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x'+3x=  14 

x*+3x^=  14x 

X*  +  1x'^  =  4x^  +  14x 

X*  +  7x2  ^.  1^0  =  4x2  +  i4x  +  ia 

a;-  +  i  =  i  (2.C+  5) 


(0 
(") 
(III) 

(IV) 

(V) 


=  (l)  X  X. 

=  (n),  4x^  added  to  each  side. 
=  (m)  with  sq.   completed  by 

adding  ^^  to  each  side. 
=  (iv)  with  V  taken. 


This  gives  us  two  separate  quadratic  equations  : — 

I.  X-  + 1  =  2x  +  J  or  x^  -  2x  =  0  whence  x  =  2  or  0  ;  and 

II.  x^  +  l--2x  -I  or  x'^  +  2x  =  -  7  whence  x  =  -l  +V-6. 

49x^        48  6 

Ex.  10.  Given  — : —  +  -v-49  =  9+-to  find  the  values  of  x. 


49x2      43  6 

—  -  +  --49  =  9  +  - 
4         X-  X 


OPERATION. 

0) 


49x2  43       g 

— --49  +  — =  — +  9 
4  X"       X 

49x2  49       1        6 

■---49+  —  --T+—  +  9 
4  X"      X''       X 

7x        7  /I  \ 

T-   x  =  ±   iT  +  ^j 


(HI) 


-  (i)  arranged. 


=  (ii)  with  -y  added. 


(iv)l  =  (III)  with  V  taken. 


This  also  gives  us  two  distinct  quadratic  equations  : — 

7x        7         1  , 

I.  — -  -  —  =  —  +  3  or  7x2 -6x=  jg  whence x  =  2  or-  Ij  ;  and 
2         X         X  ' 

7x        7  1  ,  

II.  —  -  —  :=  -— -  3  or  7x2+  Gx=12whencex  =  4(-3±V93). 


Exercise  LIU 
Find  the  values  of  x  in  the  following  equations  : — 

1.  x-6V^=16.  2.  x^-4x^=-3. 

3.  x*  +  20  =  14x2-20.  4.  x^  +  I^Jx^  -  1107  -  7x--'. 

5.  x-3Vx +"6  =  2  -  V-c  +  «•     G.  2x*  -  x2  =  496. 
7.  x6 -8x'=  513.  8.  x  +  5  =  6  + V^T5. 

M 
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4  +  V^c         V* 
11.  yx  +  2l  =  12  -  V^+Tl .      12.  ^f?'-  -l^x  -  X  =  0. 

X*  +  I*  +  2       x^  +  x^~2 
13.  ---.-  =  — -;^. 


14 


54  -  9Vx  7x-  -  3x  +  4  23x  -  46Vx 


X  +  2Vx        (G  +  V-rXa;  +  2Vx)  "^       6  +  Vj^ 
15.  x^  -  3X''  +  3x  =  9. 

iG.  V(j;  -  1)(^  -  2)  +  VC^^K^"^)  =  V^. 

17.  x»-3x  +  2  =  0. 


18.  'ijx-  +  ax  +  6  +  V-T^  -  ax  +  6  =  c. 

X  X  b 

19. + =  —  . 

'Jx  +  '^a  -  X        ^x  -  ^/a  -  X      v^ 


— .       2Vx3  +  60x^  +  9x  +  540"  +  89 

20.  V-r  +  GO  +  V^  +  9  =  ^^ r:^^ 

V.C  +  60  +  V^^  +  9 

21.  xi-=  1. 

22.  x^-  6x^+  llx  =  6. 

23.  x^  -  4x2  +  X  +  6  =  6. 

24.  X* -8x2+  llx  =  -  20. 

X  +  a       fix  +  a+  c\* 
^^'  xT^  ""   \2xVbTcJ  '• 

26.  Sx"-  14x2  +  21x=  10. 

27.  X  +  a  +  3^a6x  =  b. 

28.  Ox  -  4x-  4-  (4x'-  -  9x  +  11)^  :=  5. 

29.  (X  +  6)2  4-  2x^(x  +  6)  =  138  +  -Jx. 

30.  X*  -  4x'  +  6x2  _  4x  =  5. 

31.  2x^1  -  X*  =  a(l  +  X*). 

32.  {(X  -  2)2  -  x}2  -  (X  -  2)2  =  88  -  (X  -  2). 

33.  ax*  +  bx^  +  cx2  +  6x  +  a  -  0. 

/        a*\         /        a*\        x2 
34.V(x--^j+V(a2-^j=-.      . 

12x      8 
35.V(2x  +  4)-2V(2-x)=-^^-^-,-^. 

2x2  +  1  +  xV(4x2  +  .-i) 
^®*  2x2^+^3^+  xV(4x2  " 
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45. 


37.  (X  -  l)(i  -  2)(x  -  3)(x  -  4)  =  8. 

38.  (X  -  1)  (X  -  2)  (X  -  3)  (X  -  4)  (x  -  5)  (x  -  6)  (x  -  7)  (x  -  8) 
=  (x^  -  9x)  (17x2  _  153J.  ^  230)  +  401. 

39.  (X  -  1)  (X  -  2)  (X  -  3)  =  (X  +  1)  (X  +  2)  (X  +  3). 

40.  (VxH^l  -  2)(V^1  -  3)  +  5V{V^(V^+ 1  - 6)  +  V^^ - 1}  =  0. 

41.  8x*-  16x*+4x2-x-2(2x2-2x+l)V4x*^x»^r4PT37rY^0. 

42.  atx  -2  +  -5^ '-^ =  c-\x'  -  -^r-  +  a'). 

43.  8x*  +  22.r-  +  24x  +  9  =  0. 

44.  3x*  -  4x«  +  17x2  -  6x  :^  -  5. 
x"-  +  2x(V3  -  V5)  -  s  VT35  ->-  8     x^-2x(V3-V5)-V2(V30-V32) 

x-VS  +  V^                  ~  X  +  V3-V5 

=  a*^  -  8  -  VTs.  

SIMULTANEOUS  EQUATIONS  OP  THE  SECOND  DEGREE. 

211.  No  general  rule  can  be  given  for  the  solution  of 
quadratic  equations  involving  more  than  one  unknown 
quantity.  In  dealing  with  these  therefore  the  student 
must  be  left  very  much  to  his  own  ingenuity.  Very  often 
by  attentively  considering  the  question  an  artifice  will 
su2"-est  itself,  by  means  of  which  the  roots  may  be  easily 
found.  The  following  solutions  afford  illustrations  of  the 
employment  of  artifices  which  are  very  lre(iuently  used 
with  much  advantage. 


Ex.  1.  Given  x''  -  y-  -  51 
X  +  y  -  1 7 


to  find  the  values  of  x  and  y. 


OPERATION. 


c^-y^^  51 
X  +  y  =  17 

X  -  !/  =     3 


2x  =  20 
x=  10 

2ij=  14 
y  =     7 


(0 
00 
(in) 

(IV) 

(V) 

(VI) 

(vu) 


.  (I)  ^  (.1). 

-  (11)  +  (ni). 
=  (IV)  ^  2. 
=  (n)  -  (HI). 
=  (V)  V  2. 
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Ex.  2.  Given  x-  -I-  i/ 
X  +  y 


74-) 

\.  to  fin 
l'2j 


d  tlic  MillU'H  of  .r  iin>l  //. 


OPKRATION. 


.r  +  y  =  12 


x''  -h  2x1/  +  \/  =  144 

2x1/  =  70 

x'*  -  2x1/  +  2/*  =  4 

x-2/=  2 

2x=  14  .-.  X  =  7 

21/  =  10  .'.  1/  =  5 

0;"  {/(Ms: — 


0) 

(") 

(in) 

(IV) 

(V) 

(VI) 
(VII) 

(vin) 


-  (ii)  squared. 

-  (in)  -  (1). 
=  (1)  -  (IV). 

=  (v)  with  V  taken. 
=  (")  +  (VI). 
=  (n)  -  (vi). 


(0 
00 
(III) 

(IV) 

(V) 

(VI) 
(VII) 
(VIII) 
(IX) 

(X) 

(X.) 

Then  x  =  12  -  ?/  =  12  -  7  or  12 

Ex.  3.  Given  x  +  y  =  33 
xy 


X-  +  y-  = 

74 

X  +  y- 

12 

x  =  12 

-y 

x'*  =  (12  - 

yf 

(l2-t/)-'  +  y-  = 

74 

Ui-2Ay+y'  +  rf-- 

=  74 

2y'-24y  =  - 

70 

y'-Uy  =  - 

-35 

f-  \2y  +  36 

=  1 

2/-6  = 

i  1 

!/-T< 

sr  5 

=  33-1 
=  266J 


=  (ii)  transposed. 
=  (ui)  squared. 

=  (i)  with  (12-1/)-  subs,  for  x'-. 
=  (v)  expanded. 
=  (vi)  transposed. 
=  (vii)  ^  2. 

=  (viii)  with   sq.  completed  \)y 
adding  36  to  each  side. 

-  (i.x)  with  V  taken. 

-  (x)  transposed, 

-  5  =  5  or  7. 


to  find  the  values  of  x  and  y. 


X  +  1/  -  33 
xy  -  266 


x^  +  2xy  \f=  1089 
4x1/  =  1064 


x^  -  2x1/  +  1/^  =  25 
X  -  1/  =  +  5 


2x-  38  or  28  .-.  x=  19  or  14 
21/  -  28  or  38  .-.  i/  =  14  or  19 


OPEKATION 

I      0) 
(") 

(III) 
(IV) 

(V) 
(VI) 

(VII) 


=  (i)  squared. 
=  (II)  X  4. 

:.  (m)  -  (ir). 

=  (v)  with  V  taken. 

-  (I)  +  (VI). 
=  (I)  -  (VI). 
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Or  thus: 

x  +  y  =  33 

(0 

xy  =  266 

(") 

x  =  33-y 

(in) 

=  (i)  transposed. 

2/(33 -2/)  =  266 

(IV) 

-  (ii)  with  33  -y  sub.  for  x. 

r'  -33y=-  266 

(V) 

=  (iv)  expanded  and  x  -  1. 

41/  -   1321/  +  (33)2  ^  25 

(VI) 

-  (v)   X   4   and   with    1089 
added  to  each  side. 

2(/  -  33  =  +  5 

(VII) 

=  (vi)  with  'if  taken. 

2y  =  38  or  28 

(VIIl) 

=  (vii)  transposed. 

y  =  19  or  14 

(IX) 

-  (VIII)  V  2. 

!■:  X .  4 .  a  i  V  e  n  2.x-'^  +  3x 2/  -1-  y-  =  2  0 "] 
5j.-2  +  4i/'^^41J 

to  find  the  values  of  x. 

01 

'ERATIO 

V. 

In  equations  like  this,  in  which  either  or  both  of  the  equations 
are  homogeneous  in  all  those  terms  which  involve  these  quan- 
tities, put  X  -  vy,  then  x^  --  v'^y'^,  and  xy  -  vy'^,  and  the  solution 
will  be  much  facilitated. 


2x^  +  3xy  +  3/2  =  20 

2v^f  +  3vy^  +  y^=  20 
5i;V  +  4l/2  =  41 

(2  £.'2+  3»+  l)i/2=  20 
(5i;2  +  4)2/2  =  41 
20 


2i;2+3i;+  1 
41 


r  = 

20 


5y2  +  4 


41 


2y2  +  3i>+l 


51)2  +  4 


Gv-  -  41i'  =  -  13 


V  = 
41 
51)2+  4 


or 


41 


0) 
(") 
(III) 

(IV) 

(V) 

(VI) 
(VII) 

(VIII) 

(IX) 

(X) 
(XI) 

41 


=  (i)  with  vy  written  for  x. 
=  (ii)  with  vy  subs,  for  x. 
=  (ill)  factored. 
=  (iv)  factored. 

=  (v)  ■=■  (2i)2  +  3v  4.  1). 
=  (VI)  ~  (5v-  +  4). 

=  right  hand  members  of 
(vii)  and  (viii)  equated 
to  one  another  (Ax.  xi). 

=  (ix)  reduced. 

-  (x)solved  by  ordinary  rule 


-  5(J)2+  4  "'  5(-V)'+4  "  ^  °'  "^'' •     ^'"'^^  y  =  ^'  °'' 
X  -  vy  -  ^  X  3  or  \}  x  -ii'Jll  =  1  or  V\'J2\. 
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Ex.  fi.  Oiren  x*  +  y*  =  189i 

J   to  fintl  Uio  viiliKs  of  X  and  y. 
T«y  +  xy»r-  180) 

OPKUATIOX. 

In  order  to  ahow  tlint  several  difTeront  plans  innv  gcnfrsilly  I>p 
adopted  in  dcnlinjf  with  Hiniiiitnnootig  qundratics,  (<o  as  to  ovolv.- 
the  values  of  x  and  y.  we  shall  give  two  or  tliree  ditTerenl  soli 
tions  of  thin  problem. 

1st  Mktikmi. 


t'  +  y»  r  189 

(0 

x*y  +  xy»  =  180 

(") 

3j^y  +  3j-y*  -  540 

(111) 

(IV) 

-  (II)  X  3. 

x'  f  :'-x^y  +  Sry'  +  y*  =  729 

-  (0  +  (>ii). 

T  +  y  -  9 

(V) 

-  (iv)  with  y  taken 

xv(r  +  y)  -  180 

(VI) 

-  (II)  factored. 

xy  -  20 

(VII) 

-  (VI)  :  (V). 

Ilenco  X  -  9  -  y  ;  xy  -  y(9  -  y)  -  20  or  y'  -  9y  -  -  20,  w  lien 
y  -  6  or  4  and  x  -  4  or  fi. 

2x0  Mkthod. 


x'  +  y"  =  189 

x*y  +  xy*  =  180 

a-y  ('  +  y)  =  180 

180 

X  +  V  -       - 

•"      xy 

ISO' 


xy 


x'  +  3x*y  +  Sxy^  +  y* 
3x^y  +  3xy^  .  ^^  _  189 


?.ry(T+y) 
xy(x  +  y)- 


S832000-189xV 

x»y» 
1944000 -63xy 


180 


1944000 -CSx'y' 

iy 

180x»y»^  1944000  -  63xy 
243x»y='=  1944000 
r'y*  -  8000 
xy  -  20 


00 

(III) 

(VI) 
(TH) 

(vni) 

(IX) 

(X) 
(XI) 
(XII) 

(xui) 


-  (II)  factored. 

-  '^iii)  T  xy. 

-  ^^iv)  raised  to  3rd  power 
=  (v)-(0 

=  (vi)  simplified. 
=  (VII)  ^  3. 

-  (vni)with  IBOfinlistiiuted 

for  xy  (x  +  y). 

=  (ix)  cleared  of  fraction's 
=  (x)  transposed. 
=  (XI)  :  243. 

-  (XII)  with  y  taken. 


Art.  211  j 


SIMULTANEOUS   QUADRATICS. 


175 


Then,  as  before,  since  xy(x  +  y)  =  180  and  xy  =  20  .-.  x  +  y  =  9 
and  r  -  9  -  y,  whence  y(9  -  y)  =  20  or  y*  -  9y  -  -  20,  wherefore 
y  =  5  or  4  and  z  =  4  or  5. 


3rd  Method. 


x'  +  y*  =  189 

x*y  +  xy*  =  180 

(r  +  =)'  +  (»>-=)' =  189 


(0 
(°) 

(lU) 


2v(v'  -  :^)  ^  180  ]    (IV) 


2r»  +  6r:'''  =  189 
2r'  -  2vz^  -  180 
6r'  -  Gvz'  =  540 


=  (ri)  with  (r  +  :)  written 
for  X  and  (»  -  s)  for  y. 

-  (Ill)  written  thn«,  xy(x+y) 
and  tlien (r  +  :)  and  v  -z 
substituted  for  x  and  y. 
(v)      =  (ni)  expanded  and  red. 


(VI) 

(vu) 


=  (IV)  expanded. 
-  (VI)  X  3. 


8r*-729  or2»=9orr  =  y         (viu)     =  (v)  +  (vii). 
Spi^^  9or8:*x|  =  9or:  =  ±  J     (ix)      =  (v)  -  (vi). 
Hence  x  =  r  +  r  =  |  +  J  =  5or4. 

y  ^r-  =  =:  J  -  (±  J)  =  i  +  ^  ^  4or  r.. 


4th  Method. 


i'  +  y'  =  189 

i^  +  xy^  =  180 

^y(r  +  y)  =  180 

180 

T  +  y  - 

x^  -  xy  +  y*  = 

189ry3 
ry  -  ry*  +  y-  =  -  jg^- 

180py-180ry*+180y^  189ry* 
20t^  -  41r  +  20  =  0 
20r^-41r  =  -20 

180 

r'^y'  +  ry*  =  180  or  y*  =  — ,- — 


(0 

(«) 

(m) 

(lY) 

(V) 
(VI) 


=  (ii)  factored. 
-  (Ill)  4-  xy. 

=  (I)  ^  (IV). 

=  (v)  with  ry  subs,  for  x. 


(vu)     =  (iv)  X  180. 
(viu)  1  =  (vn)  trans,  and  -^  9y^. 
vbich    is   a  quadratic  equation, 
whence  r  =  'J-  or  J. 

(ix)     =  (ii)  with  ry  subs,  for  r. 


180  180 

Hence  y*  =  ,-.    .  t  or  77—; — r  -  64  or   125  whence  y  =  4  or  5 

and  I  «  5  or  4. 
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In  order  to  save  figures,  the  second  nn-lliod  is  belter  iiiJplii'il 
by  letting  x  +  y  -  s  and  xy  =  ;),  then 


ar»  +  y»  ^  189 

(0 

x^y  +  xy'  =  180 

00 

s"  -  3sp  =  189 

(111) 

•.•  x«-h  y'=(x^-yy'-  3j.i/(x1  y). 

sp  =  180 

('V) 

-.■  x'^y  +  xy'  ^-  xy(x  t-  y). 

180 

s  = 

P 

(v> 

r--    (III)   V  p. 

180» 
s"  =  — rr 
p» 

(VI) 

-  (v)  cubed. 

180* 
3SP  -  -3-  -  189 

(VII) 

=  (V)  -  (ii.)- 

180'' 
540  =  -  „    -  189 

(VIM) 

=  (iv)  X  3  and  subs,  for  left- 

;r 

band  member. 

180^ 
729  -  --3- 

(IX) 

-  (viii)  transposed. 

180 

9- 

P 

(X) 

-  (i.\)  with  ^  taken. 

p^  20 

(XI) 

=  (x)  X  p  and  v  9. 

sp  ^  180  .-.5  =  9 

(xn) 

=  (iv)  with  value  of  p.  subs. 

Hence  p  =  xy  =  20,  and  s  -  x  ■\- y  ~  9,  &c. 

Exercise  LIV. 
Find  the  values  of  .r  and  y  in  the  following  equations  : — 
1.  x^-y''=    45 )        2.  x'  -y'^=  105  )  3.  x^  +  y^  =  41 

x-y-      5)  X -f  1/ =    21)  x  +  y=    9 

5.  x^  +  1/2  =    89  ) 
xy  =    40  I 
8.  3x2-2y2=ii5 
2x  -  3y   =      2 
11.  X  +  y  =  4 


4.  x^  +  y'^  -^  113 

X  —  y  =    15 

7.  x'^  +  3y2  =  148 

2x  +  y-    24 

10.  x^  -  ?/*  =  26 

X  -y  =    2 

13.  X  +  4y  =  14 

1/^  +  4x  =  22/  +  1 1 

9x+  5y 
15.     -4 


+  y  =  4  ) 

'  +  2/'=(x+y)2J 


G.  x2  -  y^  =  55    I 

3xJ/  =  72    ) 

9.  4x'''+3y''=  511 1 

3x+2y=    27) 

12.  7x+yy  =  3) 

Vxy  =  2J 


—  =  xy| 

-  V=  2  J 


14.  2x"+  xy  -  5y^  = 
2x  -3y  - 

16.  xY''  +  4x7/  =  96  j 
x  +  i/=    6] 


f\ 
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x~        4x-  N 

17.    —  +  — -s^^ 

yi         y    ^    > 

X  —  y  -  '2.    ) 

19.  x-  +  xy  =  66] 
x^-y^=  U 

21.  x«  +?/  =  33G8, 
X  +  y  = 

23.  X*  +  2/*=  97) 
a:  -  y  -r     I  ) 

a- +  7/         3 

25.    ^  =  — 

xy  4 

a:  +  )/  -  13  -  13  -  x-- 
27.  a;  +  1/  =  a;^      ) 

7y  -  2x-  =  3G ) 
29.  x'^  +  2y"  =  74  -  xy    )  30.  x*  -  x''^  +  i/*  -  ^/'-^  =  84  j 


18. 

x'^  +  XI/  =  77) 

xy  -y^=u\ 

20. 

x'^         ?/"            -s 
—  +  —  -  18) 

x  +  y=l2) 

22. 

a;^  +  1/3  =  133 

x  + y  =  7 

24. 

x^  +  2/3  =  91  ^ 

x' 

■y  +  xy^  -  84 ) 

2G. 

X  +  y        x-y          ^ 

+  ■ -  ^/>^| 

x-y       x+y           > 

x^  + i/^=  52.' 

28. 

a:4  +  ?/*  =  14xV) 

X  +  7/  =  /;i          1 

2xy  +  y2  =  73  _  2x^  j  x^  +  2xY  +  y^  =  85  | 

31.  3x'^  +  2xy  -  4y^  =  108 1  32.  t/''  -  x'^  -y  -  x  ^  U) 
x^  -  3X1/  -  7y^  =  -  81  )  (y  -  xyCy  +  x)  -  48  ) 

x^        2x  +  y  v^  +  x 

33.    -/  +  -^p  =  20  -  "-^;-  (  34.  x^  +  y«  =  35 


x';8  =  4y       ^    3  a;^  +  y-13) 

or     V(y^+  1)+  1  _  V(2;+9)+  3  1      30.  x*  +  2/4  =  X  ^ 
"^'    V(y^+  1)-  i  ~  V(^9)^3  l  3-3  +  y-'  r.  1  ) 

:«;(2/+l)^  =36(y*+li)j 

37.  (x«  +  i)y  =  (,/2+  i)a;3 
(y6  +  i)a:  :.  ^(x^  +  i)f 

x'^        y         X        21       7/^ 

38.  —  +  -^  +  —  ^  --  _  :i- 
y'        X         y         A        x^ 

X  -  77  =  2 

39.  V(5V^"  +  5Vy)  +  Vy  =  10  -  V-'-  | 

Vx«  +  Vy'  =  275    ) 

40.  x3  +  2/'^  -  X  -  2/    ) 
x^  +  2/'"  =  axy      \ 

41.  X2/  +  a(x  —  y)  =  a''  ) 

X  +  y'^  +  a*  -  0    ) 
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42.  x'+y'^  +  a^  =  0  1 
X*  +  y*  +  a*  +  x\Zyi  +  0-)  ^  0  ) 

43.  x^  +  3y  +  a"  ^  0 
a**  -?,y^->ra^  -■  j"y(3a-^  -y)r.  hV^(3--'  +  2) 

44.  X  -  y  -  a 
X*  +  y*  =  6* 

45.  x-  -  xy  +  y^  =  a'^     l 
a*  _  xY  +  y*  =  b*  ) 

4G.  3x6  _  i2.r4  +  iRx^  =  2y«  -  11^4  ^.  r^2yZ  +  27|  ,„  «„.i  ,•  and  y 
x*-y*-3+  2x''(a-l)  ^  2a{y'-l)  +  2y\x^-l)  )  independent ol« 

47.  (!/--  a-2)(i/-x2+4)+5  ^  2V4(p-x«)^<5x2+l2xY-5i/^)(y''-x0  | 

y*  -:iy'-l  =  5.r-  -  8x  ( 1  -  Vx"  -  2x  Vc)  f  4  ) 

48.  (x-'  -  j/'0(x'^  +  ,/  _  4)  ^  4(x2  -  3)^ 

x-y2  +  7(x2  -  y^)  r=  exy^/y-^-x^ 


PROBLEMS  PRODUCING  QUADRATIC  EQUATIONS. 

1.  What  two  numbers  are  those  whose  difference  is  5  and  the 
product  of  whose  sum  by  the  greater  is  228? 

SOLUTION. 

Let  X  =  the  greater,  then  x  -  5  -  the  less. 
x  +  x-5  =  2x-5=:  their  sum. 
Then  x(2x  -  5)  =  228       I  (i)  | 
2x2  _  Qx  =  228 
16x2 -40x  +  25  =  1849 
4x  -  5  =  ±  43 
4x  =  48  or  -  38 

.•.  X  =  12  or  -  9i  =  the  greater. 
X  -  5  =  7  or  -  14i  =  the  less. 


(hi)  I  =  (ii)  X  8,  then  sq.  completed. 
(IV)  |-  (III)  with  V  taken. 


2.  A  poulterer  bought  15  ducks  and  12  turkeys  for  105 
shillings,  at  the  rate  of  2  ducks  more  for  18  shillings  than  of 
turkeys  for  20  shillings.     What  was  the  price  ot  each  ? 
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SOLUTION. 

Let  X  -  price  of  a  dnck  in  shillings  and  y  --  price  of  a  turkey 
(0 
(") 


Then  15x  +  My  =  105 

18       20. 
—  =  —  +  2 
X         y 

5x  +  4y  =  35 

9y  -  10a:  =  xy 

lOx  +  8y  =  70 

ny  =  xy  +  10 

35 -4y 


1 1y  -  y 


35  -  4(/ 


70 


(III) 

(IV) 

(V) 
(VI) 

(VII) 

(vm) 


=  (i)  reduced. 
=  (ii)  reduced. 
=  (III)  X  2. 

-  (IV)  +  (V). 

=  (ill)  transposed  and  reduced. 
35-  4y 


=  (vi)  with 


-  subs,  for  X. 


-  (vui)  reduced. 

=  (i.x)  X  S  and  sq.  complete. 


2y2  +  25y=l75         (ix) 
lCi/'''  + 200y  + 625  =  2025      (x) 
4!/  +  25  =  +  45. 
4y  =  20  or  -  70  whence  y  -  5s. 

35  -  4y  35  -  20 

X ^-   —    =    ,; =  3s. 

5  5 

Note.— The  negative  vaUie  -  17s.  6(1.  lor  the  price  of  a  turkey  is  not  taken 
into  account  here,  as  although  -  17i  is  undoubtedly  a  root  ot  the  equation 
'iy'^  +  2oi/  =  175,  yet  -  17s.  6d.  as  the  price  ol'a  turkey  docs  not  satisfy  the 
conditions  of  the  problem  as  given  and  must  therefore  be  neglected. 

3.  Find  a  nunaber  such  that  the  sum  of  its  square  and  its  cube 
shall  be  nine  times  the  next  higher  number. 


Let  X  -  the  number,  then  i'^  =  its  square,  and  a'  -  its  cube  ; 
nlrio  a-  +  1  =  the  next  higher  number. 

Then  x^  +  x^  =  9(x  +  1) 
x-(x  +  1)  =  9(x  +  1) 
x^-  9 
X  =  +  3 


0) 
(") 
(III) 


(i)  factored, 
(ii)  •=■  X  +  I. 


(iv)   i  =  (III)  with  V  taken. 

Verifirntion.  Take  +  3  ;  then  27  +  9  =  36  =  9(3  +  1). 

Take  -  n  ■   then  -  27  +9  =  -  18  -^  9(-  3  +1)-  9x  -2. 
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•I.  A  iHTSou  at  [iliiy  won,  at  tlic  first  game,  as  iiiucli  money  as 
lie  bad  in  his  pocket;  at  tlio  second  game  lio  won  5  shillings 
more  than  tlie  square  root  of  what  he  tlien  had  ;  at  the  third 
game  he  won  the  square  of  all  that  he  then  had,  ami  lie  found 
that  he  then  possessed  £l\2  IGs.     What  had  he  at  first? 

SOLUTION. 

Let  .r  =  the  shillings  he  had  at  first. 

Then  2x  =  the  shillings  he  had  at  the  end  of  tin-  1st  <^.iiiu'. 
f/'2x  +  5  =  sum  won  at  the  2nd  game. 
2x  +  ^21  +  5  =  sum  at  end  of  2nd  game. 
(2x  +  y'2x  +  5)'"'  =  sum  won  at  3rd  game. 

(2r  +  t/2x  +  5)^  +  2x  +  -^Ix  -V  5)  -  sum  at  the  end  of  the  .'5rd 
game.     Then 

(2a-  +V2l-  +  5)-  f  (2x  + V2x  +  5)  =  225G 
(2x-tV2x+5)2  +  (2x+V2x+5)  +  i  =  '^^^ 
(2x  +  V2x  +  5)  +  J  =  ±  Hi^ 

2x  +  V2x  =  42  or  -  53 
Rejecting  the  negative  result  we 
(2x)  +  V2x  =  42 
(2x)+V2x+.i  =  4" 

V2x  =  6  or  -  7 
2x  =  36  or  49 

X  =  18s. 


(ii)     I  =  (i)  with  i  added. 

I 
(III)    {  =  (ii)  with  V  taken. 

(iv)   '  =  (in)  transposed. 

have 

(V) 
(VI) 

(vii) 

(VUI) 
(IX) 
(X) 


-  (v)  with  sq.  comp. 

-  (vi)  with  V  taken 
=  (vii)  transpo.9ed. 
=  (viii)  squared. 
"  (IX)  -  2. 


Note. — Tlio  24}  which  we  get  here  as  one  value  of  x  is  not  admissible  a.s 
an  answer  to  the  problem,  simply  because  it  does  not  answer  the  conditions 
of  the  problem  as  given,  and  it  obviously  arises  from  the  fact  that  the 
VSx  may  be  either  +.  It  becomes  an  answer  of  the  problem  if  we  under- 
stand that  at  the  2ud  game  he  lost  a  sum  which  was  5  shillings  less  than 
the  square  root  of  what  he  then  had. 

5.  What  number  is  that  which  being  divided  by  the  product 
of  its  digits,  the  quotient  is  2,  and  if  27  be  added  to  the  number, 
the  digits  will  be  inverted  ? 
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Let  .r  and  y  =  the  digits,  x  being  the  left-hand  one. 
Then  10.t  +  y  =  the  number,  and  xtj  -  the  product  of  the  digits 
lOx  +  y 


xy 
10x  +  y  +  27  =  lOy  +  x 
X  =  y-3 
lOx  +  2/  =  2xy 
10(y-3)+y  =  2y(7/-3) 

2(/2-  Ity  =  -30 

16y'--136y+(l7)^=49 

4y-  17  =  +  7 


(0 

(") 
(III) 

(IV) 

(V) 

(VI) 
(VII) 
(VIII) 


=  (ii)  reduced  and  transposed. 
=  (I)  X  xy. 

-  (iv)  wiih  y  -  3  subs,  for  x. 
=  (v)  reduced  and  transposed. 
=  (vi)  X  8  and  with  sq.  complete. 
=  (vii)  with  V  taken. 


4;/ =  24;  y  =  Q  ;  x  =  i/-3  =  6-3  =  3 
Hence  the  required  number  is  36. 

XoTK.— The  second  vakic  of  y  i.s  obviously  not  admissible  hero. 
» 

6.  t\  and  B  travelled  on  the  same  road  and  at  the  same  rate 

to  London.     At  the  50th  milestone  from  London  A  overtook  a 

flock  of  geese,  which  travelled  at  the  rate  of  3  miles  in  2  hours, 

and  2  hours  afterwards  he  met  a  waggon  which  travelled  at 

the  rate  of  9  miles  in  4  hours.     B  overtook  the  flock  of  geese  at 

the  45th  milestone  from  London,  and  met  the  waggon  40  minutes 

before  he  came  to  the  31st  milestone.     Where  was  B  when  A 

reached  London? 

SOLUTION. 

A  and  B  travel  in  the  same  direction,  at  the  same  rate,  and  on 
the  same  road,  and  consequently  the  distance  between  them  is 
always  the  same. 

Let  X  =  rate  per  hour  of  travelling. 

The  places  where  A  and  B  overtook  the  geese  are  5  miles  apart, 

and  as  the  geese  travel  at  the  rate  of  2  of  a  mile  per  hour,  to 

travel  over  5  miles  they  would  require  5  4-3=  ^^-^  hours.     But  in 

lOx 
i=^i  hours  A  has  moved  on  — -  miles,  while  the  geese  have  moved 

on  only  5  miles. 

Therefore  distance  in  miles  between  A  and  B  = 


lOx 
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Again,   ,1   met   the   waggon    50  -  2x    miles    I'roiii    Loml.ni, 
2x 
wiule  B  mot  it  31  +  —  miles  from  London,  condefjuently  as  the 

waggon   was    travelling  frvm    London,   the  distance   in   miles 

travelled  by  the  waggon  between  the  two  meeting  was  (31  +  — 

8X-57     .  V  ^, 

-  (50  -  2x)  -        ~ —  miles.     And  since  the  waggon  travelled  at 

.1         .       .ru      .,  ,  8X-57  32X-228 

the  rate  of  J  miles  per  hour,  — ~ —  ~  •{  -   — .     =  time  in 

hours  which  elapsed  between  the  meeting. 
32X-228 
^"^   iti    — 21 hours    J     has     moved     toward     JiOiidon 

/32x  -  228N 

(        2^         /•'^  miles  while  the  waggon  Ins  gone  in  the  opposite 


direction 


8a:  -  57 


miles. 


Therefore  distance  in  miles  between  J  and  B 
8Z-57 
3       • 


32x^  -  228x 

27        ~ 


And  since  distance  between  J  and  B  is  alwa^-s  the  same, 
32x2- 228x     8X-57      lOx 


27  ■        3       "    3    "^ 

16x3-  123x  =  189 
1024x3-7872x+ (123)3=  27225 

32x-  123  =  165 

165  +  123 

^  =  ~32— 


(0 
(u) 
(III) 

(IV) 


=  (i)  reduced. 

-  (ii)  X  64  and   with  s<[. 

then  completed. 
=  (III)  with  V  taken. 


9  =  rate  per  hour  of  travelling. 

lOx 


Distance  of  B  from  A  -  —- —  5  =  ^^^  -  5  =  25  miles  -  distance    i 
of  B  from  London  when  ^  arrives  there. 


Exercise  LV. 

1.  Divide  the  number  19  into  two  parts  such  that  their  pro- 
duct shall  be  84. 

2.  What  two  numbers  are  those  whose  sum  =^17,  and  the 
product  of  whose  difference  by  the  greater  is  30. 
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3,  There  is  a  rectangular  field  whose  area  is  2080  rods,  and 
its  length  exceeds  its  breadth  by  12  rods.  Required  its  dimen- 
sions. 

4.  What  two  numbers  are  those  whose  difference  is  9,  and 
the  sura  of  whose  squares  is  353  ? 

5.  Divide  the  16  into  two  parts  such  that  their  product  added 
to  the  sum  of  their  squares  shall  be  208. 

6.  A  commission  merchant  sold  a  quantity  of  wheat  for  $171, 
and  gained  as  much  per  cent,  as  the  wheat  cost  him.  What 
was  the  price  of  the  wheat  ? 

7.  A  person  bought  a  number  of  sheep  for  $80,  and  found 
that  if  he  had  bought  4  more  for  the  same  sum  they  would  have 
each  cost  $1  less.     How  many  did  he  buy? 

8.  A  certain  number  consisting  of  three  digits  is  such  that 
the  sum  of  the  squares  of  the- digits,  without  considering  their 
position,  is  104,  and  the  square  of  the  middle  digit  exceeds  twice 
the  product  of  the  other  two  by  4  ;  also  if  594  be  suutracted 
from  the  number  its  digits  will  be  inverted.  Required  the 
number. 

9.  A  farmer  paid  $240  for  a  certain  number  of  sheep,  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  $216,  gaining 
40  cents  a-head  on  those  he  sold.  How  many  sheep  did  he  buy, 
and  what  was  the  price  of  each  ? 

10.  What  two  numbers  are  those  whose  sum  is  10,  and  the 
sum  of  whose  cubes  is  280  ? 

11.  What  are  the  two  parts  of  24  Avhose  product  is  equal  to 
35  times  their  difference. 

12.  Find  two  numbers  such  that  their  sum,  their  product,  and 
the  difference  of  their  squares  are  all  equal  to  one  another. 

13.  The  fore-wheel  of  a  carriage  makes  6  revolutions  more 
than  the  hind-wheel  in  going  120  yards,  but  if  the  circumference 
of  each  had  been  increased  one  yard,  the  fore-wheel  would  have 
made  only  4  revolutions  more  than  the  hind-wheel  in  going  the 
same  distance.     What  is  the  circumference  of  each  wheel  ? 

14.  The  sum  of  two  fractions  is  IJiJ  and  the  sum  of  their 
reciprocals  is  2-,^.     What  are  the  two  fractions  ? 

15  A  person  dies  leaving  $46800  to  be  divided  equally  among 
his  children.     It  chances,  however,  that  immediately  after  the 
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death  of  the  father  two  of  his  cliildrcii  also  die,  and  in  conse- 
quence of  this  each  remaining  child  receives  $1950  more  than  it 
was  entitled  to  by  the  father's  will.  How  many  children  were 
there  ? 

16.  During  the  lime  that  the  shadow  of  a  sun-dial  which 
shows  true  time,  moves  from  one  o'clock  to  five,  a  clock  which 
is  too  fast  by  a  certain  number  of  hours  and  minutes,  strikes  a 
number  of  strokes,  which  is  equal  to  that  number  of  hours  and 
minutes,  and  it  is  observed  that  the  number  of  minutes  is  less  by 
41  than  the  square  of  the  number  which  the  clock  strikes  at  the 
last  time  of  striking.  The  clock  does  not  strike  12  during  the 
time.     How  much  is  it  too  fast  ? 

17.  Two  locomotives  commence  running  at  the  same  time 
from  the  two  extremities  of  a  railroad  324  miles  in  length  ;  one 
travelling  3  miles  an  hour  faster  than  the  other,  and  they  meet 
after  having  travelled  as  many  hours  as  the  slower  travelled 
miles  per  hour.     Required  the  distance  travelled  by  each. 

18.  A  person  ordered  $144  to  be  distributed  among  some  poor 
people  ;  but,  before  the  money  was  divided  there  came  in  two 
claimants  more  by  which  means  the  share  of  each  was  $1  below 
what  it  would  otherwise  have  been.  What  was  the  number  at 
first  ? 

19.  Find  a  number  such  that,  being  divided  by  the  product  of 
its  two  digits  the  quotient  is  2  ;  and  27  being  added  to  the 
number  its  digits  are  inverted. 

20.  A  grocer  sold  60  lbs.  of  coffee  and  80  lbs.  of  sugar  for 
S25,  but  he  sold  24  lbs.  more  of  sugar  for  $8  than  he  did  of 
cotfee  for  $10.     What  was  the  price  of  a  lb.  of  each  ? 

21.  A  and  B  engage  to  cradle  a  field  of  grain  for  $3G,  and  as 
A  alone  could  cradle  it  in  18  days,  they  promise  to  complete  it 
in  10  days.  They  found  however  that  they  were  obliged  to  call 
in  C,  an  inferior  workman,  to  assist  them  for  the  last  four  days, 
in  consequence  of  which  B  received  Sl'50  less  than  he  would 
otherwise  have  done.  In  what  time  could  B  or  C  separately 
reap  the  field  ? 

22.  A  rectangular  vat  5  feet  deep  holds,  when  filled  to  the 
depth  of  4  feet,  less  than  when  completely  filled  by  a  number  of 
cubic  feet  equal  to  80,  together  with  half  the  number  of  feet  in 


Art.  212.]  RATIOS.  185 

the  perimeter  of  the  base.  It  is  also  observed  that  the  length  of 
a  pole,  which  reaches  from  one  of  the  corners  of  the  top  to  the 
opposite  corner  of  the  bottom  of  the  vat,  is  equal  to  -4^y-  of  the 
number  of  feet  in  the  square'  inscribed  on  the  diagonal  of  the 
bottom.     Required  the  dimensions  of  4hc  vat. 

23.  Two  persons  set  out  at  the  same  time  to  travel  on  foot,  A 
from  Toronto  to  Cobourg,  and  B  from  Cobourg  to  Toronto.  When 
they  meet  it  is  found  that  A  has  travelled  15  miles  more  than  R, 
and  that  A  will  reach  Cobourg  in  2  hours  ;  and  B,  Toronto  in 
4J  hours  after  they  have  met.  Find  the  distance  between  Toronto 
and  Cobourg  and  the  rate  of  travelling  of  each. 

24.  Find  two  numbers  such  that  their  product  shall  be  equal 
to  the  difi'erence  of  their  squares,  and  the  sum  of  their  squares 
equal  to  the  difference  of  their  cubes. 

25.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full  cask, 
and  seized  the  opportunity  of  drinking,  which  he  continued  for 
3  ot  the  time  that  Silenus  would  have  taken  to  empty  the 
whole  cask.  Silenus  then  awoke  and  drank  what  Bacchus  had 
left.  Had  they  drank  both  together  it  would  have  been  emptied 
two  hours  sooner,  and  Bacchus  would  have  drank  only  half 
v/hat  he  left  Silenus.  How  long  would  it  have  taken  each  to 
empty  the  cask  separately  ?  • 


SECTION    X. 

RATIO,  PROPORTION,  AND  VARIATION. 
RATIO. 

212.  Ratio  is  the  relation  one  quantity  bears  to  another 
in  regard  to  magnitude,  the  comparison  being  made  by 
considering  what  multiple  or  fraction  the  first  is  of  the 
second. 

Note. — It  will  be  seen  i'rom  this  definition  that  the  term  ratio  is  equiva- 
lent to  the  common  arithmetical  term  qnotient. 

N 
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213.  Till'  ratio  dl'  um-  (juantity  to  another  is  expressed 
by  placing  a  colon  between  tlieni  or  by  writing  them  in  tlic 
form  of  a  fraction. 

Thus,  tlio  ratio  of «  to  0  ia  writlou  a  :  b  or  more  commonly  -r- 

0 

214.  Ratio  can  cxi.st,  of  course,  only  between  quantities 
of  the  same  kind,  because  it  is  only  between  such  quanti- 
ties that  any  comparison  as  to  magnitude  can  be  instituted. 

215.  Quantities  arc  of  tlie  same  kind  when  one  can  bo 
multiplied  so  as  to  exceed  the  other. 

Thus,  a  ratio  can  exist  between  a  cent  and  £100,  or  between  a  wjuarc 
uch  and  an  acre,  or  between  a  grain  troy  and  a  cwt.,  because  in  each  case 
the  one  can  be  multiplied  so  as  to  exceed  the  otlier,  or,  in  other  words  the 
quantities  entering  into  the  ratio  are  of  the  same  kind  ;  but  no  ratio  can 
exist  between  a  linear  inch  and  an  acre,  because  the  former  cannot  bo 
multiplied  so  as  to  exceed  the  latter. 

216.  The  term  of  the  ratio  which  precedes  the  sign  : 
or  which  is  written  as  numerator  of  the  fraction  is  called 
the  antecedent  o(  the  ratio,  the  remaining  term,  the  consequent. 

217.  A  ratio  is  said  to  be  a  ratio  of  greater  inequaUiij, 
a  ratio  of  equality,  or  a  ratio  of  less  inequality,  according 
as  the  antecedent  is  > ,  =^  or  <  the  consequent. 

218.  If  the  antecedents  of  any  ratios  be  multipled  to- 
gether and  also  the  consequents,  there  is  formed  a  new 
ratio  which  is  said  to  be  compounded  of  the  former  ratios. 

Thus,  the  ratio  ace  :  Id/is  .said  to  be  compounded  of  the  ratios  a:h,c:d, 
and  e  :  /. 

219.  A  ratio  compounded  of  two  ratios  is  called  the 
sum  of  these  ratios,  thus,  when  the  ratio  a  :   h  h  com. 
pounded  with  itself  the  resulting  ratio  a^  :  V  is  called  the 
double  of  the  ratio  a  :  h  or  more  commonly  the  duplicat 
ratio  of  a  :  i  ;  also  the  ratio  a'  :  i'  is  called  the  triple  o 
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the  ratio  a  :  h  ov  more  commonly  the  triplicate  ratio  of 
a  :  h. 

Note.— Similarly  the  ratio  V«  :  V''  is  called  the  subduplicate,  the  ratio 

3 

?/a  :  ?/b,  the  subtriplicate ;  rt*  :  b'^ ,  the  sesquiplicatcof  the  ratio  a  :  b,  &c. 

220.  Problems  upon  ratios  are  solved  by  writing  the 
ratios  as  fractions  and  treating  these  fractions  by  the  ordi- 
nary rules.  Ratios  are  compared  with  one  another  as  to 
magnitude  by  writing  them  as  fractions,  reducing  these 
fractions  to  a  common  denominator  and  comparing  the 
numerators. 

221.  Theorem  I. — A  ratio  of  greater  inequality  is  diminished, 
and  a  ratio  of  less  inequality  increased  by  adding  the  same  quantity 
to  both,  its  terms. 

Demonstratiox.— Let  a  :  bbe  a  ratio  of  inequality,  and  let  x  bo  added 
to  each  term. 

Then*  —  < as  ab  +  ax<-ab  +  bx,  or  as  ax  ^  bx  or  as  a  <b.  That 

b  <b+  X  ^       <        '       '  <  '^ 

is  if  a  >  6  then  ax  >  bx  and  ab  +  ax  >  ab  +  bx  and  ^  >  '    ;  but  it 

b        "   I   ■*' 

«      a  -\-  X 
a  <  b  then  ux  <  bx  and  ab  -\-  ax  <'ab-\-  bx  and  —  <  t— - — 

"  a  +  a- 

■  Uead  —  is  qreater  than  or  less  than according  as,  &.C. 

b  b  +  a; 

222.  Theorem  II. — 4  ratio  of  greater  inequality  is  increased, 
and  a  ratio  of  less  inequality  diminished  by  subtracting  the  same 
quantity  from  both  its  terms.* 

Demoxstratio". — Let  a  :  bhca.  ratio  of  inequality,  and  let  x  bo  sub- 
tracted from  each  term. 

Then  —  ^ ,  as  aft  -  ax  <.ab  -  bx ;  or  as  bx  ^  ax  or  asb<.  a. 

ij  <,  b  -  X  <-  ^  '^ 


'  The  quantity  subtracted  must  however  be  less  than  either  of  tho  terms. 
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223.  ..:/  lulio  is  increased  or  diminished  by  bring  compound 
ii'ith  another  ratio  according:  as  the  latter  is  a  ratio  of  greater 
less  inequality. 

Dkmusptuation.— Li't  tlic  ratio  a  -.  t>  U'  conipomulcil  witli  llic  rutin 
HI  :  H.  tlu>  latter  boiDg  a  ratio  of  iiiciiualHy. 

a   ^  am  ^ 

I  lien    ;-  <j  - — ,  according  w,  ahn  o  a\>m.  or  as  n  ^  m,  or  us  m   :  ii  i    w 
b  P^  bn  >  > 

ratio  of  greater  or  lew  iiicf|ualify. 

Exercise  LVI. 

1.  Find  the  ratio  compounded  of  <f  :  ^  ;  c  :  u^  ;   and  a\>  ;  i;l. 

2.  Compound  together  the  ratios  «--  b^  :  «■*  +  b^ ;  (a-b)~  :  a 
and  d^  -ab  +  b-  :  (a  -  by\ 

3.  Compound  together  the  ratios  x'' -  2x  -  1 5  ;  x^-?,.v-\" 
x^  +  a;  -  2  :  x-  +  8x  +  15  and  x'^  +  12x  +  35  :  x-  -  1 . 

4.  Which    is    the    greater   ratio  that  of  a^  +  //'   ;    a- ■{■  b 
d'  +  b'^  :  a  +  b. 

5.  Which  is  the  greater  ratio  that  of  x^  I-  y'^  :  x- -  y-  •■'■ 
(x  +  2/)*  :  x*  -  x^  y  +  x^  y'^  -  xy^  +  y*  ;  x  .^5  being  >  y  ^1. 

6.  What  quantity  must  be  subtracted  from  each  term  of  i 
ratio  a  :  6  in  order  to  make  it  equal  to  the  ratio  c  :  d. 

1.  What  quantity  must  be  added  to  each  term  of  the  r:i : 
m  :  n  in  order  to  convert  it  into  a  ratio  of  equality. 

8.  If  a  ;  6  be  a  ratio  of  greater  inequality,  what  is  tlie  ratio 
compounded  of  the  ratio  of  «  +  fc  :  a-b,  the  difference  of  the 
duplicate  ratios  of  a  :  a  and  a  :  b,  and  the  triplicate  ratio  of 
b  :  a  T  b. 

9.  Prove  that  the  ratio  a  :  6  is  the  duplicate  of  the  ratio  of 
a  +  c  to  6  +  c,  if  c  be  a  mean  proportional  between  a  and  b. 

10.  Prove  that  dr-b'^  :  d^  +  6^  is  greater  or  less  than  the  ra  ' 
of  a -6  :  a  +  b  according  as  a  :  6  is  a  ratio  of  greater  or  1 
inequality. 


PROPORTION. 
224.  Proportion  consists  in  an  eqaality  between  two 
ratios,  the  two  equal  ratios  being  connected  by  the  sign 
or  by  the  ordinary  sign  of  equality. 
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For  example,  if  rt,  6,  (^  ancWUio  four  proportional  ((uanlities,  the  pro- 
portion existing  between  them  is  expressed  by  writing  them  tlms, 
a  :  h  :  :  c  :  d. 

Note  1.— The  first  and  fourth  of  such  proportional  quantities  are  called 
the  extremes  ;  and  the  second  and  third,  the  means. 

Note  2.— When  three  quantities  a,  h  and  c,  are  proportionals,  so  that 
a  :  b  :  :  b  :  c  ;  the  second  term,  h  is  said  to  be  a  mean  proportUmal 
between  the  other  two,  and  the  third  terra  c  is  called  a  (hi nl proportional 
to  the  otlier  two. 

225.  Theore-M  I. — If  four  quantities  be  proportionals,  the  product 
of  the  extremes  is  equal  to  the  product  of  the  means. 

DemoNSTEATION.— Let  a  :  b  :  :  <■  -.  d,  then  ad  =  he. 

a        c 

Yor  _  =  —  and  multiplying  each  of  these  by  bd  we  have  ad  =  be. 
b         d 

Cou.  Hence  if  three  terms  of  a  proportion  are  given,  the  fourth  may  be 
be  ad         ad  be 

readily  found.  Thui,  «=  — ;  b  =  ~-;C—  —  ;  d  = 

d  c  b  a 

226.  Theorem   II. — If  the  product   of  any   two   quantities   be 
equal  to  the  product  of  any  two  others,  the  four  are  proportionals 

the  factors -of  either  product  being  made  the  extremes,  and  the 

factors  of  the  other  product  the  means. 

Oemosstuatiox.— Let  wl  —  bi\  then  dividing  each  of  these  by  bd  and  we 

a       c 
liare  —  =  —  tliat  is  a  -.  b  -.  -.  <■  :  <l. 
b        d 

227.  Since  the  two  ratios  composing  a  proportion  may  be 
written  as  two  equal  fractions,  it  follows  that  all  the  results  ob- 
tained in  Art.  106  may  be  applied  to  proportional  quantities,  or 
in  other  words,  we  may  combine  together  in  any  manner  what- 
ever by  addition  or  subtraction  the  first  and  second  terms  of  a 
proportion,  provided  we  similarly  combine  the  third  and  fourth 
terms.  So  also  we  may  proceed  with  any  multiples  whatever 
of  the  first  and  third,  and  any  multiples  whatever  of  the  second 
and  fourth  terms.  Similarly  we  may  combine  any  powers  or 
roots  of  the  first  and  second  terms,  provided  we  also  combine 
the  same  powers  or  roots  of  the  third  and  fourth.  (See  the 
demonstrations  in  Art.  lOG  (i-xvi). 
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228.  In  solving  |tioblems  in  jMopoilion  tlic  sUidcnt  jiin 
cnrcfully  l>eur  the  Inst  proposition  (227)  in  mind,  and  nl 
tlmt: — 

I.  Any  proportion  may  be  converted  into  an  ivjuation  liy 
taking  tlic  product  of  tiie  extremes  equal  to  the  ])ro- 
duct  of  the  means. 

II.  Any  proportion  may  be  converted  into  an  equation,  by 
Avriting  the  first  term  divided  by  the  second  =  the  third 
term  divided  by  the  fourth. 

b 
Ex.  \.  U  a  :  b  ::  c  :  d  prove  that  («+  6)  (r  +  d)  =   -{c-\-df 

b  '^ 

=  ^  (a  +  by. 

„        a      c  be        ^        ad 

Here  -r  =-;•■•«=  —  and  c  =  < — 

b      d  d  b  ic 

In  the  expression  (rt  +  6)(c  +  rf)  substitute  "^  for   a,  and   we 

/be       \  /be+bd\ 

have  (a  +  b)(c  +  d)=  [-f  +  ^  )  (c  +  d)=  I  — - —  j  (c  +  rf)  ^ 

-  (f  +  rf)  (c  +  d)=  ^  (c  +  dy 
d  d 

Similarly  in  the  expression  (a  +  fe)(c  +  d.)  substitute  —  for  r. 

fad  \  * 

This  gives  us  (a  +  6)  (c  +  r/)  --^  (a  +  b)  l—  +  d  j  =  (a  +  b) 

ad  +  bd\  d       d 

^  (a.  +  6)   (a  4-  6)  -  =  -r  (a  +  b)^. 


b      J      ^  '   ^  '  b       b 

Ex.  2.— Given  x^  + 2/^  :  x^-i/  :   :  559  :  127  and  x-y  =  294  to 
find  the  values  of  x  and  y. 

OPERATION. 

127x»  +  127y^  =  559x'-559i/=»or  eSSf  =  A32x^  or  3A3y^  ^  216j 

or  1y  -  6x  .-.  y  =  *x.     Substitute  this  value  of  y  in  the  second 

equation  and  we  have 

Qr'  x'^ 

x^y  =  294:  or  x'^  X  ^  x  =  294  or  —  =  294,  or  —  =  49  ;  or  r' 

7  7 

=  343  ;  or  a:  =  7,  whence  y  =  6. 
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Ex.  3. — If  a  :  b  :  :  c  :  d  ami  also  m  :  n  :   :  p  :  q. 

Prove  that  ?na  +  7ib  :  ma  -nb  :   :  pc  +  qd  :  pc  —  qd. 

a     c 
Since  a   :   b   :    :  c  :   d  and  vi  :   n  :  :  p  :  q,  then      =    -  ^nd 

b     d 

m        p  a    m 

—  =    — .      Multiplying  these  equals    together,   -we  have    ,  x  — 

c      n        ma    pc  ma  +  7ib        pc  +  qd 

--jxL  or— -  =  '—..     Then,  Art.  106  (vii), r   = '— 

a      q       nb      qd  ma  -  nb       pc  ~-  qd 

that  is  ma  +7i6  :  ma  -  nb  :   :  pc  +  qd  :  pc- qd. 

Exercise  LVII. 

1.  If  tf,  b,  c,  d  be  any  four  quantities  whatever,  find  Avliat 
quantity  added  to  each  will  make  them  proportionals. 

2.  If  four  numbers  be  proportionals  show  that  there  is  no 
number  which,  being  added  to  each  will  leave  the  resulting  four 
numbers  proportionals. 

3.  If  a  :  b  :  :  c  :  d  and  m  :  n  :  :  p  :  q  prove  that  ?na--  2nb'^  : 
pc^-  2qd?  :  :  ma^  +  2nb'^  :  pc-  +  2qd^. 

4.  There  are  two  numbers  whose  product  is  24,  and  the  dif- 
ference of  their  cubes  is  to  the  cube  of  their  difference  as  19  to 
1.     What  are  the  numbers? 

5.  The  number  20  is  divided  into  two  parts,  which  are  to 
each  other  in  the  duplicate  ratio  of  3  to  1.  What  is  the  mean 
proportional  between  these  parts  ? 

6.  li  X  .  y  :  :  a*  :  b^  and  a  :  b  :  :  ^c  +  x  '■  '^d  +  y  prove  that 
dx  =  cy. 

7.  U  (a  +  b  +  c+d)(a-b-c  +  d)=-  (a-& +c -r/)(a  i-  b-c-d) 
prove  that  a  :  b  :  :  c  :  d. 

8.  What  two  numbers  are  those  whose  sum,  difference  and 
product  are  as  the  numbers  s,  d  and  p  respectively. 

0.  A  person  in  a  railway  carriage  observes  that  another  train 
running  on  a  parallel  line  in  the  opposite  direction  occupies 
two  seconds  in  passing  him  ;  but,  if  the  two  trains  had  been 
proceeding  in  the  same  direction,  it  would  have  required  30 
seconds  to  pass  him  ;  compare  the  rates  of  the  two  trains.] 

10.  A  and  B  speculate  in  trade  with  different  sums  of  money. 
A  gains  §150  and  B  loses  $50,  and  now  A's  stock  is  to  B's  as 
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S  ;  2,  but   had   A    lost   $.'>0  and  K  gained  $100,  A's  stock  would 
have  been  to  B's  as  5  :  9.     What  was  the  stock  of  each  ? 

11.  If  6  -  -^ac  prove  that  a  ^  b -^  c  :  (a  +  ft  +  r)^:  :«-6  +  c: 
a-  +  6=  +  <r. 

12.  If  b  -^  '/ac  prove  that  «  :  c  :  :  (a  +  i)(<i-/0  :  (ft  +  c)(b-<:). 
U.  What  number  is  that  to  which  if  :i,  8  and  17  be  severally 

ndded,  the  first  sum  shall  be  to  the  second  as  the  second  sum  is 
to  the  third. 

14.  If  m  shillings  in  a  row  reach  as  far  as  n  sovereigns,  and  a 
pile  of  p  shillings  be  as  high  as  a  i>ile  of  q  sovereigns,  compare 
the  values  of  equal  bulks  of  gold  and  silver. 

•42o+ll^/»       •42c+llj-rf 

15.  If  «  :  6  :  :  r  :  d  prove  that     4^  _  gj      =       4c  -  5<i~" 

16.  If  a,  b,  c,  and  d  arc  in  continued  proportion,  express  (fl  +/>) 
(c  -  d)  in  terms  of  a  and  c,  and  prove  that  a  :  ^a  :  :  b  :  ^d. 


VARIATION. 

229.  Variation  is  an  abridged  method  of  indicating 
proportion,  and  is  conveniently  used  in  investigating  the 
relation  which  varying  but  dependent  quantities  bear  to 
one  another. 

The  two  terms  of  a  variation  art-  tlic  two  antecedents  ol  the  correspond- 
ing proportion— the  consequent*  not  being  expressed.  Thus,  when  we 
say  the  interest  varies  as  the  principal,  we  mean  that  if  P  and  p  be  any 
two  principals  and  /  and  i,  the  corresponding  interests  at  a  given  rate  and 
time,  then 

I  :  i  :  :  P  :  p  or  briefly,  omitting  the  consequents,  I  a:  P. 

230.  The  sign  cc  is  called  the  xign  of  variation  and  i?< 
read  varies  as. 

Thus,  I  v.  P\9,  read,  /  varies  as  P. 

231.  One  quantity  is  said  to  vary  direcfli/  as  another 
when  the  two  quantities  depend  upon  each  other,  so  that 
if  one  be  changed  in  any  manner  the  other  must  also  be 
changed  in  the  same  proportion. 
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Thus,  leaving  time  and  rate  per  cent,  out  of  conbidfration,  the  interest 
(/)  varies  directly  as  the  principal  (/>).  for  if  lis  changed  to.  i,  P  must  also 
be  changed  to  p  in  such  a  manner  that  I :  i  :  :  P  :  p. 

Note.— When  we  simply  say  that  one  quantity  varies  as  another,  wc  are 
always  understood  to  mean  that  the  one  varies  directly  as  the  other. 

232.  One  quantity  is  said  to  vari/  inversely  2ls  another 
when  the  first  cannot  be  changed  in  any  manner,  but 
the  reciprocal  of  the  second  is  changed  in  the  same  pro- 
portion. 

Thus,  .4  oc  —(A  varies  inversely  as  B),  if,  when  A  is  changed  to  a,  B 
B  11 

must  be  changed  to  h,  so  that  A  :  a  ■.•.--•.  —  •.■  b  :  B. 

For  example,  if  the  area  of  a  triangle  be  given  the  base  varies  inversely 
as  the  altitude,  for  if  A  and  a  be  the  altitudes  and  B  and  h  the  bases  of  two 

1       1 
equal  triangles,  then  ^.B  =  aft  .-.  A  :  a  :  :  h  :  P,  or  A  :  a  :  :  -^  :  —  or  A 

cc    

B 

233.  One  quantity  is  said  to  vary  as  two  others  jointly  ^ 
if  when  the  first  is  changed  in  any  manner  ihQ  product  of 
the  other  two  is  changed  in  the  same  proportion. 

That  is  ^  a:  BC  (A  varies  as  B  and  (.'jointly)  when  if  A  be  changed  to  a 
the  product  BC  must  be  changed  to  be  in  such  a  way  that  A  :  a  :  :  BC :  he. 

Thus,  the  area  of  a  triangle  varies  as  the  base  and  altitude  jointly ;  for  if 
A.  B  and  /'represent  the  area,  base  and  altitude  of  any  triangle,  and 
a,  b,p  the  area,  base  and  altitude  of  any  other  triangle,  then  A—y  BP 

and  a  =  -  hp  .-.^^-^.■.A-.a::  BP  :' bp  .:  A  cr  P.P. 

2  a         hp 

234.  One  quantity  is  said  to  vary  directly  as  a  second 
and  inversely  as  a  third,  when  the  first  cannot  be  changed 
in  any  manner,  but  the  quotient  of  the  second  by  the 
third  is  changed  in  the  same  proportion. 

That  is  v4  oc  -  _  (A  varies  directly  a.s  P.  .and  inversely  as  C),  when,  if ^  be 

B  h  B       h 

f-han^ed  to  a,  -  must  be  changed  to      so  that  A  :  a  :  :   -  :  — 
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TUud,  (hr  baso  of  n  IrianRlo  varies  directly  ae  tlio  ana  and  invi^rwly  m 

JiP      A 
the  altitude;  for  taking  A,  B,  P;  a,  h  and  n  aa  in  last  article  --—  = 

,  ^  ,.  Jl  Ap  A  a  „^\      " 

mulliplvini;  Ijotli  -     wo  cot    -r    =    — r    =    -.-,    -r    —    ■'•    -o  :  0 

A    '      a  J'         A        ^  "'  ^  i' 

::     —    :     —     or   Ji  a:     -- 

p      j>  r 

THEOREMS. 

235.  TnKOREM  1. —  If  one  quantity  vary  as  another,  it  is  equal 
to  some  constant  multiple  of  that  other.  That  is,  if  A  oc  B  then 
A  =  mB  tchere  ra  is  a  constant  quantity. 

Demonstration.— For  it  A  x  B  then  A  :  a  :■.  B  :  b,  alternately 

A  :  B  ::  a  :  b    .-.    —    =    — ,  let   -  =  m,  then  —  =  m  .-.  A  =  mli 
B  b  I)  B 

where  m  is  a  constant  quantity. 

NoteI. — This  principle  enables  us  to  convert  a  variation  into  an  equa- 
tion and  is  therefore  made  use  of  in  almost  every  problem  and  theorem 
in  variation.  ^ 

NOTB  2. — Hence  if  m is  a  constant  quantity  and  A  =  inB  then  A<x.  B,i.  c 
A  varies  as  B;  also  if  .4  —  —  then  A  a:  —  i.e.  ^  varies  inversely  as  B;  also 


B  B 

mB  j5 

Also,  if  A=  mBC,  then  A  cc  BC  i.  e.  A  varies  as  B  and  C  jointly. 


if  .4  =  -77-  then  Ax.  —  i.  e.  varies  directly  as  B  and  inversely  as  C. 
^  C 


236.  Theorem  III. — If  J  o:  B  and  B  (x.  C,  then  A  oc   C. 

Dkmonptration.— By  Theorem  I,  A^=mB  and  J?  =  nC  where  m  and 
n  are  constants,  then  A  =  jnnC,  that  is  ^  oc  C.  because  both  m  and  n 
being  constant,  mn  their  product  is  also  constant. 

XoTE.— Also  if  ^  oc  ^  and  -B  oc  —  then  Ax  - ,-. 

237.  Theoukm  III. — If  J  CC  C  «,,  7  B  az  C  then  J  ±  B  oc  C  and 
^/(JIB)  oc  C. 

Demonstkation.— By  Theorem  1,A=  jnCand  B—nC  where  m  and  n 
are  constants.  Then  A  ±  B  =  m  C  -tn  C  =  (m,  i.  n)  C  .• .  A  ±  B  x  C, 
because  m  ±  w  is  a  constant  quantity. 

Also  V  (^5)=  V(TOCxnC)=  '\/{mnC2)=  'J  (mn)C  .-.'JaBx  C. 

J  Ji 

238.  Theorem.  IV. — If  A  cc  BC,  then  B  az  j,  and  C  cc -^. 
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A  1    A 

Demonsthation.— By  Thoorcm  i,  A  =;»»/>(',  then  I>  -= •  =  — .— - 

A         ^    ^  A  \    A         ^        A  mC        m   C 

.-.   n  az      ~    and   C  =    — —  =  — .—  .■.  C  oc  -. 
C  "lis  m  B  li 

239.  Theorem  V. — If  A  cc  B  and  C  cc  D,  then  AC  cc  BD. 

Demoustbation.— By  Theorem  1,  A  =  mB  and  C  =nD,  then  AC  = 
mnBD  and  .-.  AC  cc  BD. 

240.  Theorem  VI.— 7/"  .4  oc  -B  then  A"-  oc  J5". 

Demonstration.— By  Theorem  i,  A^=  mB,  then  ^1    =  m  B  ,  but  m 
is  a  constant  quantity  .■.  .^    cc  B  • 

KOTE.— So  also  it  Ace  B  then  ^A  cc  ^B. 

241.  Theorem  VII. — If  A  cc  B  and  P  be  any  other  quantity 

A      B 
then  AP  oz  BP  and  —  azy. 
P      P . 

Demonstration.— By  Theorem    I,   ^  =  mli  hence   PA  =  mPB 

.-.  PA  a:  PB. 

A      mB  BAB 

Also  A  =  mB  .-.  —  =  — —  =  j»  -—.•.-—  oc  — 

JsOTE.— Hence  —  is  constant,  for  if  Ace  B  dividing  both  by  B,  we  have 
A       B       ,  ^ 

--  oc   -—  oc  1. 

n     B 

242.  Theorem  VIII. — When  three  quantities  are  so  related  that 
the  increase  or  decrease  of  one  depends  upon  tlie  increase  or  decrease 
of  the  other  two,  in  such  a  way  tliat  if  either  of  these  latter  be 
invariable  the  first  varies  as  the  other,  then  when  both  vary  the  first 
varies  as  their  product.  That  is,  if  A  az  B  when  C  is  constant 
and  A  cc  C  when  B  is  constant,  then  A  oz  BC  when  both  B  and  C 
are  variable. 

Demonstration.— The  variations  of  A  depends  upon  the  variations  of 
two  other  quantities  B  and  C ;  iQt  the  variations  of  these  take  place  separ- 
ately, and  when  B  is  clianged  to  b  let  A  be  changed  to  a,  and  when  C  is 
cliangeil  to  c  let  a  bo  changed  to  a'.    Then 

A  :  a  :  :  B  :  J)  ;  and 

a  :  a'  :  :  C  :  c  and  by  compounding  these  we  lia\  e 

A  :  a'  :  :  BC:  be  .-.  (Art.  229)  u4  a  BC. 

XoTE.— In  a  similar  way  it  may  be  shown  that  when  there  is  any  num- 
ber of  quantities,  A,  B,  C,  J)  Sfc,  such  that  A  varies  as  each  of  the  others 
when  the  rest  are  constant— then,  when  they  are  all  changed,  A  varies  as 
their  product. 
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Ex.  1.  If  .r  oc  I/-'  >^n'l  2,  3  and  5  be  cuntrmpdraiiroiis  values 
of  .r,  V  1111(1  :,  express  .r  in  terms  of  >iz. 

OrKHATlOX. 

Since  .r  cc  yz-  .•.  x  =  myz^  and  when  x  ~  2,  y  =  '.\  and  -  =  5,  llu-ii 
substituting  those  values  we  have  2  =  /n  x  3  x  5*  =  75m  .-.  in  - 
,7.     Then  a:  =  myz'  or  a;  =  -'5  j/c". 

Ex.  2.  Given  that  a  cc  b  and  that  when  a  =  2,  b  =  1,  find  the 
value  of  «  when  b  =  5. 

OI'ERATIOH. 

Since  a  cc  b   .•.  a  =  mb  or  2  =  m.  because  a  =  2  and  b  -  1, 
Then  when  ft  =  5  we  have  a  =  )nft  =  2  x  5  =  10. 

Ex.  3.  Given  that  x  cc  yz,  and  that  z  =  2  when  y  =  z  =  2,  6nd 
the  value  of  x  when  y  -  z=  3. 

OPERATION. 

Since  x  cc  yz  .-.  x  =  myz,  that  is  2  =  w  x  2  x  2  =  47n.  .-.  m  -  I 
Then  x  =  7ny=  =  .^  x  3  x  3  =  |  =  4^  when  y  =  z  =  3. 

Ex.  4.  If  4y  +  3z  oc  Gy  +  4r,  shew  that  y  cc  z. 

OPKKATION. 

4y  +  3r  oc  51/  +  4c  or  4y  +  3z  -  m  {5y  +  42)  =  5»ii/  +  4inz 

/47/1-3 
.-.  4i/  -  5my  =  4v/i2  -  3z  or  (4  -  5»i)j/  -  (47ft  -  3)z  or  1/  =  I  — -rr 

4/n  -  3      \'*-='™. 
or  y  -  z  multiplied  by  the  constant  quantity  -     ■■  ■      .-.  y  cc  z. 

Ex.  5.  If  y  =  the  sum  of  three  quantities  <  :'  which  the  first 
cc  x^,  the  second  oc  X,  and  the  third  is  ctm  tant,  and  when 
X  =  1,  2,  3,  y  =  6,  11,  18  respectively,  express  '/  in  terms  of  x. 

OPERATION. 

The  first  quantity  oc  x'-^  and  is  .-.  =  mx',  similarly  the  second 
quantity  cc  x  and  is  therefor©  =  nx,  and  the  third  quantity  is 
constant,  and  is  .-.  =  p,  say.  Then  y  being  =  the  sum  of  these 
we  have  y  =  mx^  +  nx  +p,  and  taking  x  =  1,  2,  3  and  y  =  6,  1 1 , 
18,  we  get  the  three  equations  : — 

G  -  m  +  n  +  p      ^ 

1 1  =  4yft  +  2n  +  7>  > 

18  =  97ft  +  371  +  ^  ) 
which  when  solved  give  m  =  1  ;  n  =  2,  and  j9  -  3,  and  substituting 
these  in  the  equation  y  =  tjix^  +  nx  +  p  we  have  2/  =  x^  +  2x  +  3. 
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Exercise  LVIII. 

1.  If  mx'^  +  1/  oc  cx~  -  dy  shew  that  x  cc  y. 

2.  Given  that  x  cc  y  and  that  when  x  =  7,  i/  =  3  find  the 
equation  between  x  and  y. 

3.  Given  that  x  =  the  sum  of  two  quantities  whereof  one  is 
constant  and  the  other  varies  inversely  as  y,  and  when  y  -  ?>, 
X  =  1  wlicn  y  =  1,  x  =  2,  find  the  value  of  x  when  y  =  15. 

4.  Given  that  x-^  oc  y^  and  x  =  2  when  y  =  4  find  the  equa- 
tion between  r  and  y. 

5.  If  X  =  the  sum  of  two  quantities  whereof  one  is  constant 
and  the  other  oc  xy,  and  when  x  =  2,  y  ~  3,  when  x  =  3,  y  -  -  3, 
express  x  in  terms  of  y. 

6.  If  y  =  the  sum  of  three  quantities,  of  which  the  first  is 
constant,  the  second  oc  x,  and  the  third  oc  x^  ;  and  when  x  =  3, 
5,  T,  y  =  0,  -  12  -  32  respectively  ;  find  the  equation  between 
X  and  y. 

1.  Given  that  y  -  the  sum  of  two  quantities  one  of  which 
varies  as  the  square  of  x,  while  the  other  varies  as  x  inversely, 
and  that  when  x  =  5,  ,y  =  7  and  when  x  -  ^^  y  =  o  find  the  equa- 
tion between  x  and  y. 

8.  Given  that  y  oc  (b-  +  x'^),  and  when  x  =  -/  {li^  -  6^), 

d^ 
y  =    -  find  the  C([uation  between  x  and  y. 
b 

9.  If  X,  y,  z  be  all  variable  quantities  such  that  z  -  x  -  y  is 
constant,  and  (x  +  7/4-  z){x  -  y  -  z)  cc  yz,  prove  that  x  -  y  +  z 
cc  yz. 

10.  A  locomotive  engine  without  a  train,  can  go  24  miles  per 
hour,  and  its  speed  is  diminished  by  a  quantity  which  varies  as 
the  square  root  of  the  number  of  cars  attached.  With  4  cars 
its  speed  is  20  miles  per  hour.  Find  the  greatest  number  of  cars 
the  engine  can  move. 
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SECTION   XI. 

PRlUiRRSSIONS,  rKU.MUTATIONS,  AM)  OUMHINATIONS. 


AKITIIMETICAL  PROOnESSTOX. 

243.  Quantitlf.s  are  .said  to  bo  in  Aritlmictical  I^-oj^ros- 
sion  when  they  increase  or  decrease  by  a  common  dijfetrna: 

Thus,  4,  6,  8,  10,  12.  &c.,  aiv  in  aritlimctical  jn-Djiressioii,  Hit- comnidu 
clifl'ercncc  being  2. 

21a,  ISrt,  15«,  12(1,  9a,  Ca,  &c.,  arc  in  aiitlinutical  iiroffrts.,  Ilio  cotninon 
diflerence  being  -  3rt. 

3a  -)-  6a  +  7a  4-  9«,  &c.,  are  in  aiitli.  progress.,  tlie  couiniun  ilillorence 
being  2a. 

244.  In  every  progression  the  first  and  last  terms  arc 
called  the  extremes,  and  the  intermediate  terms  the  mennx. 

245.  In  arithmetical  progression  there  are  five  things 
to  be  considered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  difference. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

These  quantities  are  so  related  to  one  another  that  any  tliree  of  tliem 
being  given,  the  other  two  can  be  found,  and  hence  there  are  20  distinct 
cases  arising  from  these  combinations. 

246.  If  we  represent  these  five  quantities  by  letters,  thus, 

a  =  the  first  term,  I  =  the  last  term,  d  =  the  common  difference, 
n  -  the  nitmber  of  terms,  s  =  the  sitm  of  the  series. 
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the  general  expression  for  an  arithmetical  scries  will 
become 

a +(«  +  (/)+(«  +  2d)  4-(a  +  3(/)  +  (a  +  4^0 +(«+ 5^/)+,  &c., 

where  the  coefficient  of  (Z  is  always  one  less  than  the  number  of  the 
term.  Thus,  in  the  third  term  the  coefficient  of  d  is  2,  which  is 
1  less  than  the  number  of  the  terra  ;  in  the  fifth  term  the  coeffi- 
cient off/  is  4,  which  is  1  less  than  the  number  of  the  term,  &c. 

Hence  1  =  a  -k-  {n  -  \)d  ;  that  is,  the  last  term  of  an  arithmetical 
series  is  equal  to  the ^rs^  term  added  to  the  product  of  the  com- 
7)1011  difference  by  one  less  than  the  number  of  terms. 

247.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms  taken  in  any  order  whatever,  we  have 


s  =  a  + 
Also    s  =  1  + 


a+(/+|a+2fZ+|a  +  3(i  + 
l-d+\l  -2d+\l-  3d  + 


...l-3d-\-\  l-2d+ 
...a  +  3d+\a  +  2d+ 


l'd+ 
a+d-h 


Hence  2s  =  (a  +  /)  -i-  (a  +  /)  +  («  +  0  +  («  +  0  +  •  •  •  •  ^o  "  terms. 
But  (a  +  I)  +  {a  +  I). . .  .to  n  terms  =  (a  l-  /)«. 

Therefore  2s  =  (a  +  l)n,  and  dividing  these  equals  by  2,  we 
haves  =  (a  +  0^'  That  is,  the  sum  of  the  series  is  found  by 
adding  together  the  ^rs^  and  last  terms,  and  multiplying  their 
sum  by  half  the  number  of  terms. 

248.  From  the  formula  obtained  in  Art.  247,  we  find 
by  transposing  the  terms 

I  -  a 


I  =  a  +  (71  -  \)d  d  - 


71-1 


I  -  a 
a  -  I  -  (n  -  I)  dn  =  — - —  +  1 

and  substituting  these  values  of  /,  a,  d,  and  n  in  the  formula 
obtained  in  Art.  247,  we  find 
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It 
s  -  { '111  ^  («  -  i)(/j  -- 

(/-a)(/  +  fl)       /  +  « 

■^'  " Td ^   "-2~- 

We  thus  ol)t,ain  the  five  fundamentiil  formulas  from  wliirli  the 
otlier  fifteen  are  dorivod,  by  transposing  Iho  terms,  kc.     Thus, 
/  =  a  H  (71  -  !)(/  gives  formulas  for  /,  a,  ii,  d  -  4 

s  -  (a  !-  /).^-  "  "  s,  a,  /,  «  =  4 

s  =  {2a+  (n  -  l)d\—  "  s,  «,  «,  d  =  4 

s  =  j2/- (?i -!)(/}  -  "  s,  /,  71,  f/=4 

Total  20 
249.  By  means  of  these  equations  when  any  three  of 
the  quantities  a,  d,  I,  n,  s,  are  given,  we  may  find  a  fourtli, 
and  may  moreover  proceed  to  the  solution  of  many  prob- 
lems which  without  their  aid  would  be  difficult  or  even  im- 
possible. The  student  is  recommended  to  carefully  study 
the  following  examples  : — 

Ex.  1.  Find  the  sum  of  the  first  50  terms  of  the  series  4a  +  Ga 
+  8a+  10a  +  &c. 

OPERATION. 

s  =  { 2a  1-  («  -  l)d  {  -  =  I  8a  +  (50  -  l)2a  }  ^^'^  ^  (8a  +  49  x  2a)25 
=  (8a  +  98a)25  =  106a  x  25  =  2650a. 
Ex.  2.  Given  3,  the  first  term,  and  55,  the  last  term,  of  a  series 
consisting  of  27  terms,  to  find  the  common  difference. 

OPERATION. 

I  -  a 
I  =  a  +  (n  -  l)d  or  (n  -  l)d  ~  I  -  a  .-.  d  -   —^-r 

55  -  3        52 


d  = 


!7-l        26 
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Ex.  3.  Insert  5  aritliraetical  means  between  1  and  23. 

OPERATION. 

Since  there  are  five  means  and  two  extremes,  there  arc  in  all 
7  terms,  and  we  must  find  the  common  difiference  of  an  arith- 
metical series  of  7  terms  whose  first  term  is  1  and  last  term  23. 

I- a        23-1 
d= 

71-1 

ilence  the  series  is  1,  45,  84,  12,  15?,  19i,  23. 

Ex.  4.  IIow  many  terms  of  the  series  6  +  8J  +  lOj,  &c.,  make 
up  3795? 

OPKRATION. 

s-{2a+  (M-  iyi\\\  3795-{12  +  (n  -  1)2^  \^ 
7590-::  12>i+(ft'^-«)2J  ;  22770  =  36n+ 771^- 7ft ;   7/1^+29/1=22770 

+  799  -  29 
n  =  = -—  =  V*^  =  55. 

Note,— The  negative  vahie  -577  does  not  natisfy  the  conditions  of  the 
question,  and  is  therefore  inadmissible. 

Ex.  5,  The  sum  of  four  numbers  in  arithmetical  i)rogression 
is  32,  and  the  sum  of  their  squares  is  276.   Required  the  numbers. 

OPERATION. 

Let  X  =  the  second  number  and  y  =  the  com.  diff. 

Then  x  -  y,  x,  x  +  y,  and  x  +  2y  is  the  series. 

.-.  X  -  1/  +  x  +  X  +  y  +  X  +  21/  =  4x  4-  2y  =  32  or  2a;  +  1/  =  16. 

Also  (X  -  ]/)«  +  x«  +  (X  +  yy  +  (X  +  2yy  =  4xy  +  4x^  +  Gy^ 
=  276  or  2x2  4.  2xy  +  3y^  =  138. 

And  y^  16-  2x  .-.  2?;^  +  2x(16  -  2x)  4-  3(16  -  2x)='  =  138. 

That  is,  2x'''  +  32x  -  4x^  +  768  -  192x  +  12x2  ^  138. 

That  is,  10x^-160x  =  -630;  x2-16x  =  -63;  x''-16x4-64  =  1. 

x-8  =  ±lorx  =  9or7. 

y  =  16  -  2x  ^  IQ  -  18  --  2,  or  IG  -  14  ^  2. 

Hence  taking  x  =  9  and  y  --i  we  have  the  series  11,  9,  7,  5 ; 
taking  r  -  7  and  ?/  =  2  we  have  5,  7,  9,  11. 

0 
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(itlicrwipc,  let  X  -  3y,  X  -  y,  X  +  y,  and  x  +  3y  reprcsonl  tho 
uuinber,  where  2y  -  the  common  dilTerence. 

Then  x  -  3y  +  x  -  y  +  x  +  y  +  x  +  3y  =  4x  =  32  .-.  x  =  8. 

(X  -  3y)-  +  (x-  y)*  +  (i  +  y)'  +  (x  +  3y)'*  =  4i*  +  20]/'''  =  27G 
or  20y»  =  276  -  25G  =  20. 

y^  =  1,  y  =  +  1.     Hence  x  -  3y  ==  8  +  3  =  5  or  11,  &c. 


EXEHCISE   LIX. 
Sum  the  following  series  : 

1.  63,  65,  67,  &c.,  to  31  terms  and  also  to  n  terms. 

2.  -  200,  -  188,  -  176,  -  164,  -  &c.,  to  22  terms  and  to  n  terms. 

3.  2,  3J,  5,  &c.,  to  17  terms  and  also  to  2m  +  p  terms. 

4.  I,  0,  -  ?,  -  IJ,  &c.,  to  11  terms. 

Find  the  l7th  and  28th  and  nth  terms  of  the  series  : 

5.  2,  5,  8,  &c. 

6.  3,  -2,-7,  &c. 

7.  2i,  3i3,-,  3H,  &c. 

8.  Insert  3  arithmetical  means  between  3  and  33. 

9.  Insert  4  arithmetical  means  between  9  and  -  6G. 

10.  Insert  7  arithmetical  means  between  -  1  and  100. 

11.  Find  the  sum  of  73  terms  of  the  series  1,  2,  3,  4,  &c. 

12.  What  is  the  nth  term  of  the  series,  1,  3,  5,  7,  Ac.        .^^ 

13.  Prove  that  the  sum  of  n  terms  of  the  series  1,  3,  5,  7,  &c.,  is 
equal  to  n^. 

14.  If  a  body  falling  to  the  earth  descends  a  feet  the  first 
second,  3a  feet  the  second,  5a  feet  the  third,  and  so  on  ;  how 
far  will  it  fall  in  t  seconds  ? 

•  15.  How  far  will  the  body  (Question  14)  fall  during  the  20th 
second  and  during  the  t  th  second. 

16.  There  are  four  numbers  in  arithmetical  progression,  of 
which  the  sum  of  the  squares  of  the  extremes  is  200,  and  the 
sum  of  the  squares  of  the  means  is  136.     Find  the  numbers. 

17.  There  are  four  numbers  in  arithmetical  progression  whose 
continued  product  is  1680  and  common  difference  4.  What  are 
the  numbers  ? 

18.  There  are  five  numbers  in  arithmetical  progression  whose 
sum  is  25  and  continued  product  945.    What  are  the  numbers? 
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19.  A  man  borrowed  $60  at  6»per  cent,  simple  interest,  per 
year  of  360  days.  How  mucli  must  he  pay  daily  to  cancel  the 
debt,  principal,  and  interest,  in  60  days  ? 

20.  Prove  that  the  sum  of  «  terms  of  the  natural  numbers  1,  2, 

n(n  +  I) 

3,  &c.,  is  ; ^. 

2 

21.  Prove  that  the  sum  of  the  squares  of  the  first  n  natural 

.       n(n+l)(2n+l) 

numbers    is ^ 

6 

22.  How  many  terms  of  the  series  2,  11,  20,  &c.,  are  required 
to  make  up  517  ? 

23.  Find  the  arithmetical  series  the  last  three  terms  of  which 
amount  to  96,  and  the  preceding  four  terms  of  which  added 
together  make  up  86. 

24.  Find  the  arithmetical  series  of  which  the  5th  and  7th  terms 
are  respectively  7  and  5. 

25.  Given  s  the  sum  of  an  arithmetical  series  =  bn  +  en-  for  all 
values  of  n,  find  the  t  th  term  of  the  series. 

26.  Prove  that  the  sum  of  the  (m  -  n)ih  and  Q>i  +  «)th  terms 
of  an  arithmetical  series  is  double  the  mth  term. 

27.  In  an  arithmetical  progression  if  the  (p  +  q)th  term  =  m 
and   the   (p  -  q)th  term  =  n,  prove  that  the  5th  term  of  the 

P 
series  is  =  m  -  (m  -  n)~ 
'2q- 

28.  Sum   to^  «  terms  the  arithmetieal  progression  whose  pth 

term  is  7  -  - -. 
2 

29.  There  are  three  numbers  in  arithmetical  progression,  such 
that  the  square  of  the  first  added  to  the  product  of  the  other  two 
IS  16  ;  the  square  of  the  second  added  to  the  product  of  the  other 
two  IS  14.     What  are  the  numbers  ? 

30.  The  sum  of  four  whole  numbers  in  arithmetical  progression 
13  20,  and  the  sum  of  their  reciprocals  is  i-i  Required  the 
numbers. 
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G  E  O  W  E  T  R  I  C  A  L*  P  R  0  ( i  IJ  E  S  S  1  0  N  . 

250.  Quantities  are  said  to  be  in  g('f)nutri<';il  pro^ros- 
sion  when  tlioy  increase  or  decrease  by  a  coniiuon  multiplier. 

riiUK,  2,  4,  8,  16,  32.  &(.•.,  are  in  KC"iiiclrk-iil  iirogrcssioii,  tliu  coiiiiiiDn 
inultiplior  being  2. 

5a,  -  15a^,  46o  ,  -  ISfxi',  &c.,  arc  in  geonutiicul  j)niKrennii)n  llic  coinnuju 
niultipliiT  boinfr  -  Sa. 

251.  In  yconittriad prog rois'ioH  there  are  five  things  to 

be  considered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  ratio. 

4.  Tke  number  of  terms. 

5.  The  sum  of  the  series. 

Ah  in  aritlimctical  progression,  these  five  qnantities  arc  so  rclafrd  that 
anytlirif  of  them  being  given  tlio  other  two  can  be  found,  and  licnce  there 
arc  20  di.>^tiuct  cases  arising  from  their  combination. 

252.  Ecpresenting  these  five  quantities  by  letters,  thus, 

a  -  the  first  term,  I  =  the  last  term,  r  =  the  common  ratio, 
n  =  the  number  of  terms,  s  =  the  sum  of  the  series, 
llic  general  ex]n-ession  for  a  geometrical  series  becomes 
a  4-  ar  +  ar'^  +  ar'  +  or*  +  ar^  +  &c., 

where  the  index  of  r  is  always  one  less  Umn  the  number  of  the 
term. 

Thus,  in  the  third  term  the  index  of  r  is  2,  which  is  one  less 
than  the  number  of  the  term  ;  in  the  fifth  term  the  index  of  ;•  is 
4,  which  is  one  less  than  the  number  of  the  term,  &c. 

Hence /  =  ar^'i ;  that  is,  the  la.st  term  is  equal  to  the  fir.st 
term  multiplied  by  the  common  ratio  raised  to  that  power  which 
is  indicated  by  one  less  than  the  number  of  terms. 

253.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms, 
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s  =  fi  +  ar  +  ar'-'x  . . . . +a?-"'^+«r"'i,  multiplying  by  r,  we  get 

sr  =  ar  +  ar^+ +  ar^ "  ^  +  «r" "  ^  4-  or". 

Hence  s?--s  =  ar"-rt;  or  s(r-  1)  =  «(?•"-  1),  and  therefore 
a(r"  -  1) 

~v^~  ■ 

254.  From  tlie  formula  obtained  in  Art.  252  we  get  by 

transposing  the  terms,  &c., 

/  I  \  J- 


I  log.  I -log.  a  . 

a  =  -— --  n '---  +  1 

;•"  - 1  log.  r 

And  substituting  these  values  of  /,  «,  r,  n,  in   the  formula 
obtained  in  Art.  254,  w«  find 

rl  -  a  "  -^ 

'       (r -!))•«- 1 

and  these  together  with  the  two  formulas  obtained  in  Arts.  252 

apd  253, 

a(r"-l) 

I  -  ar"-  - 1 

are  the  fundamental  formulas  of  geometrical  progression  from 

which  the  other  fifteen  are  derived  by  reduction.     Thus, 

rl  -  a 

s  = gives  formulas  for  s,  ?•,  I,  and  a,  =  4 

r  —  1 

i(r"-l) 


"  .s,  ?•,  /,  and  n,  =  4 

"  s,  I,  n,  and  a,  =  4 

"  A-,  r,  a,  and  ?i,  =  4 

r  —  1 

Total  20 


i        r 

a(r"-l) 
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255.  Wlien  the  cdiuiiion  ratio  ol' a  -;coiiu'lric!il  sericH  is 
a  piojH'r  fraction,  tlio  sorios  is  a  doHccndin;;  one,  and  if  the 
number  of  terms  is  infinitely  great,  r"  becomes  infinitely 
small;    i.  e.,    r"   becomes   =   0;    hence   a;-"    in    formula 

r_  1    becomes  equal  to  zero,  and  the  formula  for  finding 

the  sum  becomes  —    =    -!L.,      The   expression  — ^ 

properly  speaking,  however,  represents  the  Umit  of  the  sum 
of  the  infinite  series  rather  than  tlic  sum  itself. 

256.  By  means  of  these  formulas  many  prol^lcnis  in 
geometrical  progression  maybe  solved,  but  as  a  rule  ques- 
tions in  which  the  value  of  n  is  sought  are  incapable  of 
solution  except  by  the  higher  analysis. 

Ex.  1.  Find  the  last  term  and  the  sum  of  the  series  3,  6,  12, 
&c.,  to  11  terms. 

OPERATION. 

I  =  ar"  -i  =  3x2io-3x  1024  -  3072 

oO'^-l)       3(2"  -  1) 

s  = r—  =  -^4 =  3(2048  -  1)  =  3  X  2047  =  6141. 

r-1  2-1  ^ 

Ex.  2.  Find  the  limit  to  the  sum  of  the  series  8  +  4  I-  2  +  1  + 
&€.,  ad  infinitum. 

OPERATION. 

a  8  8 

s  ^ = =  -  ^  16. 

1  - r        l-i       i 

Ex.  3.  Find  the  7th  term  and  the  sum  of  8  terms  of  the  series 

4   fi    id 
6>  y>  -ZT 

OF'EEATION. 

The  common  ratio  is  always  -  2nd  term  -f  1st  term. 
Hence  in  this  question  r=f^|  =  f  =  § 

'•-1    "       B-i,     "       -i        '  i 
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Ex.  4.  Insert  three  geometrical  means  between  4  and  324. 

OPERATION. 
/ 

I  -  ar'^-'^   .-.   r"-i   =   -. 
a 

And  since  there  arc  here  3  means  and  2  extremes  there  are  in 
all  5  terms,  then  r*  '  ^  =  ^\^,  r*  =  81,.  whence  r  is  evidently  =  3, 
and  the  series  is  4,  12,  3G,  108,  324. 

Ex.  5.  Find  six  numbers  in  geometrical  progression  such  that 
the  sum  of  the  extremes  is  99,  and  the  sum  of  tlie  other  four 
terms,  90.  operation. 

The  sum  of  tlie  six  terms  is  evidently  99  +  90  =  189. 

Let  X  =  the  first  term  and  y  =  the  common  ratio. 

Then  x,  xy,  xy'^,  xy^,  xy*,  xy^,  represent  the  terms 

Ir-a      xy^  -  X        xfw^  -  1) 

J  =189=  = =  -^ i- 

r  -  1         y  -I  y  -  I 

189(y-l)  99 

.'.  X  =  T .     But  xy^  +  X  -  x(y^  +  1)  -  99  .*.  x  -  -— 

y6  _  1  '  \3  /  yi  ^^ 

189(y-  1)  99  21(2/2-1)  11 

y6   _   1  ""    y5  +  1     I  ~y6   _   1  -        yi  ^yi  J^  yi  _  y  J^    I 

21  11 


•  •  3/4+^2+  1   "  yi  --f  Jry'^-y  +  I 

.-.  21y*-21y3+  21/-  211/ +  21  =  llj/4  +  11,/+  11 

10i/*+  10/+  10=  21/+  2ly 

10(/  +  /+1)  =  2l2/(/+l) 

10(/+2/+l-/)  =21y(/+  1) 

10(/+l)^-10/  =  21y(/+l) 

10(/+  If -21y(/+l)  =  10/ 

21y  /2l2/\^    441/       400/         841/ 

(.y'  +  1)'-  ^{f^  1)  +  (^YoJ  =  ^00"  +  ~4"or  =  ~loo~ 

2\y  29y 

1/'^  +  1 i  =  +  — 1 

■^  20-20 

_  21y  +  29j/       50y       5y 
^  "*■  ^  ~         20         ""  "20"  "^  T 
2y'''  -  5y  =  -  2  ;  16y*  -  40y  +  25  =  -  16  +  25  ^  9 
4y-5  =  ±3;  4y  =  5  +  3  =  8  .-.  y-2 

99       _ 
^  ~  /  +  1    "35-3. 
Therefore  the  series  is  3,  6,  12,  24,  48,  96. 
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Ex.  <;.  The  Slim  of  fdiir  iiunilici's  in  fi;fnnK'iriciil  inoRri^.ssHUi  ia 
equal  to  tlic  common  riitio  I- 1,  ixiul  the  lirst  term  is  -|V-  He(|iiire<l 
the  numbers. 

Dl'KKATlON. 

Let  »■  =  tiie  common  ratio. 

1  .    r        r^  r" 

Then  the  numbers  are  r-z  ,  ys  ,    yj,  a"d  Tr 

l  +  r  +  r^+r*        l+r  +  r^l  +  r)      (1  l-r)(l  +  r'0 
Then    1  +  r  =  — .-w = j^^  ~         ~   "       i7 

1  +  '"^  .      ., 

.-.  1  r-.  -— -  or  ?-^  +  I  =  17  i  r^*  =  16,  .-.  r  =  +  4, 

and  the  numbers  are  -^K,  iV,  i?,  '!?» 


EXERCISR    LX. 

Find  the  last  term  and  the  sum  of: 

1.  3  +  9  +  27 +  &C.  to  6  terms.        2.  1  +  2  +  4  +  &c.  to  9  terms. 
3.  «+f +  f  +  &c.  to  7  terms.  4.  3- 6  +  12  -  <ke.  to  12  terms. 

5.  4-5  +  Gi-&c.  toGterms.        6.  30-15  +  7J -&c.  to  8  terms. 

Find  the  limit  to  the  sum  of  the  infinite  series  : 


7. 

-  li  +  a-i5  +  &c. 

8. 

1  +  iV  +  -A-  +  *c. 

9. 

7  -  3J  +  U  -  &c. 

10. 

64-  32  +   16  -  &c. 

11. 

•623. 

12. 

•7. 

13. 

•976. 

14. 

•80232. 

Sum  the  following  series 

15. 

1  +  3  +  9  +  &c.  to  n  tei 

•ms. 

16. 

2  -  ^  +  2*5-  -  &c.  to  71  terms, 

17. 

2  +  V8  +  4  +  &c.  to  10  terms. 

18.  a"  +  aP  +  «  +  aP*'^'  +  &c.  to  n  terms. 

19.  Insert  three  geometrical  means  batween  1  and  \^. 

20.  Insert  seven  geometrical  means  between  2  and  13122. 

21.  Insert  three  geometrical  means  between  9  and  y. 

22.  The  sum  of  the  first  and  third  of  four  numbers  in  G.  P.  is 
148,  and  the  sum  of  the  second  and  fourth  is  888.  What  are 
the  u umbers? 
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23.  Tilt'  sum  (if  tile  first  iind  secoti'l  of  four  numbers  in  G.  P. 
is  15,  and  the  sura  of  the  third  and  fourth  is  60.  Required  the 
numbers. 

24.  The  sum  of  S315  was  divided  among  three  persons  in  such 
a  way  that  the  first  received  $135  more  than  the  last.  The  three 
shares  being  in  G.  P.,  required  what  they  were.  Interpret  the 
negative  result  obtained  in  the  solution. 

25.  There  are  five  whole  numbers,  the  first  three  of  which  are 
in  G.  P.  ;  the  last  three  in  A.  P.  ;  the  second  number  being  the 
common  difference  of  these  three  terms.  The  sum  of  the  last 
four  is  40,  and  the  product  of  the  second  and  last  is  64.  Required 
the  numbers. 

20.  Prove  that  the  sum  of  n  terms  of  the  series  a  +  («  +  b)r 
+  (a  +  26)r-  +  (a  +  3b)r^  +  &c., 

a-{a+ (ttT- l)6}r"      br(l-r''-'^) 
=  1^7  +      (l-r)^^ 

27.  If  rt,  b,  c,  d,  are  four  quantities  in  G.  P.,  prove  that  a-  +b'^ 
+  c^  >  (tt  -  6  4-  c)-,  and  that  (a  +  b  +  c  +  d)^  =  (a  +  b)-  +  (c  +  d)'-' 
+  2(6  +  c)-. 

28.  In  a  G.  P.   if  the   (p  +  q)th  terra  =  vi,  and  the  (/)  -  q)t\i 

term  -  n,  show  that  the  /)th  term  =  v'"'";  ^^^^^  -"^Iso  that  the  ^th  term 
n\JL 
ml 

29.  The  sum  of  three  numbers  in  G.  P.  is  35,  and  the  mean 
term  is  to  the  diflFerence  of  the  extremes  as  2  :  3.  Required  the 
numbers. 

30.  There  is  a  number  consisting  of  three  digits,  the  first  of 
which  is  to  the  second  as  the  second  is  to  the  third  ;  the  number 
itself  is  to  the  sum  of  its  digits  as  124  :  7,  and  if  594  be  added  to 
it,  its  digits  will  be  inverted.     Required  the  number. 


HARMONICAL  PROGRESSIOX. 

257.  Quantities  are  said  to  be  in  harmonica!  progression 
when  their  reciprocals  are  in  arithmetical  progression,  or 
when  of  any  three  consecutive  teruxH  the  first  is  to  the  third 
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as  the  difforcnco  between  the  first  and  second  is  to  the 
difference  between  tlie  second  and  tliird. 

Thus,  a,  h,  and  c  arc  said  to  be  in  II.  1'.  wlien  a  :  c  ::  a-  li  :  b  -  r.   Also, 
since 8,  7, 11,  &c.,  are  A.  P.,  their  rociprocalg  i,  ^,  iS,  &c.,  aro  in  il.  V. 

258.  It  may  be  easily  proved  tliat  the  reciprocals  of  a 
series  of" quantities  in  H.  P,  are  in  A.  P.,  as  follows:  — 

Lot  a,  b,  c  be  in  H.  P.     Then  a  :  c  ::  a  -  b  :  b  -  c  or  (i(b  -  c) 
=  c(a  -  b),  01  cd)  -  ac  =  ac  -  be,  and  dividing  each  of  tliese  by 

1111 
abc  wc  liave r  -  ^  -  ~-  But  when  the  difference  between 

c        b        b        a 

the  first  and  second  is  the  same  as  the  difference  between  the 
second  and  third,  the  three  quantities  are  said  to  be  in  A.  P. 

259.  No  general  rule  can  be  given  for  finding  the  sum 

of  a  series  of  terms  in  H.  P.,  but,  by  inverting  the  given 

terms  so  as  to  form  a  series  in  A.  P.,  many  useful  problems 

may  be  solved. 

Ex.  1.  Continue  the  H.  series  2J,  I3,  U,  three  terms  each 
way. 

OPERATION. 

Since  |,  ^,  5,  are  in  H.  P.,  their  reciprocals,  |,  f,  f,  are  in  A. 

P.,  and  their  common  difference  =  5.     Hence  -  |,  ^,  ^,  },  |,  ^,  ^, 

f,  I,  is  the  continued  A.  series,  and  these  terms  inverted  give  us 

for  the  required  H.  series  -  5,  oc,  5,  21,  1?,  li,  1,  f,  ^. 

Note.— The  second  term  of  the  A.  P.  is  5 ,  which  inverted  gives  us  o 
which  =  cc.    (See  Art.  66.) 

Ex.  2.  Insert  four  H.  means  between  2  and  6. 

OPERATION. 

Insert  four  A.  means  between  J  and  ^.     Here  d  = - 

4 
=  -  r  =  -  'h-     Hence  the  A  scries  is  |,  ^jjl,  f{f,  3'u-,  -j',,-,  -/,>, 
o 

.-.  H.  series  is  2,  2-,^,  2-i\,  3^,  4f,  6. 

Ex.  3.  Insert  three  H.  means  between  10  and  30. 

OPERATION. 

a 1  -      J.. 

Insert  3  A.  means  between  -{^  and  ;,'-„.     Here  d  =  ~ — T~-~~4^ 

_  _Vo,  and  the  A.  series  is   ,1,7,  -„%,  liV,  b'ff)  6>>-     Hence  the  H. 
series  =  10,  12,  15,  20,  30. 
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Ex.  4.  Find  the  nth  term  of  the  II.  series  1^,  1,  J,  &c. 

OPERATION. 

The /ah  term  of  the  A.  series  §,  1,  <,  &c.,^rt+(n-l)f/=  | +(n-l)J 

•2  H  1  1  /J         «  +  I 

=  —  +  —  -  —  -—-  +  —  =  — — -  .-.  the  nth  term  of  the  given 
o  o  3  i>  »'5  3 

3 

H  scries  is  . 

n+  \ 


260.  Let  a  and  h  be  any  two  quantities,  and  let  A  be 
tlieir  arithmetical  mean,  G  their  geometrical  mean,  and  // 
their  harmonical  mean.      Then, 

I.  Jl-a  =  b-A  OT  2J^  a  +  b  .-.  J  =  l(a  +  b).      Art.  243. 

II.  ff  :   G  ::   G  :  h  ov  G-  =  ab  .-.   G  =  V"^-      -^I'ts-  224  and  250. 

2ab 

III.  a:b::a-H:H-b  or  aH+bH=  2ab  .-.  H= Art.  257. 

a  +  b 

261.  Hence  the  A.  mean  between  two  quantities  is  equal  to  half 
their  sum,  the  G.  mean  between  two  quantities  is  equal  to  the  square 
root  of  their  product,  and  the  H.mean  between  two  quantities  is 
equal  to  twice  their  product  divid.ed  by  their  sum. 

262.  Theorem  I. —  Taking  A,  G,  and  II,  as  in  last  article,  G  is 
Jhe  geometrical  mean  between  A  and  H. 

■2ab 

Demonstration.  Since  A  =  i(a  +  b)  and  H  = r    •'•  -^H  - 

^         ^  a  +b 

a+  b        2ab 

X -  ab,  but  G-  =  ab  .-.   G-  =  AH.     Extracting  tlie 

square  root  of  both,  we  have  G  -  '/AH,  that  is,  G  is  the  geomet- 
rical mean  between  A  and  H. 

263.  Theorem  II. —  Taking  A,  G,  and  H  as  in  Art.  260,  then  of 
the  three  A  is  the  greatest  and  H  the  least  in  magnitude. 

Demonstration.  Because,  (Art.  134)  a^  +  ¥>2  ab,  d^  +  2ab  +  b'^ 
4ab  a  +  b        2ab  a  +  b 

>  Aab,  and  a  +  b  > -,  and  > T,hut =  A,  and 

2ab  «+''  2  a^-  b'  2 
7  =  H,  .-.  A  >  H.     And  G  being  the  geometrical  mean  be- 
tween A  and  H  is  of  intermediate  magnitude,  i.  c,  is  greater  than 
H  and  less  than  A,  .-.  A>  G>  H. 
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201.   TiiKouKM  III. —  'r/iid-  i/itiiiililir.-',  a,  b,  C;  are  in  A.  P.  '"■ 

Ti    r>  />    n  a  -  b        u         a         a 

//.  r.,  or  u.  r     acrorame:  z -  —  or  —  or  — . 

b  -  c        a         b         c 

a  -  h        a  , 

Dkmonstuation  I.  , — —  =  —  =  I  .-.  a-h-b  -  c  or  />  -  U«+r). 
b  -  c        n  3v       / 

a  —  b        a  _ 

11-  r T  •'•  "''  ~  ^^  =  ab  -  nc  or  b'^  -  ac  .-.  b  -  -Jac. 

0  —  c        b  ^ 

(I  -  b        a 

ni.  ■     -_  -  —  .-.  a  :  r  ::  a  -  b  :  b  -  c. 
0  -  c        c 

Ex.  5.  Find  the  A.  G.  aud  H.  means  between  1,',  and  10. 

OPBllATION. 

-^  -  J(>  +  ^)  =  \m  +  10)  n  1  X  Hi  ^  1  X  i^  -.  Y5  -  5-,V 
G  -  '^ab  =  VU  X  10  =  Vl6  =  4. 
„      2ab         2xUxlO        32 

ff ° _    _    or,  8 

a+  6  1J+  10     ~  11^   ~   ^^■'^ 

Ex.  6.  The  difference  of  the  A.  and  II.  moans  between  two 
numbers  is  l^  ;  find  the  numbers,  one  being  four  times  as  great 
as  the  other. 

OPERATION. 

2ab  a+  b        2ab 

^i=K«+i)andff.^^.-.^-/f=-2--^^ 

a^  +  2ab  +  V' -  4ab        (a  -  b)^ 

"         T(^T6)  "  2(aVby='   •■•  "'"'^^  "  "  4''  ^^^«  ^''^^^ 

(Ab-by        (3^/ _  96''=  96         9  6 

2(46+6)  ^  2x56  ^  106     ""  10  "^  T  •'•  Yo   "^  ^   ""■  ^  "  ^  ^"^ 
a  =  46  =  8. 


Exercise  LXI. 

1.  Continue  three  terms  each  way  the  H.  series,  (i)  |,  ^,  i 

(")  -iV,  tV,  tV;  0")  h  i,  .^ ;  (iv)  14,  15,  j* ;  (v)  -,^,  u,  -  h 

(VI)-  i,  cc,  i. 

2.  Insert  three  H.  means  between  2  and  3  ;  between  5  and  1 
between  11  and  3  ;  between  2i  and  .3|;  between  6  and  -  f. 

3.  Find  the  5th,  11th,  and  nth  terms  of  the  H.  series  2i,  1,  |. 
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4.  Find  the  6th,  10th,  and  last  term  of  the  H.  series  4J,6i,  13. 

5.  Find  the  4th  and  8th  terms  of  the  H.  series  ni,  -,V»  tV- 

6.  Find  the  unknown  terms  of  a  H.  scries  whose  first  term  is 
4  and  fourth  term  1. 

7.  Find  the  8th  term  and  the  wth  terras  of  a  II.  series  whose 
first  term  is  (/  and  second  term  b. 

1  1 

8.  Find  the  H.  mean  between  --  ;  and  - — 7. 

m  +  u         m  —  n 

,     9.  Find  the  A.  G.  and  H.  means  between  4  and  9. 

10.  Find  the  A.  G.  and  H.  means  between  6  and  4^. 

11.  If  a,  b,  c,  be  three  quantities  in  H.  P.,  prove  that  a^  +  c' 
>  26-',  if  a  and  c  are  both  positive  or  both  negative. 

12.  If  a,  b,  c,  are  in  A.  P.,  and  a,  mb,  c,  in  G.  P.,  prove  that 
(/,  m^b,  c,  are  in  H.  P. 

13.  From  each  of  three  quantities  in  H.  P.  what  quantity  must 
be  taken  away  in  order  that  tlae  three  resulting  (juantities  may 
beinG.  P.? 

14.  The  sum  and  difference  of  the  A.  and  G.  means  between 
two  quantities  are  16  and  4  respectively.  Required  the  numbers, 

15.  The  A.  mean  between  two  numbers  is  2f  of  the  H.  mean, 
and  one  of  the  numbers  is  2.     Required  the  other. 

16.  Find  two  numbers  whose  sum  is  30  and  H.  mean  ISJ. 

17.  Find  two  numbers  whose  difference  is  16i  and  the  G.  mean 
between  the  IT.  and  A.  means  of  which  is  9. 


PERMUTATIONS,  VARIATIONS,  COMBINATIONS. 

265.  The  different  orders  in  wliicli  any  given  number 
of  quantities  can  be  arranged  are  called  their  2><^r7nuf(it ions 
or  variations. 

Thus,  the  permutations  of  a,  b,  c,  taken  three  together,  are 
abc,  acb,  bac,  br.a,  cnb,  cba ;  taken  two  together,  they  are  ab,  ba, 
uc,  ca,  be  J  cb. 

NoTK. — Some  writers  make  a  distinction  between  i)crmutatioiis  and 
variations — limiting  the  application  of  tbe  former  term  to  those  cases  in 
wfiicli  all  the  quantities  are  taken  togetlier,  and  calling  otliei-s  variations. 


-1-i  PERMUTATIONS.  (Skct.  XI. 

266.  The  comhhiations  of  any  given  number  of  tilings 
are  the  diffcnnt  coJU'ctions  that  can  be  formed  out  of  tlicm 
without  taking  into  consideration  the  order  in  wliich  tho 
quantities  are  placed. 

Thus,  the  combinations  that  can  be  formed  out  of  three  things, 
«,  b,  c,  are  three  in  number,  viz.,  ab,  ac,  and  be. 

2Q1.  Theorem  l.—T/ie  number  of  variations  of  n  things  taken 
p  together  is  n(n  -  l)(n  -  2) (u  _  p  +  i). 

Demonstration.  Let  there  bo  n  different  things  «,  b,  c,  d,  &c. 

Then  the  number  of  variations  which  can  be  formed  out  of 
these  n  different  things  taken  one  at  a  time  is  manifestly  =  n. 

From  the  n  things  a,  b,  c,  d,  &c.,  let  us  remove  a,  then  there 
will  remain  n-  I  things  b,  c,  d,  and  the  number  of  variations  of 
these  n  -  1  things  taken  singly  will  of  course  be  =  n  -  1.  Now 
if  we  place  a  before  each  of  these  n  -  1  variations  there  will 
n  -  1  variations  of  «,  b,  c,  d,  &c.,  taken  two  and  two  together,  in 
which  a  stands  first.  Similarly  there  will  be  n-  I  such  varia- 
tions in  which  6  stands  first,  and  so  of  the  rest.  Therefore  there 
are  upon  the  whole  n(n  -  1)  variations  of  «  things  taken  two  and 
two  together. 

Hence  of  (n  -  1)  things  b,  c.  d,  Ac,  t.aken  two  and  two  to- 
gether, there  are  (n  -  l)(n  -  2)  variations,  and  placing  a  before 
each  of  these  it  appears  there  are  (n  -  \){n  -  2)  variations  of  n 
things  a,  b,  c,  &c.,  taken  three  and  three  together,  in  which  a 
stands  first,  and  as  the  same  may  be  said  of  b,  c,  d,  &c.,  there  are 
upon  the  whole  n(n-  l)(?i  -  2)  variations  of  «  things  taken  three 
and  three  together. 

Similarly  the  number  of  variations  of  n  things  taken  four  and 
four  together,  may  be  shown  to  be  n(n  -  l)(n  -  2)(m  -  3),  and 
five  and  five  together,  n(n  -  l)(n  -  2)(n  -  3)(n  -  4),  and  so  on. 
Now  it  has  been  shown  that  variations  of  «  things  taken 

2  together  =  ri(7i-l)  or  n(n- 2  +  1) 

3  "        =n(n-l)(n-2)  or  n(n-l)(ji-3  +  l) 

4  "  ^n(n-l)(7i-2)(n-3)  or  ??(«  -  1)(« -2)(n- 4 -i- 1) 
and  so  on.  Hence  the  variations  of  n  things  taken  p  together 
=  n(^n  -  l)(n  -  2). . .  .(n  - p  +  1). 
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Cor.  1.  If  ]>  =  n,  that  is,  if  the  quantities  are  taken  all 
together,  the  variations  or  permutations  of  n  things  is  n(n-  1) 

(71-2) (ft  -  ?t  +  1)  =  7i(n  -  l)(?i  -  2). . .  .3.2.1,  or,  reversing 

the  order  of  these  terms  we  have   permutations  of  n  things 
=  1.2.3.4 71. 

Cor.  2.  Hence   denoting   the    variations   of   ji  things   taken 
1,  2,  3,  4,  kc.jp  together  by  Fj,  F^,  F^,  F^,  &c.,  F,,  we  have 
Fi  =  n  ;   Fjj  =  7i(/i  -  1)  ;    F,  =  n(n  -  l)(n  -  2)  ;    F,  =  7i(n  -  1) 
(7i-2)(7i-3):  &c.;    V,.  =  n{n  -  l)(n-2)(n-3) (7i-p+l). 

Note.— For  tlie  sake  of  brevity  n(7i-l)(/t -2) — 3. 2.1  is  frequcutly  indi- 
cated by  [n  (rciid/M-toriitln.)  accordingly,  j n  denotes  the  continued  pro- 
duct  of  the^atural  numbers  from  1  to  n  inclusive. 

268.  Theorem  II." —  The  number  of  permutations  of  n  thingn 
taken  all  together,  whereof  "^  are  n's,  q  are  b's,  and  r  are  c\s,  is 


Ip  la  li  • 

Demonstration. — Let  N  denote  the  number  of  permutations 
under  the  given  conditions.  Then  if  we  suppose  that  in  any  one 
of  these  iV  permutations  we  change  the  p  a's  into  letters  diflfer- 
ing  from  all  of  the  rest,  we  could  from  this  single  permutation 
produce  \p  different  permutations,  and  as  the  same  would  be 
true  for  each  of  the  N  permutations,  it  appears  that  if  the  p  a's 
are  changed  to  letters  differing  from  all  the  others,  thei'e  will  be 
N  \p  permutations  of  n  letters,  whereof  there  are  still  q  b's  and 
r  c's. 

If  now  the  q  b'a  were  changed  to  letters  differing  from  all  the 
rest,  it  may  be  shown  by  similar  reasoning  that  we  should  have 
N\p  \q  variations  of  ti  things,  whereof  there  still  remain  r  c's. 

Similarly,  if  the  r  c's  are  changed  to  letters  differing  from  all 
the  rest,  we  shall  find  that  the  number  of  permutations  of  n  differ- 
ent things  =iV  |/)  |(/_|n  But  the  permutations  of  «  different  things 
is  [n. 

Hence  N  \p  \q  \r  -  \n,  and  dividing  botli  sides  of  the  equation 

~        |7i 

by  [j>  \q  \r  we  have  N  - =r 
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Ex.  1.  How  luiiny  variations  can  be  made  of  10  tilings  tiikoii 
3,  5,  8,  and  10  at  ii  lime  ? 

OPEUATION. 

Fj  =  n(n-l)(/i  -  2)  =  10.9.8  ^  720 

Vi  -  n(n-  l)(;i  -  2)(»  -  3)(«-4)  -•  10.9.8.7.6  ^  30240  ' 
V\  =  n(n  -  l)(rt  -  2)(n  -  3)(h  -  4)(7i  -  5)(«  -  G)(«  -  7) 
^   10.9.8.7.6.5.4.3  =  1814400 

Fia  =  1.2.3.4 71=  1.2.3.4.5.6.7.8.9.10  :-  3628800. 

Ex.  2.  How  many  different  words  can  be  made  with  all  the 
letters  in  tlie  expression  u^brMc'' . 

OPEKATION. 

We  are  to  find  the  permutation  of  13  letters,  of  which  4  are 
a's,  2  are  c's,  and  5  are  c's. 

1«  1.2.3.4.5.6.7.8.9.10.11.12.13 

^'~   IpTiIL''  17273.4  X   1.2  X   1.2.3.475 

=  7  X  9  X  10  X  11  X  12  X  13  =  1081080. 
Ex.3.  The  number  of  variations  of  n  -  2   things  3   together: 
number  of  variations  of  «  things  3  together  ::  5  ;   12.     P'ind 
the  value  of  n. 

OPERATION. 

(/i-2)(/i-3)(«  -  4)  :  «('i-l)(«-2)  ::  5:  12 

12(re  -  2)(ra  -  3)(n  -  4)  =  5ra(/i  -  \){n  -  2) 

12(n  -  3)(n  -  4)  =  5rt(w  -  1) 

12(n*-7ft+  12)  ^  5n--  bn 

12/1^  -  84/1  +  144  -  571^  -  5«  or  7/t^  -  79ra  =  -  144 

196n2  -  2212n  +  6241  =  -  4032  +  6241  ^  2209 

14?i  -  79  =  +  47  .-.  1471  =  126,  or  7i  =  9. 

Ex.  4.  The  variations  of  a  certain  number  of  things  taken  3 
together  is  20  times  as  great  as  the  number  of  variations  of  half 
as  many  things  taken  3  together.     Find  the  number  of  things. 

OPERATION. 

/i(/i  -  l)(7i  -  2)  =  20  X  ln(^\n  -  \){ln  -  2) 

/n  -  2\  fn-  4N 
«(«  -  l)(/i  -2)  =  10«f  ^-  )  (2 

n(n  -  l)(7i  -  2)  =  5  7i(7i  -  2)(rt  -  4) 
and  dividing  both  by  7i(7i  -  2)  we  have  7i  -  1  =  |(7i  -  4)  whence 
n  -  6. 
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EXRRCISE    LXII. 

1.  In  how  many  different  ways  can  six  different  counters  be 
arranged  ? 

2.  How  many  variations  can  be  formed  ont  of  8  things  taken 
(i)  4  together,  (ii)  6  together,  and  (iii)  all  together. 

3.  How  many  different  words  can  be  formed  out  of  the  expres- 
sion a^b-^cM  ? 

4.  Assuming  that  sixteen  changes  can  be  rung  per  minute, 
and  that  the  bells  are  rung  10  hours  each  day,  how  long  would 
it  require  to  ring  all  the  changes  that  can  be  rung  on  12  bells  ? 

5.  If  the  number  of  permutations  of  n  things  5  together  is  six 
times  as  great  as  the  number  3  together,  find  n. 

(5.  A  landlord  agrees  to  board  a  company  of  10  persons  as 
many  days  as  they  can  sit  in  different  positions  at  table,  for 
SiJOOO.  Assuming  that  the  board  of  each  is  worth  $5  per  week, 
how  much  docs  he  lose  by  the  transaction?  What  is  bis  loss  if 
the  §5000  is  paid  at  once  and  placed  at  simple  interest  at  6  per 
cent,  per  annum  till  the  close  of  the  term  of  agreement? 

7.  The  number  of  variations  of  15  things  taken  n  together  is 
ten  times  as  great  as  the  number  taken  (n  -  1)  together.  Find 
the  value  of  n. 

8.  How  many  different  words  may  be  made  of  all  the  letters 
in  the  words  Constantinople,  divisibility,  octoroon,  commemoration. 

9.  How  many  different  permutations  can  be  formed  with  the 
letters  in  the  words  algebra,  demonstration,  Toronto. 

10.  The  variations  of  §«  things  taken  3  togetfier  :  variations 
of  I  n  things  taken  3  together  : :   145  :  2.     Find  n 
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^      ^^      .    n(n-l)(n-2)(n^3)....(n-p+l) 
taken  p  together  ts .   „  „   r" ~ 

Demonstration.  The  number  of  combinations  of  n  things  two 

and  two  together  is  evidently  only  half  as  great  as  the  number 

of  variations  of  n  things  two  together.     Since  each  combination 

ab  gives  two  variations,  ab,  ba,  hence   the  combinations   of  n 

n(n-  1) 
things  two  togotiier  is . 
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Again,  since  there  arc  n(n  -  \)(ii  -  2)    vuriiitions  of  n  thinga 

taken  three   together,   and   each  combination  of  tlirce    things 

admits   of  1.2.3  variations,  it  is  evident  tliat    there  are  1.2.3 

times  as  many  variations   of  n  things  taken  tiircc  together  as 

of  combinations    taken    three   together,  and    consequently    the 

,    n(n  -  l)(n  -  2) 
number  of  combinations  is T~9~q • 

Similarly,    the    variations   of  n    things  taken  ;;  together  is 

n{n  -  l)(n  -  2) {n  -  p  +  I),  and  every  combination  of y<  things 

will  make  1.2.3 ;>  variations.    Hence  tlieic  arc  1.2.3....;) 

times    as  many  variations  as  combinations  of  n   things  taken 
p   together,  and  consequently  the   number  of  combinations  is 
n(n-  l)(ra-2)....(m-p  +  1) 
1.2.3. .../»  • 

270.  Theorem  IV. —  The  number  of  combinaliuns  of  n  things 
taken  n  -  p  at  a  time  is  equal  to  the  number  of  them  taken  p  at  a 
time. 

Demonstration.  It  has  been  shown  by  last  theorem  that  the 
number  of  combinations  of  7i  things  taken  p  together  is 

n(n-l)(n-2) (n  -  p  +  I) 

— — r~2^3 ~j) )  ^°o  multiplying  both  numera- 
tor and  denominator  of  this  expression  by  1.2.3 {n  -  p)  we 

n(?i-l)(w-2) (n-j»+l)x(n-;)) 3.2.1 

find  that  it  ~  — — 7~7i~5 „  „  ,    o  o 7Z. ^v 

1.2.3 p  X  1.2.3 (j^—  P) 

n(n- l)(n-2) 3.2.1     _  1^ 


\p     \n-p  \p     \n~p 

Now  putting  n -/)  for  p  in  this  result,  as  may  evidently  be 
done,  since  the  expression  holds  for  all  values  of  p  which  are 
less  than  n,  we  have  n-p  =  n~n-\-p=j)  and  consequently 

~     -   C  _ 


that  is,  the  C^  of  n  things  =  C„  _  p  of  the  same  n  things. 

Hence  '\ip  >in,  the  number  of  combinations  is  more  easily  found 
■by  the  supplemental  formula,  i.  e.,  taken   C^-p  instead  of  Cp. 
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Note.— The  t  rut  li  ol'this  princii)lc  is  also  evident  from  1  lie  fact  that  if,  from 
II  thi))gS7>  be  taken,  («  -p)  tilings  will  always  remain,  and  hence  for  every 
dilR'rcnt  set  containing^  things  there  will  be  a  different  set  loft  containing 
11  -  p  things,  and  consequently  the  number  of  the  former  equals  the  number 
of  the  latter.  " 

Cor.  1.  Hence  representing  combinations  of  ra  things,  1,2,3, 
&c.,  /)  together,  by  Cj,  C.^,  Cg,  &c.,  Cp  we  have 

n  «(;i  —  1)  n(n  —  I)  (n  —  2) 

Cor.  2,  To  find  tiie  sum  of  all  the  combinations  that  can  be 
made  of /J  things  taken  1,  2,  3,  &c.,  n  together,  we  proceed  as 
follows  : — 

71      ?l(«-l)       7!(7l  -  1)(«  -  2) 

It  will  be  shown  hereafter  that  — ,  — ^;^ — , — —^ 

&c.,  are  the  coefficients  in  the  expansion  of  the  binomial  (l+x)", 
so  that  (1  +  xy  =  1  +  C^x  +  C^x-  +  C^x^  +  &c.  +  C„a;». 

Now  writing  1  for  x  we  hare 

(1  +  1)"  =  2"  =  1  +  Ci  +  C^  +  C3  +  &c.  +  Cn. 

Hence  2'^  -  I  =  C,  +  C^  +  C,  +  &c.  +  C,„  or  the  sum  of  all  the 
Combinations  which  can  be  made  of  ?« things  taken  1,  2,  3,  &c., 
n  together  ^  2"  -  1. 

Ex.  1.  Required  the  number  of  combinations  of  22  things  taken 
5  together. 

OPERATION. 

Here  71  -  22  and  p  -  5 

7i(7t- l)(ra-2)(ra- 3)(?t- 4)  22.21.20.19.18 

'  ~  mrs.TTs  ""   ~       1.2.3.4.5 

-  22.21.19.3  =  26334. 

Ex.  2.  How  many  combinations  can  be  made  out  of  23  things 
taken  19  together? 

OPERATION. 

Here  7i  =  23  and  /*  =  19,  and  consequently  71  -  p  =  i 
23.22.21.20 
C^  =  e„.j,  or  C,^=  C,  = T^-T-i—  =  8855. 

1.^.0.4: 
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Ex.  n.  What  i3  tho  sum  of  mH  tlio  combinutions  which  can  bi^ 
Tiiaili;  uu(  of  It)  tilings  (aki-ii  1,  2,  3,  kc,  ID  at  a  lime. 

OI'EUATIOX. 

f,  +  e,  I-  Cj  +  C^  +  &c..  +  C,„  =  2'"  -  1  =  1024  -  1  ^  1023. 

Ex.  4.  Out  of  10  consonants  and  .3  vowel.<?  liow  many  wonl.'; 
eacli  containing  two  vowels  and  four  con.sonanl.s  can  lie  found? 

OPEIIATIOX, 

10.0.8.7 

10  consonants  combined  together  4  and  4  will  give    ,...,, 

"  °  1 . 2 .  .i .  4 

-   210   combinations;  and    similarly  the    combination    of  three 

3.2 
vowels  two  together  =  ■,—;,-  =  3.     Hence  the   combinations  of 

the  10  consonants  and  3  vowels  =  210  x  3  -  G30. 

But  each  of  these  combinations  of  6  letters  will  furnish 
1.2.3.4.5.6  =  720  permutations  each,  forming  a  different  word. 
Hence  the  entire  number  of  words  formed  will  be  G30  x  720 
=  453G00. 

Ex.  5.  How  often  may  a  different  guard  of  4  men  be  posted 
out  of  50?  On  how  many  occasions  would  a  given  man  be 
selected  ? 

OPERATION. 

50.49.48.47 
C.  =  - — r-.^~^-7~    =  230300 

Taking  away  one  man  there  remains  49,  and  the  question  now 

becomes,  how  many  combinations  may  be  formed  of  49  men 

taken  three  together. 

49.48.47 
C.)  =  — 1~9^"5 —  ~  18424,  to  each  of  wliicli  the  reserved  man 

may  be  attached. 

Exercise  LXIII. 

1.  How  many  combinations  may  be  made  of  10  things  taken 
3  together?     How  many  5  together?    How  many  8  together? 

2.  How  many  combinations  can  be  formed  out  of  15  things  5 
together?     How  many  7  together  ?     How  many  12  together? 

3.  How  many  different  classes  of  5  children  can  he  formed 
out  of  a  school  containing  12  children  ? . 
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4.  The  whole  sumber  of  combinations  of  In  things  is  51o  times 
the  whole  number  of  combinations  of  n  things  ;  find  n. 

5.  From  a  company  of  36  policemen  5  are  taken  every  night 
for  special  duty.  On  how  many  different  nights  may  a  different 
selection  be  made  ;  and  in  how  many  of  these  will  any  particular 
man  be  engaged  ? 

6.  How  many  words  of  7  letters  can  be  made  out  of  the  20 
letters  of  the  alphabet,  with  three  out  of  the  live  vowels  in  every 
Avord  ? 

7.  In  how  many  ways  can  10  persons  be  seated  at  a  round 
table  so  that  all  shall  not  have  the  same  neighbours  in  any  two 
arrangements  ? 

8.  If  the  permutations  of  n  things  3  together  :  combinations 
of  71  things  4  together  ::  6  :  1.     Find  7i. 

9.  The  numl)er  of  permutations  of  n  things  p  together  is  10 
times  as  great  as  their  number  taken  p  -  1  together,  and  the 
number  of  combinations  p  together  ;  number  p  -  I  together 
: :  5:3.     Find  n  and  p. 

10.  In  how  many  ways  may^i  persons  be  arranged  in  a  circle  ? 

11.  With  ten  flags  representing  the  10  numerals,  how  many 
signals  can  be  formed,  each  representing  a  number,  and  not 
consisting  of  more  than  five  flags? 

12.  How  many  different  sums  can  be  formed  with  a  guinea,  a 
half  guinea,  a  crown,  a  half-crown,  a  shilling,  a  sixpence,  a 
penny,  a  halfpenny,  and  a  farthing? 


SECTION  XII. 

BINOMIAL    THEOREM. 

271.  The  Binomial  Theorem  is  a  general  formula 
invented  by  Sir  Lsaac  Newton,  for  the  purpo-se  of  expedi- 
tiously involving  any  binomial  to  any  power.  The  foru;ula 
is  expressed  as  follows : 

n                  n(n-l)                   n(n-l)(n-2) 
(a  -I-  x)"  -  a"  +  -  a"  - »  X  +  -^ — :~  «« "  -  x-  +  — — —j-— a"   -^x^ 

1  I  ■  2  1  •  ^  •  O 

n(n-l)(n-2). .  .(n-r+l) 
+  &c.,the(r  +  l)  Ih  term  being — — —  """''x'', 
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WluTc  (<;  1  .r)  is  tlio  }:jiv(Mi  liinoniiiil,  7i,  tlio  oxponcnl  of  llio 
required  power  may  bo  miiv  iimuitity  positive  or  negative,  integ- 
ral or  frnclionnl,  and  r  any  positive  integer  whatever. 

NoTK  1.— Tlio  (r  +  ])tli  term  as  above  is  coininoiily  oalleil  llie  (jcncral 
term  of  the  cxpanrioii. 

^'()TK  2.— Tlio  coofliciontsof  .T,  .t*,  x^  &c.,  x^  in  the  above  expansion  are, 
when  n  is  a  positive  intcj?oi',  moroly  tboRoneral  oxprossions  lor  theiiuinbor 
of  combinations  of  n  things  taken  1,  2,  3,  ■.Vc,  r  together  (See  Art.2G9), 
and  we  sliall  therefore  use  the  expressions  C^,  C^,  ('.^  &c.,  ('^  to  roprc. 
Bent  those  cooffioiouts,  so  that  the  formula  given  above  may  be  written 
(a  +  x)"  =  a"  +  C,  a"  -  ^r  +  C-i  «"  '  '' x^  +  &C.,  +  r,  «"  "  '^  x"  +  &c. 

272.  Since  in  the  formula  (a+  x)"  =  «"+€"  aJ'-'^  x^C^  a" "  "fr^ 
^  &c.,  a  and  x  represent  any  quantities  whatever,  we  may  write 
-  X  in  place  of  x  and  we  thus  obtain  : — 

(a  -  x)»  =  a"  +  Ci  a**  - 1  (-  a:)  +  Cjj  a"  -  ^^  (-  xf  r  &c. 
=  a"  -  Ci  tt'*  - 1  X  +  Cj  a"  - "  aj'«  -  &c. 
The  terms  being  alternately  plus  and  minus. 

Cor.  If  a  =:  1,  (a  +  x)"  =  (1  4  x)"  =  1  4  C,  x  +  C„  x»  ±  C,  x=' 
+  C^  X*  4  &c. 

273.  Theorem  I. — The  Binomial  Tlieorem  is  true  in  all  cases 
when  n  is  positive  and  integral. 

Demonstuation. — By  actual  multiplication  it  appears  that : — 
(x  +  a)(x  +  b)  =  x^  ■{■  (a  +  b)  X  +  ab. 
(X  +  a)(x  +  6)(x  4-  c)  =  x^  4-  (a  +  6  +  c)  x2  +  (a6  +  ac  +  be)  x  +  abc. 
(X  4-  a)(x  4  6)(x  4-  c)(x  +  d)  -  x*  +  (a  +  b  +  c  +d)  x^  4-  (aft  4  «c 
+  be  +  ad  +  bd  +  cd)  x'^  +  («6c  4-  acd  4-  bed  +  abd)  x  +  abed. 
Now  it  is  evident  that  in  these  results  the  following  laws 
hold  :— 

I.  The  number  of  terms  in  the  right  hand  side,  is  one  more  than 
the  number  of  binomial  factors  which  are  multiplied 
together. 
II.  The  exponent  of  x  in  the  1st  term  =  the  number  of  binomial 
factors,  and  it  decreases  by  unity  in  each  sttcceeding  term. 
III.  The  coefs.  of  \st  terms  =  unity ;  coefs.  of  2nd  terms  =  sum  of 
2nd  terms  of  all  the  binomial  factors ;  coefs.  of  3rd  terms 
-  the  sum  of  all  the  products  of  the  2nd  terms  of  the  biiio- 
viixil  factors  taken  two  at  a  time;  coefs.  of  4th  term^  = 
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stm  of  all  the  products  of  same  second  terms  taken  three  at 
a  time  and  so  on;  the  last  term  is  the  product  of  all  the 
second  terms  of  the  binomial  factors  taken  all  together. 

Let  us  assume   then  that  these  laws  of  formation  in  the  pro- 
duct hold  for  n-  I  binomial  factors  (x  +  a),  (x  +  b),  (x  +  c),  &c. 

So  that  (X  +  a)(x  +  b)(x  +  c)  &c (x  +  /c) 

=  x"  - 1  +  ^  x"  -  2  +  J5  x"  -  ^  +  Cx"  -  *  +  &c +  AT. 

where  j1  ^  a  +  b  +  c  + k  ;  B  ^  ab  +  ac  +  be  +  &c, 

C  -  abc  +  acd  +  &c. 
&c.  =  &c. 
K  =  abed  ....  A:. 
Then  introducing  a  new  factor  x  +  Z  we  have  : 

(X  +  «)(x  +  6)  &c (X  +  k)  (X  +  0  -  a;™  +  {J  I-  /)  x'^  "  ^  + 

(B  +  M)x''-2  +  &c.  ......  +  Kl. 

Wherefore  ^+i  =  a  +  6  +  c +/c  +  ^ 

B  -vlA  -^  ab  ^-  ac^bc^ ^  al  \- bl  V kl. 

&c.  =  &c. 

Kl  =  abed kl. 

That  is  J  +  I  =  sum  of  all  the  second  terms  of  the  binomial 
factors. 
B  +  U  ^  sum  of  all  the  products  of  the  second  terms  a, 

b^  r, /  taken  two  at  a  time.     And  so 

on, and 
A7  =  product  of  the  secondterms  when  taken  all  together. 

Hence  if  the  laws  indicated  hold  good  wlien  n  -  1  factors  are 
multiplied  together,  they  hold  good  also  when  n  factors  are 
multiplied  together.  But  we  have  shown  that  they  hold  good 
when  4  factors  are  multiplied  together,  therefore  they  hold  when 
5  factors  are  multiplied  together,  and  therefore  also  for  6  and  so 
on,  and  hence  generally  for  any  number  whatever. 
Now  let  a  -  b  =  c  =  d  ~  &c. 

Then  ^  =  a  +  a  A-  a  + to  n  terms  =  na. 

B  -  a-  +  a^  + &c.,  to  a  number  of  terms  =  to  the 

No.  of  combinations  of  n  things  taken  two  to- 

«(n-l)    „ 
gether  =    ^2      ""' 
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C  -  «•*  +  a^  +  &c.,  to  a  number  of  lernis  -  to  tlio  No. 

of  combinatiou3  of  «  tilings  taken  three  together 

«(«-!)(« -2)    ., 


1.2.3 
K  -  ii.ci.d.d  to  II  factors  =  «". 


And  so  on. 


Also,  (x  I-  ti)(x  +  b)(x  +  c) &c.,  becomes  (.c  +  a)(x  ■{■  a) 

71  terms  -  (x  I-  a)". 


n  n(n-l)  .     /i(/!- 1)(7^-2) 

.-.  (X  +  a)»  =  x»  +  :,  ax»-i  +  -S---l-a^x'*-^+  -^-— — 

.    „,  «1  -l.^  l.J.O 


a*  x"  -  ^  + +  a" 


274.  TuEOREM  II. —  The  Binomial  Theorem  holds  for  all  values 
of  n  either  positive  or  negative,  integral  or  fractional. 

Demonstration.     (Euler's.)     It  has  been  already  shewn  that, 
when  n  and  m  are  positive  integers, 


+  &c 


/m         m(m-\)          m(m-l)(m-2)  ., 
(m)=l+Y  X  +  -^2~  ""'  ^ 1^273 

/»  71  w/n  - 1)  ?i(«-l)(«-2) 

(II.)   (1  +  x)"- /•(7i)=l+  :p  X  +  — —  .T^  + ^;^73 x^ 

+  &C.,  ^  ^  ^'^ 

where /(/n)  and  r  ('0   are   symbols  used  to  denote  the  series 

m  mCm-\)  n  n{n  -  1) 

1  +  —  X  + X-+&C.  and  1+-  x  +  — .— ;, —  x^  +  &c. 

1  1.2  1  ^-^ 

Hence  whatever  may  be  the  values  of  m  and  «, 

1  +  -X+   -l^__x^  +  &c.j|l-l--x+---x-  +  &c| 

=/('")  >^y(«)- 

But  the  product  of  these  two  series  will  evidently  be  a  series 
of  the  form  of  1  +  ax  +  bx'^  +  cx^  +  &c.,  ascending  regularly  by 
the  integral  powers  of  x,  the  letters  «,  b,  c,  &c.,  being  used  to 
represent  the  coefficients,  found  by  addition,  of  x,  x'^,  x'*,  &c. 
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Now  it  is  evident*  that  the  product  of  tliese  two  series  must 
be  of  the  same  form  whether  7n  and  n  are  positive  or  negative, 
integral  or  fractional.  Whatever  therefore  be  ihe/onns  assumed 
by  «,  b,  c,  &c.,  when  m  and  n  are  positive  integers,  they  will 
remain  the  same  when  ?«  and  n  become  fractional  or  negative. 

But  when  ??i  and  n  are  positive  and  integral  we  have  seen  that 
by  multiplying  I  and  II  together  we  get 

/(m)  X  f{n)  =  (1  +  .I-)'"  X  (1  +  a;)"  =  (1  +  •t)'"  +  "  =  1  +  ax  +  bx^ 

+  cx^  +  &c. 

m+n       (mi-n)(m+n-l)    ^    (m+n)(m  +  n-l)(m  +  n-2)    ^ 
-  1  +       j^     x+  Y/2  '^"■''  1.2.3  "^ 

+  &c. 

=  r(7ft  +  n)  by  the  notation  adopted. 

(III).  .-.  Generally  /  ('«)  x  /  (n)  =  t  (m  +  n)  for  all  values 
of  m  and  /;. 

And  since  this  is  true  for  all  values  of  m  and  n,  for  w  we  may 
write  714-  r,  then  t(M  +  n  +  r)  =  t  {n  ^  r)  x  t(m)-  t(m)  x  t  (h) 

Similarly  f(m  +  /i  +  /•  +  s  + )  "  /    (™)  ^  /  (")  ^  /   ('') 

X  /  (s)  X i.  e.  the  product  of  two  or  more  such  series  as 

that  denoted  by  /  (/«)  produces  another  series  of  precisely  the 
name  form. 

Now  let  HI  =  «  =  r  =  s  -  &c.,  -   -   where  it  and  q  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  q. 

''TJ  ^^ '  ^ '  ^ '  '''■' '" '  ''"'^)  ~~^'  (^)'-^'(^) '' 

J  (  ^   )  X to  g  factors. 

*  The  product  of  two  algebraic  factors  is  not  altered  inform  by  any  varia- 
tion in  the  value  or  nature  of  tlic  liictors.  Thus  (a;  ■{■  a)  (k -\- h)  =  x  +  (a+6)a; 
+  ah  for  all  values  of  .v,  a  and  b.  So  in  the  above,  altlioufrh  by  changing 
the  values  of  vi  and  n  we  alter  the  values  of  b,  c,  &c.,  yet  their  forms,  i.e. 
the  manner  in  which  m  and  n  euter  the  series,  remain  the  same. 
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•'•  /  (/')  "  '1  /  ( "~  )  r  •     ^"''  since  ;>  is  a  positive  integer, 
/(,)  =  (1  +.).'  ...V  +xF=  {/(^)}"  •••  (I  ^ -)-/(',') 

r     ^   tC-o    :(:-o(:-2) 

or  (1  +  J)  7  =  1  +-^  X  + Y'i — ^'+ TX^" ^  '■*'^" 

by  the  notation  adopted. 

Thus  the  Theorem  is  proved  for  a  fractional  index. 

Again  in  (iii)  put  m  =  -  n. 

Then  t{n)  x  T{-  n)  =  J{ii-  n)  =  t(0)-  1 .".  the  assumed  scries 
becomes  1  when  m  =  0. 

And  since  7(«)  x  /(-  ii)  =  1  dividing  eacli  by /(?0 

/»  1  1  .  .  .  . 

T(~  n)  =  — r-T  =  — rz  Since  n  is  positive. 

J^  -f(n)      (l+x)» 

And  T^^  =  (1  +  ^)  -  "  by  Art.  165  .-.  (1+x)  -  n 
O  (-n\  (-n)(-„.-l)         -n(_n-l)(-n-2) 

V  (- ")  =  ^  ^  (,-r j "  +  — 172 — "  -^ 17^-3— 

x'''  +  &c. 

Thus  the  theorem  is  also  proved  when  n  is  any  negative  quan- 
tity. 

275.   From  this  theorem  then  it  appears  that : — 

n         n(n-Y)          7i(n-l)(w-2)    ,^ 
I.   (lixr=liyX+A_-^.rH  1.2.3 •^^  +  &C. 

-71  -n(-7i-l)    ,     -n{-n-V){-n-V) 

II.  (1 4  X)- ''  =  1  i  -—  X  +  — x^  +  1.2.3 ^ 

+  &C. 

n  71(71+1)      .,       71(71+  l)(w+2) 

=  ^  +  T'^  +  ~lT2~'^  + 17273 ^  +'^°- 

III.  {\\T^H-\\lX^l\l  )    X'-  \    'i\-l  l\l fx-' 

1  1.2  1.2.3 

+  &Q. 
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p_  p-1  j^    p-1    i'-^i 

q  l.  i  1 . J ■ o 

p      ^  PiP -^  q)  „       P(p  -  gXP  -  2?)    3      - 

=  1  ±  - ^  +  t:2T7^-  ' ±  — X.2.3.?   '  ^  +  ^«- 

IV.  (l±x)     ,-li— -^~ xH  ^7273 X 

T   &C. 

7J  p{p  +  q)     „  _  PC/)  +  q)0>  +  2q) 

=  1+5  ^  +  -1.7:7"^'+  1.2.3.y'         ^"'^''' 

And  these  reduced  general  expressions  should  be  carefully 
noticed  by  the  student,  and  used  as  formula  for  the  expansion  of 
binomials  according  as  n  is  positive  or  negative,  integral  or  frac- 
tional. 

Note.— No  examples  with  h  integral  and  positive  are  given,  as  there  are 
a  number  such  in  JJxcrcise  XXXVIII. 

10  10.9  10.9.8  10.9.8.7 

Ex.  1.  (1+ x-)'o  .  1  + -- X  H- --- .^  +  —  -  .^  +  — -~ 

x^  +  &c. 

=  1  +  lOx  +  45x2  ^  i20a;^  +  210a;*  +  &c. 

5         5.6  5.6.7  5.6.7. 8 

Ex.2.(l+x)--l--.  +  — x^---x-^-i-y-^3- 

X*  +  &c. 

=  1  -  5x  +  15x2  _  35^.3  ^  ijox*  -  &c. 

1  1.2  1.2.3  1.2.3.4 

x^  + X^  + X* 

1.2  1.2.3  1.2.3.4 

+  &C. 

=  1  +  x+  x^  +  x''  +  x*  +  &c. 


Ex.  3.  (l-x)-^  =  I  +  J  X  +^r^x^  +  ~—-z  a;^  + 


Note. — Hence  it  appears  tliat  in  all  cases  when  n  is  integral  it  the  .^ign 
of  the  exponent  and  that  connecting  tlie  terras  of  the  binomial  are  botli 
like,  i.  c.  cither  both  7»/«.9  or  botli  ininits,  tlie  signs  of  the  expansion  are  all 
p/us,  but  if  unlike,  the  signs  of  the  expansion  arc  ^>/i(.s  and  minus  alter- 
nately. 

3  3  3(3  -  5)  3(3  -  5)(3  -  10)    .^ 

Ex.  4.  (1  +  X)    =  1  +  5  X  +  YJ:^ ^'  +  -  1:2. 3.T25--  ^  + 

3(3-5)(3-10)(3-15) 

1.2.3.4.625  ^    '^'^°- 

3  3x-2  3;<-2x-7  3x-2x-7x-12 

=  1+5  "^1:272-5"^^  iTaXm"^^   1.2.3.4.625  -*  +  *'=• 
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3       3  7  21 

v<      r     /,         x--'       ,       -^  3(:H- 2)    .,      3(:il2)(3l4)    , 

Ex.5.  (1-.)      .  =  1+  .^  ..,_-_,.,  ^^^^l^    ^.' 

3(3  +  2)(3  +  4)(3  +  6) 

+  1.2.3.4.16 ^*  •■  '^^•• 

,       3  3.5  3.5.7  3.5,7.!) 

''^•^2'^r.iT^  -^orsTi"^-^  1.2.3.4.1G  -^•'-'^'^- 

3  15  35  315 

Ex.  G.  ((/  +  2x-)-  ^  =  Li  (  I  +  ~^\       =  (z  ■ '  (1  i-  2'f-  i.i)  -  - 

,,  ,       2  ^^      ,    ^     2.3  2.3.4  2.3.4.5 

(2a-U)*   1  1.2  ^  '        1.2.3^  1.2.3.4 

=  ri-^{  1  -4a-i.i-+  12u--.i-^-32«-^x«-l-  SOa-^x*-  &c.  j 
-  a-^-4a-3x  +  12a- ^x2-  32a-«x^  +  80fr  ^x*  -  &c. 

Ex.  7.  (a-+  x^)~*  =  {a2(i  +a-2.r.J)}"'  =«~^  (l  +  a- ^x-)  ~  * 


3.7      ,_..,    .,,,        3.7.11 


■*  1.2.1(J^  1.2.3.(34  ^ 

3.7.11,15 

"*"  1.2. 3. 4. 256"  C'^"'^')* 

-  rt  ~  '^  {  1  -  -J  a  -  2x2  +  5J  a-  4  xi--iy^.tt-  6x«  +  J  ii;t  a  -»x«  +  &c.} 

=  a~''  -la~  -^  x'^  +  ?^la~  ^'^x'^  ~  ,7,-  a  ~  ^^'x»  +  JJ  ^f  a  ~  ^^  x^ 

-  &c. 

EXERCISK    LXIV. 

Expand  to  five  terms  each  of  the  following  cxiu-essions  : — 

1.  (l+.r)—  8.  (l-4x)^  15.   («^-x^)-2 

2.  (1  +  x)-2  9.    (1  .J-  X)  ~  ^  lij.    (Tt-x^)' 

3.  (l-2x)-i  10.  (l-£x)»  17.  (a'^l-x-2)"* 

4.  (l-ix)--"^  11.  (l  +  2x)^  18.   (a^-x~°)~^ 

1  1       ■J 

5.  (l  +  3x)-2  12.    T-  19.   (d'ni-x^)     ^ 

1  (1-^)^  1 

'^•(r-2x)^        ^^•(«-^^)-  ^^-TT^j::! 

^•(1^^  14.  (a2.x3)-  21.^ 
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276.  Theorem  III. — In  the  expansion  of  (l  +  x)°  there  are  only 
u  +  1  terms,  when  the  exponent  is  positive  and  integral. 

Demonstration. — The  coefficient  of  the  (r  +  l)th  term  is  C,  - 

-^ -^ ^^i— — ^ ^ -.     Now  if  .r  be  such  tlmt 

TO  -  r  +  1  =  0,  then  the  (r  +  l)th,and  all  following  terms  vanish, 
and  the  series  will  terminate  with  the  rth  term.  But  if /i  -r-t.-  I 
=  0,  r  -n+l  and  the  (7i  +  l)th  term  is  the  last  term  of  the  series. 

Note.— If  rt  is  negative  or  IVacfioiial,  the  series  never  end-s,  but  may  be 
continued  to  an  infinite  number  ol'tcrms,  since  a.s  r  is  necessarily  integral 
and  positive,  we  can  tlien  find  no  value  for  r  which  will  render  n  —  r-\-l 
=  0: 

277.  Theorem  IV. — In  the  expansion  of  (1  +  x)"  when  n  is 
positive  and  integral,  the  coefficients  of  terins  equally  distant  from 
beginning  and  end  are  the  same. 

Demonstration. — The  (?•  +  l)th  term  from  the  end  having  r 
terms  after  it  is  the  same  as  the  \(n  +  I)  -  r  \  th  term  from  the 
beginning,  i.  e.,  is  the  same  as  the  (re  -  r  +  l)th  term  from  the 
beginning.  And  since,  Art.  271,  the  coef.  of  the  (?•  +  l)th  term 
is  Cr  writing  n  -  r  for  r  the  coef.  of  the  (n  -  r  +  l)th  term  will 
be  C„.,. 

But  it  has  already  been  shown  (Art.  270)  that 

_  n(ii  -  l)(ra-2) (71  -  rj-  V)  ^      I  "        _      I  "        ^  ^ 

1.2.3 r  \r    \n-r       \n-r  \r 

that  is  the  coef.  of  the  (r  +  1)  from  the  beginning  =  coef.  of 
(r  -i-  1)  term  from  the  end. 

278.  To  find  the  general  term  of  the  expansion  of  (a.  +  x)". 

In  writing  down  any  term  of  the  expansion  of  (1  +  x)",  say 
the  5th  term,  so  as  to  exhibit  the  factors  of  the  coefficient  thus, 

»t         n  -  1         n-2         n-  3 

—  • .  — ; •  — , —  ((."■"*x*  we  observe 

1  2  .'.  4 

I.  The- numerator  added  to  denominator  of  each  factor --n+ 1. 
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II.  The  nuniber  of  sucli  Ikclors  is  uiio  lu.sa  lluiii  Lin-  iminbcrtjt' 
the  term. 

III.  The  c.xpoucnt  of  a-  13  equal  to  the  denoin.  of  last  fiictor. 

IV.  The  exponent  of  a  =  71-  (the  exponent  of  .t). 

Hence  the  (>•  +  l)th  or  the  general  term  of  the  exp.-xnsion  - 
7i(n-l)(«-2).-...(n-r+l) 

1.2.3....r  "        "^  • 

270.  Tlic  student  must  note  the  following  points  with  respect  to 
this  general  term  : — 

I.  The  gen.  term  of  (1  i-  .r)"  when  n  is  a  positive  integer,  ii3  as 
above. 

II.  When  n  is  positive,  the  gen.  term  of  (1  -  x)"  =   C  (-x)' 

=  c,  (- .)'.' = ( - 1).  c^' .(-!)'  <  »c^<^^>i^a=i±LV, 

where  (-  1)''  will  of  course  be  positive  or  negative  according  as 
r  is  even  or  odd,  that  is,  according  as  ?•  +  1,  the  number  of  the 
term,  is  odd  or  even. 

III.  If  n  be  negative,  the  general  term  of  (1  l-  x)  -  "    = 

~n{-7i-l) ln-{r  +  l\  n(n+l) (n  +  r-l) 

Ir      ^ ^  (-!)'■  (- —JT ^'') 

IV.  If  7i  is  negative,  the  general  term  of  (1  -x)-"=  (  -  l)''x 

n(n+  l)(7i  +  2).    (71  + r  -I) 

= 17 X-'-.     Since  (  -  l)--  X  (  -  !)'• 

=  (_l)2'-  =  +  l. 

When  the  exponent  is  fractional,  the  sign  of  the  general  term 
is  subject  to  the  same  laws,  and  C,  may  be  written  as  in  III  and 
IV  on  pages  226,  227.     Thus  the  general  term  of 

\ .  (i+x) '  =  iTyY~ "- 

VI.  (i^x)-^=(-iy(^^(^^"^)(^^^;>-j^^^(^-^>-^i..) 

VII.  (i|.r)-^-^(P-^g^(^+^g>----{y  +  ("-^>gL- 
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vn,.  (.  -  .,^.  (-.)'  (-?(P-.)(P-2,)._:_tjW^^L  .,) 

Ex.  1.  Find  the  general  terms  in  the  expansions  of  (1  +a;)'', 
(1  -  X')  ~  '  ,   (a-  _  a;^)  -  '  ,    (1  +  3x)  -  \ 

8.7.6 (8-r+l)  8.7...(9-r) 

G.  T.  of  (1  +  a)«  =  +  — iT^av:.-:^ — ■^''  =  +  — fr —  ^'' 


,  1.3.5 j  l  +  rr-  1)2  } 

G.  T.  of  (1  -  X')  -i  =  + rhrr —     ^""^^ 

1.3.5...    (2/  -1)  .^^.  - 

+  \_r  X  2'-  ^ 

G.  T.  of  (a-  -  X-)  ~  ^  =  a~  '^  (1  -  a  -  ^  x^)  ~  ^  = 
-E    r3-Ml--{3  +  0-.-l)4}^ 


+  a^ 


3.7.11 (4r-l) 


I  r  X  4'' 

^      „  .,  /2.3.4 (2  +  r-l)\ 

G.  T.  of  (1  -1-  3x)-^  =  (-  D'-f  j^: -]  (3a)'-^(-l/ 

/2.3.4 (r  +  l)\ 

t 1^-- ^ J  3'- X'-  =  (  -  I)'-  (r  +  1)  3'- X'-.      Since  [_r  in 

den.  cancels  1.2.3....  r  =  \  r  ia.  tiie  numerator. 

Ex.  2.  Find  the  general  term  in  the  expansion  of  (1  +  x)  ' 

i     5.2.  -1.  -4....  {5-(r-l)3{ 

G.  T.of  (l+x)3  =  — , ^^ "^ '—^x' 

^       '      ■  I  r  X  3*^ 

{5.2.1.4 (3r-8)T 

<-      ^^  \j  X  S*-  ^ 

NfiTE.— In  the  above  expression  for  the  general  term  il  will  bo  observed 
that  we  change  all  the  negative  signs  in  the  numerator,  and  then  prefix  a 
powcrof  (  -  1).  Now  if  all  the  factors  in  the  numerator  are  negative,  ■(  -1)' 
is  the  prefix,  and  if  any  even  numbers  of  negative  factors  arc  changed  to 
positive,  (-1)'  is  still  the  prefix,  but  if  any  odd  number  of  them  is  changed, 
the  sign  ofthe  product  of  the  whole,  i.  e.  of  the  general  term,  is  altered,  and 

_^_ 
becomes  (  -  1)'  *  ^    In  the  expansion  of  (1  +  .r) »  therefore  the  .sign  of  the 
general  term  is  (  -  1)'  or  (  -  if  *  *,  according  as  the  number  of  positive 
factors  i3  even  or  odd. 
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In  till-  t'Xiiaiision  of  (I  -  j-)''  Die  k<'>1''I'ii1  term  will  olituclf  involve  (  -  iT, 
and  this  taken  in  connection  with  ilic  above  renilcTcllic  cipn  oCtlie  ^(ent'rnl 
term  (  -  1)"'  =  1  or  (  -  l)"'^''"  ^  r-  -  1  nccordinjf  u><  the  number  of  poHilive 
factura  is  even  or  oild. 

Kemark. — In  the  above  pnrajrraiili  the  f;eneral  term  nu'rely  exprcwos 
any  term  after  nei;ative  factors  begin  to  ai)i)ear  in  the  nuuierutor. 

:; 

Ex.  :;.  Find  the  general  term  of  (1  -x)-' 

3       3--2--7....  j3-(r- 1)5  j 
G.T.of(l-x)'  =         -  ,       ' --v-^^—     '- x-- 

_  3-2-7 (5r-8) 

Ex.  4.  Find  the  8th  term  of  the  expansion  of  (1  +  x)-"" 
Since  the  general  term  =  (r  +  l)tli  term  =  8th  term,  r  -  7 

/  4.5.6.7.8.9.10.11\ 
Formula  II.  8th  term  =  (  -  1)'   f        r2:3:'4":5.l5:7~    )  ^'^ 

=  -  1320.1'' 

Ex.  5.  Find  the  5th  term  of  the  expansion  of  (1  -  x)  "  '^ 

1.3.5 (1  +  (4-  1)2  ( 

Formula  VII.  5th  term  =    —r- -„i —*  x* 

I  4  X  2* 

1.3.5.7  35  ~ 

p4    = T* 


1.2.3.4x16  128" 

Ex.  6.  Find  the  7th  term  of  the  expansion  of  (1  -  ^x)" 

11.10.9.8.7.6 
Formula  II.  7th  term  =  (  -  1)*^     -,   n  -nrr^^-  (\^)^ 

x6        462  154 

=  +  462  X  - —  =    - — x6  =  x6 

729       729  243 

Ex.  7.  I*ind  the  6th  term  of  the  expansion  of  (1  -  x)'' 

7.2.-3..  {7-(5-l)5{         7.2.3... {(4x5)-7{ 


Formula  VIII. 


j_5  X  5*  -^  ~  |_5  X  5" 

7.2.3.8.13  182 


1.2.3.4.5  X6125   •"     "   ^    30625 

Since  there  are  two  positive  factors  in  the  lirst  expression, 
The  sign  is  (  -  1)  ^"^  -  +  1,  see  note  above. 

Ex.  8.  Find  the  11th  term  of  the  expansion  of  (a  ~  ^  +  x^)  ■» 
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Then  by  formula  v  the  11th  term. 


_  _  ..iril.7.3.-l-5....{ll-(10-l)4n   I 

=  a   «  X  (-  1)   (^ |iOx4'« 

^ii     11.7.3.1.5.9.13.17.21.25 
-"■       *  ^~  1.2.3.4.5.6.7.8.9.10.1048576 
_ii      85085    ,^  .,^   _   85085 

268435456  "'^   ~   268435456 


=  a       "   X  -  „;^;r77...^^  a^'x'^o  =  -  o^o^or^^^  aV  x'^" 


280.  To  find  the  sxiin  of  all  the  coefficients  of  (i  +  x)°. 

n  n(ii  -  1) 

The  Theorem  (1  +  ;r)"  =  1  +  y  •^"  +  — p^ —  x^  4-  &c.,  is  true 

for  all  values  of  x.     Let  x  -  1. 

n      ri(n-\)      n(n -l)(n  -  2) 
Then  (1  +  1)»  =  2»  -  1  +  y  +  -^73""  "^  L^Ts +  *^^- 

.-,  2"  =  sum  of  all  the  coefficient  of  (1  +  x)". 

281.  Theorem  V. —  The  sum,  of  the  coefficients  of  the  odd  tervis 
in  the  expansion  of  (1  +  x)"  is  equal  to  the  sun  of  the  coefficients 
of  the  even  terms. 

Demonstration. — Put  x  =  -  1   in  the  expansion  of  (1  +  x)". 

n(n  -  1)     n(n-l)(n-2) 
Then  (1  -  1)"  =  0"  -  0  =  1  -  ?^  +  -y-^ iTgTs +  *°- 

Sum  of  coefficients  of  odd  terms -sum  of  coef.  of  even  terms  =  0. 
.-.  Sum  of  coefficient  of  odd  terms  =  sum  of  coefficients  of 
even  terms. 

Cor. — Since  the  sums  arc  equal,  each  sum  is  evidently  half 

of  20,   Art.   280,  and  is  therefore  =  -— -  =  2"  '  ^ 

282.    To  find  the  greatest  term  in  the  expansion  of  (a  +  x)". 

n(w -!)(«- 2) (n-r  +  l) 

The  (r  +  l)th  term  ^  j7 a""''  x*" 

Q 
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n  (n-  l)(n-  2) (n-r+2) 

The  rlh  term   =    --'^ -^^ r^~ ^^ -\('^    '•n.r'--i. 

Henco  the  (r  +  l)th  term  is  obtained  from  the  /th  \>y  iiiuUii>ly- 

n  -  ?•  +  1     X 

ing  the  latter  by — .    Consequeiuly  the  ;th  term  will 

n - r  +  1       X 

be  the  greatest  as  soon  as •  —  becomes  <  1. 

r  a 

That  is  as  soon  as  (n  -  r  -i-  1)  x  Kar  or  r(a  +  x)  >  (n+  ])  x. 

X 

That  is  as  soon  as  r  \  (n  +  1) .  ' 

«  +  -^ 
r  therefore  must  be  the  first  whole  number  ■>  (n  +  1)  ,"j'T"^' 

.r 
If  (rt  +  1) ;  is  a  Avhole  number,  then  two  terms  are  equal, 

and  each  is  greater  than  any  other  term. 
If  n  is  negative,  r  is  the  first  whole  number  equal  to  or  next 

X 

greater  than   (n  -  1) . 

Ex.    9.  What  is  the  sum  of  all  the  coefficients  of  (1  +  x)". 

Here  Art.  280,  2'"  =  2^  =  512. 
Ex.  10.  What  is  the  sum  of  all  the  odd  coef.  of  (1  +  x-)'". 

Here  Art  281,  2"-i  =  2^^  "^  =  2'*  =  16384. 

Ex.  11.  Which  is  the  greatest  term  in  the  expansion  of  (1+x)''' 

when  X  =  •3. 

Here  r  is  the  whole  number  equal  to  or  first  greater  than 

•3  3        42 

(13  +  1)  T—  or  14  ^  i"7  01^  TT  which  is  4,  therefore  the  4th  term 

iB  the  greatest. 


EXKRCISB    LXV. 

Find  the  general  term  and  the  6th  term  of: — 
1.  (1-x)-^        2.   (l+xy^  3.   (l-x)-a        4.  (l-x)J 

5.  (1  +  x)"-^       6.  (l+x)~^         7.  (a-x)-i       8.  (a+^x)^ 

Find  the  general  term  and  the  5th  term  of: — 
9.  (1  -  2x)-^  10.  (1  +  3X^)-2 

11,  (a-2  +  x-j)-^  12.  (a-i-x-J)"'' 
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Find  the  sum  of  all  the  coeffic'cnts  of: — 

13.  (i  +  o;)!"      14.  (1  !-.<•)'     15.   (l-a-)"       10.(1+^)'^ 

17.  Find  the  greatest  term  in  the  expansion  of  (1  +  a;)*  when 
X  =  2. 

18.  Find  the  greatest  term  in  the  expansion  of  (1  +  a;)  "  " 
when  X  =  I. 

10.  Find  the  greatest  term  in  the  expansion  of  {la  +  xY'" 
when  a  -  Ix  =  1. 

20.  Find  the  greatest  term  in  the  expansion  of  (1+x)"'' 
when  X  =  ?. 


SECTION    XIII. 

NOTATION  AND  PROPERTIES  OF  NUJIRERS. 

283.  Any  iiumbcr  N  vuuj  he  expressed  in  the  form  of  d„  r"  f 
(j^^  _  ^  i-n  - 1  +  &c.  -i-  d.,  r^  +  d„  r'''  +  d ,  r '  +  d"  where  r  is  a  positive 
integer,  and  the  coefficients  d",  d^,  kc,  d^-i,  d„,  are  also  in- 
tegers all  less  than  r,  the  radix  of  the  scale. 

For  let  N  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  d^,  less  of  course  than  r,  and  let 
the  remainder   be    Ni.      Then   A"  =  </„  r"  +  iV, . 

Similarly  let  iV,  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  rf"  '  ^  with  remainder  N.^.      Then 

Similarly  N.^  =  dn_.  r''"-  +  N.^,  and  so  on,  and  continuing 
the  process  until  the  remainder  becomes  <  r  -  say  (/„  we  have 

iV  =  rf,^  r"  +  rf„  _  1  r"  -  1  4-  ... .  &c.  +  tZ,  r2  +  rf ,  ?■!  +  (/„. 

Where  any  of  the  coefficients  rf,i,  d^-i,  &c.,  d.^,  d.j.,  (/,,  f/,,, 
may  vanish,  i.  e.,  become  =  0,  but  none  can  be  >  or  -  r.  In 
other  words,  these  coefficients,  or  digits  as  they  are  called,  may 
have  any  value  from  0  to  r  -  1  inclusive,  and  consequently  in 
any  scale  r  there  occur  r  digits,  including  zero.  (See  National 
Arithmetic.) 
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284.  'I'o  express  any  number  in  luiij  proposed  seitle  : — 

Let  N  bo  the  number  and  let  r  tlic  radix  of  the  proposed  scale. 
Then  by  last  Art.,  the  given  number  may  bo  written  as  = 
dn  '■"  +  (/„  - 1  r"  - 1  +  &c.  +  d„  r^  +  (/,  r'  +  rf„. 

Dividing  this  by  /•  we  get  a  comi)lete  quotient  willi  r(>niaindcr 
rf",  the  right  digit  of  the  number  in  the  proposed  scale. 

Dividing  this  complete  quotient  by  /•,  we  get  another  complete 
quotient  with  rem.  r/,,  which  is  the  second  digit  of  the  number. 

And  proceeding  thus  as  long  as  we  get  a  quotient  divisible  by 
r,  Ave  obtain  as  remainders  the  successive  digits  of  the  number. 
(See  Arithmetic.) 

285.  To  prove  the  rule  for  reducing;  a  pure  repetend  to  its  equi-. 
valent  vulgar  fraction. 

Let  R  =  the  given  repetend,  and  let  it  contain  r  digits,  and 
let  V=  its  value. 

Then  V  =  -RR  &c.  (i).    Multiplying  each  by  lO""  we  have 
10''F=  R-RR  &c.  (II).     Subtracting  (i)  from  (ii) 

R 

lO'-F-  Vr.  R  .-.    F(10'--  1)  =  R  .-.   V=  jor_rf. 

But  since  r  -  the  number  of  digits  in  the  repetend,  10''  -  1  will 
be  as  many  9's  as  there  are  digits  in  the  repetend. 
Repete7id 


V  = 


As  many  9's  as  there  are  digits  in  repetend ' 


286:.  To  prove  the  rule  for  reducing  a  mixed  repetend  to  its 
equivalent  vulgar  fraction. 

Let  F  =  the  value  of  a  mixed  repetend  in  which  F  represents 
the  finite  part  and  R  the  repetend,  and  let  F  and  R  contain 
respectively/ and  r  digits. 

Then  V-  -FRR  &c.     Multiplying  these  by  10  ''+'•  we  have 

10/  +  ''F=  FR-RR  &c.  (i).     Also  multiplying  them  by  lO-', 

10 -^  F=  FRR  &c.  (ii).     Subtracting  ii  from  i, 

FR  —  F 

(lOf-^-lonV=fR-F     That  is,  F .  ■YQ'T^^^r:r]y 

But  10^  is  unity  followed  by  as  many  ciphers  as  there  are 
units  in  /,  i.  e.,  as  many  ciphers  as  there  arc  digits  in  F,  the 
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finite  part,  and  10'-  1  is  as  many  9's  as  tlicre  .-ire  units  in  r,  i.e., 
as  many  9's  as  there  are  digits  in  K,  the  repetend. 

Whole  repetend  minus  the  finite  part. 
~  As  many  9's  as  figures  in  repetend  followed  by  as  many  O's 
as  figures  in  finite  part. 

287.  Theorem  I. — If  from  any  number  the  sum  of  itn  dibits  be 
fiubtractcd,  the  remainder  is  divisible  by  the  radix  of  Ihe  scale 
decreased  by  unity. 

Dk-monstration. — Let  r  be  the  radix  of  the  scale,  and 
let  rt  +  6r  +  cr^  +  dr'^  +  &c.  be  the  number. 
Subtract  a  +  6    +c    +d    +  &c.  the  sum  of  the  digits. 


Then  the  rem.  =  6r-6  +  cr^-c  +  rfr^-fl!+ &c.  =  6(r-l)4-c(r'''-l) 
+  f/(r'  -  1)  +  (fee,  whicli  (Art.  80)  is  evidently  divisible  by  r  -  1 
i.e.,  by  the  radix  decreased  by  unity. 

288.  Theorem  II. — If  the  sum  of  the  digits  of  any  number  is 
divisible  (r  -  1),  that  is  by  the  radix  decreased  by  tmiiy,  then  the 
number  itself  is  divisible  by  one  less  than  the  radix. 

Demonstration. — For  let  N  =  the  number  and  iS  -  the  sum  of 
its  digits,  and  since  S  is  by  hypothesis  divisible  by  (r  -  1)  let  -S 
=  m(r  -  1).  Then  Theorem  I,  N-S  is  o-lso  divisible  by  r-1, 
.-.  letiV^-  S  =p(r-  1). 

Then  by  substitution  we  have  N  -  m  (r  -  1)  =  p  (r  -  1) 
.-.  iV=  p(r  -  1)  +  m(r  -    1)  =  (r  -  l)(p  +  m),  and  since   the 
right-hand  member  is  evidently  divisible  by  r  -  1  .•.  also  the  left- 
hand  member  iVis  divisible  by  r  -  1. 

Cor.  In  any  scale  such  that  r  -  1  is  divisible  by  3,  if  the  sum 
of  the  digits  of  any  number  be  divisible  by  3,  the  number  itself  is 
divisible  by  3.  For  let  iVand  S  represent  the  number  and  the 
sum  of  its  digits,  and  let  S  =  3m  and  r  -  1  =  3q. 

Then  N-  S  =  p(r  -  1)  =  3pq  .-.  N-3m  =  3pq  .-.  N=3(pq  h  m), 

That  is,  iVis  divisible  by  3. 

Hence  in  the  common  scale  a  number  is  divisible  by  3  or  by  9, 
according  as  the  sum  of  its  digits  is  divisible  by  3  or  by  9. 

289.  Theorem  III. — If  from  any  number  the  sum  of  the  digits 
standing  in  the  odd  places  be  subtracted,  and  to  it  the  sum  of  the        / 
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rfiJri/s  stiimlin!;  in  the.  even  placen  hr  mlili'd^  llien  the  rrsull  is  dii'is- 
ible  by  the  radix  increased  by  unity. 

Demonstration. — Let  r  be  tlic  radix  and  let  llic  mimber  be 
ft  +  6r  +  cr-  1  f/>*  +  cr*  +  &c. 
Add  -  a  +  b  ~  c     +  d     -  e     +  &c. 
The  result  is  br  +  b  +  cr^-c  +  dr^-\-d  +  er*-e  +  &c.,  which  is  equal 
to  6(r  +  1)  +  c{r-  -I)  +  rfCr*  +  1)  +  e{r*  -  1)  +  &c. 

But  r  +  1,  r-  -  1,  r^  +  1,  r'^  -  1,  &c.,  are  all  (Art.  80)  divisible 
by  r  +  1,  .-.  b{r  +  1)  -i-  cir"^  +  1)  +  d{r^  +  I)  +  Ac.  is  divisible  by 
r+  1. 

Cor.  Eence  in  the  common  scale  any  number  answering  the 
conditions  given  above  is  divisible  by  11. 

290.  Theorem  IV. — If  in  any  number  the  sum  of  the  digits  stand- 
ing in  the  even  places  be  equal  to  the  sum  of  the  digits  standing  in 
the  odd  places,  then  the  number  is  divisible  by  the  radix  increased 
by  unity. 

Let  N=  the  number,  S'  =  the  sum  of  digits  in  the  even  places, 
and  S,  the  sum  of  the  digits  in  the  odd  places. 

Then  Theorem  III,  N+  S  -  S,  is  divisible  by  r  +  1.  But  since 
by  hypothesis  S  =  S,,  it  follows  that  ^'  -  <S,  =  0  .-.  iV  is  divisi- 
ble by  r  +  1. 

291.  To  prove  the  common  rule  for  testing  the  accuracy  of  mul- 
tiplication by  casting  out  the  9's. 

Demonstration. — It  follows  from  Theorem  II.  thai  an_y 
number  in  the  common  scale  will  leave  the  same  remainder  wlien 
divided_by  9  that  the  sum  of  its  digits  will  leave  when  divided 
by  9.  Let  then  9a  +  c  be  the  multiplicand  and  96  +  d  be  the  mul- 
tiplier. Then  Slab  +  9bc  +  9ad  +  cd  will  be  the  product.  Now  if 
the  sum  of  the  digits  inthe  multiplicand  be  divided  by  9,  the  rem. 
is  c,  if  the  sum  of  the  digits  in  the  multiplier  is  divided  by  9  the 
ram.  is  d,  and  if  the  sum  of  the  digits  in  the  product  be  divided 
by  9,  the  rem.  is  evidently  the  same  as  the  rem.  obtained  by 
dividing  cd  by  9. 

292.  Theorem  Y. — Tlie  product  of  any  three  consecutive  numbers 
in  the  scale  of  10  is  divisible  by  1.2.3,  i.e.,  by  6. 
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Demonstration. — Every  number  must  be  of  the  form  of  3ot 
or  3m  H-  1,  or  3m,  +  2,  because  every  number  when,  divided  by  3 
must  leave  0  or  1  or  2  as  remainder. 

.'.  The  product  of  any  three  consecutive  numbers  may  be 
represented  by  3;n(3/«  +  1)(3»(  +  2).  But  3m  is  a  multiple  of  3 
and  of  the  other  factors  3?ft  +  1  or  3m  +  2  one  must  be  even,  and 
must  therefore  be  divisible  by  2,  .'.  37n(3'«  +  l)(3m  +  2)  mustbe 
divisible  by  1.2.3,  i.e.,  by  6. 

293.  Theorem  VI. — The  product  of  any  x  consecutive  numbers 
is  divisible  by  1 . 2 . 3 . . . .  r. 

Demonstration. — Let  n  be  the  least  of  the  numbers,  and  let 

n(n+  l)(n  +  2) (n  +  r  -  1) 

,~n  n  ; be    represented    by  "P^  for    all 

1.Z.0.4....7' 

values  of  n  and  r. 

n(7i  +  l)....(«  +  r-2)     n  +  r-1  fn-l 

Then„P^-  — .    ,   ^ rrr —  •  =  nPr.A  j-  1 

"  1.2.3 (»■  -  1 )  r  "^  '  \^   r      ■    ^ 

'(-1  (n-l)n(n  +  l)(n+2) («  +  r  -  2) 

=     P         V 4.       P  - ^ — • ^: i- ~i 

"    '-'       r      +  --^r.,  -  1.2.3. ...r  -*- 

Xow  if  we  assume  that  „P,.|  is  an  integer,  or  in  other  words 
that  the  product  of  any  (r  -  1)  consecutive  integers  is  divisible 
by  1 . 2 . 3 r. 

Then  since  as  above  shown  „P^  =  „  ,P^  +  „p^   ,  we  have 
nP^  =  ,,-iPr  +  int.,  an  integer  for  all  values  of  «  and  r,  and  writing 
in  succession  7i  —  1,  «  -  2. ...  3. 2  for  n  we  obtain 

n-^Pr   =   n-^Pr    +     1^1-, 
&C.  =   &C. 

3P  =  ,P^  +  int. 

„P,  =  jP,  +   int.     Adding     these   equals    and  cancelling,    we 

1.2.3.4 r 

have   P  =  ,P  +  sum  of  integers,  but  ,P,  =  -r  -— r— : =  1. 

•■  1.2.3.4. ...?• 

.•.  „P^  =  1  +  sum  of  integers  =  an  integer. 

Hence  if  „P^_,  is  an  integer,  then  also  „P^  is  an  integer.   But 

it  has  been  shown  Theorem  V  that  „P^  is  an  integer    therefore 

also  „P^  is  an  integer,  and  therefore  also  „P^  and  so  on,  .•.  „P^  is 

an  integer,  that  is  ?i(n  + l)(w  +  2).. .  .(n  +  r- 1)   is  divisible  by 

1.2.3 r. 
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SECTION    XIV. 

INEQUALITIES,  VAXIRIIINO  FRACTIONS,  INDETER- 
MINATE EQIATIONS. 


INEQUALITIES. 

294.  In  addition  to  the  axnnn.^  f^lvcn  on  pai^es  IG,  17, 
the  student  will  find  it  advantageous  to  remember  the  f'ol- 
lowing  propositions : 

I.  Jf  the  same  quantity  be  added  to  or  suhtrartcd  from  two  un- 
equals,  the  sums  or  differences  are  unequal. 

Thus  i(a>  b  then  a±c>  b  ic. 

II.  If  two  uncquals  be  both  multiplied,  or  both  dividedby  the  same 
positive  quantity,  the  products  are  unequal,  as  also  are  the 
quotients. 

Thus,  if  a  >  ft,  a  -  i  is  positive,  and  if  m  be  positive  then 
also  m(a  -  b)  is  positive,  and  .•.  7na  >  mb ;  similarly 

1  a  b 

—  (a-  b)  is  positive,  .•.  —  >  — 

III.  Jf  the  terms  of  an  inequality  be  multiplied  or  divided  by  any 
negative  quantity,  or  if  the  signs  of  all  the  terms  be  changed, 
the  sign  of  inequality  must  be  reversed. 

Thus,  if  a>6then  a-b>0  or  -  b> -a,or-a< -b;  so  also 
if  a  >  6  and  -  m  be  auy  negative  quantity,  a  -  6  is 
positive  .-.  m(a-b)  is  negative,  .•.m(6 -a)  is  positive 

1 
.-.  mb  >  ma  or  ma  <  7nb.      Similarly  —  (b-a)i3  pos. 


b 

a 

a 

b 

> 

— 

that 

is 

— 

< 

— 

m 

m 

m 

m 

IV.  If  any  number  of  inequalities,  all  having  the  same  sign  of 
inequality,  i.e.  all  >  or  all  <,  be  all  multiplied  together, 
left-hand  members  by  left-hand  members,  and  right  by  right^ 
then  the  resulting  products  will  form  an  ineqtialily  with  the 
same  sign. 
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Thus,  if  a  >  6,  c  >  (i,  c  >/,  then  ace  >  bdf. 
v.  7/"a,  b  and  n  be  positive  quantities,  and  a>  b,  then  a"  >  b"  and 
J^a  >  J^b. 

Thus,  ay  b,  .•.  last  article,  a'''  >  6^,  .-.  «^  >  6^,  and  so  on- 
.-.  «"  >  6" ;  similarly  l^a  >  y/) 
VI.  //"  any  number  of  inequalities  having  the  same  sign  be  added 
together,  the  sum  is  an  inequality  of  the  same  kind. 

Thus,  if  a>b,  c>d  and  e  >/,  then  rt  +  c  +  c  >  6  +  J  +  /". 
Note.— It  does  not,  however,  follow  tliat  if  one  iiiequulify  be  sub- 
tracted from  another,  the  difTorence  is  an  inequality  of  the  same 
Ijind.  Thu.s,  if  a;  It  and  <;>rf  it  does  not  always  follow  that  a  -  cyh  -  d, 
since  a  may  be  nearer  in  magnitude  to  c  tlian  />  to  d;  for  example,  although 
7  >  5  and  6  >  2,  7  -  6,  i.s  not  greater  than  5  -  2,  i.  e.  1  is  not  greater  than  .3. 
VII.  If  the  same  quantity  or  ttvo  equal  quantities  be  divided  by 
each  side  of  an  inequality,  the  sign  of  inequality  will  be 

reversed. 

15       15 
"Thus  5  >  3  but  —  <  -5-,  i.e.  3  <  5  ;  so  also  if  a  >6  then  by 

m       m 

dividing  m  by  each  we  have  —  ^t"- 
°        -  a         b 

a  —  b       a^  -  b'^ 
Ex.  1.  Shew  that  if  a  be  pos.  and  b  >  a  then  -^^-^  >  ^TIjT^z 

Since  2  >  0  multiplying  by  ab  we  have  2ab  >  0  .•.  also  a''^  +  2ab 
+  b^  >  a^  +  b^  and  dividing  each  by  (a''  +  6^)  (a  +  b)   which  is 

I  a  +  b 

positive  since  a  and  b  are  both  positive,  we  have         ,  <  -.^     ,2 

and  multiplying  each  of  these  by  «  -  6  which  is  negative,  because 

a-b      a'-b^ 
6  >  a  we  have,  proposition  iii,  — -r  >  riTTTi" 

x^  +  y^ 
Ex.  2.  Shew  thatx2+  y''  <  —4. -r-; — Tz — ^ITTTTi- 

Because  (Art.  134)  2xy  <  x'  +  y'^,  multiplying  each  each  by 
xy  we  have  2x^y^  <  x^y  +  xy", 

And  adding  x*  -  x^y  -  xh/-  xy^  +  y*  to  each  wo  have  x*  -x^y 

+  xy  -  xy-*  +  y4  <  X*  -  x-^j/^  +  y^ .:  1  <  -4-3^3^^-5 -!-^-ni:74 

and  multiplying  each  of  these  unequals  by  x-  +  y'^  we  have 

,  x^  +  y^ 

X'  +  y  <- • . 

^  x*-arj/  +  x^-  xy^  +y* 
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Ex.  :?.  (Jiven  3a:  -  4  <  a;  +  6  ) 

5x  4-  7  >  li  +  nl  '"  ''"''  "^  '"  ^^ ''"'"'  '"imbcrs. 
From  1st  inequality,  2x<10.".  a;<5.  From  2nd  inequality,  2r>C 
.'.x  >  3  .•.  X  is  >3  and  '-'  5,  i.e.  is  apy  whole  number  between  3 
and  5.     Hence  x  =  4. 


E.XKUCiSK  L.XVr. 
Finil  the  limit  to  the  vulue  of  x  in  (he  following  inequations  : 

X  X         :r  X         X 

1.   7x-13<22.  2.  y  +  y  +  -  +  -  +  --7>9. 

1 
3.   7x-l<3x+ll.  4.2x  +  5>— X  -  10. 

ax  d^  hx  b'^ 

5.  Given —4-6x-afc  >— and -=-- ax +rti)  <  —    to    find   the 

limits  of  X. 

6.  Prove  that  a^  +  1  is  equal  to  or  greater  than  «-  + a  accord- 
ing as  a  =  1  or  a  >  1. 

7.  Prove  that  a'  +  1  >  a'''  +  a  when  a  is  negative  and  numeri- 
cally <  1. 

a       b 

8.  Prove  that  -r-  -^ >  2  when  a  and  b  are  both  positive  or 

0  II 

both  negative. 

9.  Given  i(x+  2)  +  ix  <  i(x  -  4)  +  3  and  i(x  -\-  2)  +  Jx 
>  J(x  +  1)  +  J  to  find  the  value  of  x  in  whole  numbers. 

10.  Shew  that  a'-  +  b'^  +  c^  >  ab  +  ac  -i-  be  unless  a  =  b  =  c. 

11.  Shew  that  abc  >  (a  +  6  -  c)(a  +  c  -  b)(b  +  c  -  a)  assuming 
that  a,  b  and  c  are  unequal. 

12.  Shew  that  (1  +  a  +  a^f  <  3(1  +  a^  +  a*)  unless  a  =  1. 

13.  Shew  that  ab  (a  +  6)  +  be  (b  4-  c)  +  ca  (c  +  a)  >  Gabc  and 
<  2(a^  +  6"  +  c^)  when  a,  b  and  c  are  positive  quantities. 

14.  If  x^  =  a^  +  6^  and  y'^  =  e^  +  cP  shew  that  xy  >  ac  +  bd. 


15.  If  a  >  6  shew  that  V(«  +  b)(a  -  6)  +  V6(2«  -  b)  >  a. 

16.  Shew  that  (a  4-  6  +  c)'  >  27aic  and  <  9(tt«  +  i*  +  c^), 

17.  Prove  that  (a  +  6)(6  +  c)(c  +  a)  >  Sabc. 

x^  +  34x  —  71 

18.  If  X  be  real  prove  that —2-,— „ ^—  can   have   no   value 

betwen  5  and  9. 


71^-71+1 

).  Shew  that 
of  ». 


19.  Shew  that  -i- — r  lies  betwen  3  and  \  for  all  real  values 

71^  +  71+1 
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VANISHING     FRACTIONS. 

295.  A  vanishing  fraction  is  one  wliicli  assumes  the 
form  of  --  when  some  particular  value  is  given  to  some 
particular  letter  in  both  numerator  and  denominator. 

or  -b"  „        .  ,        ,  ,  .1 

Thus, ,-  is  a  vanishing  fraction  wiien  b  =  «,  because  then 

0 
it  becomes  =  -^r. 

296.  Now  it  will  be  readily  seen  that  in  the  above  ex- 
ample, and  indeed  in  all  others,  the  peculiarity  arises  from 
both  numerator  and  denominator  having  a  common  factor, 
wliich  foctor  =  0  under  the  assumed  conditions.     Thus,  in 

1          (<^  +  ^)(*  ~  ^)        1 
the    examnlc   given    above   we   have % ,  and 

striking  out  the  common  factor  a  -  h  which  =  0  when  h  =  a 
the  expression  becomes  a  +  b  or  2a  since  h  =  a. 

297.  In  order  therefore  to  find  the  value  of  the  fraction 

or  more  properly  the  limit  to  its  value,  we  endeavour  to 

find  out  the  common  factor  involved,  and  casting  it  out,  the 

result  required  is  obtained  by  a  simple  reduction. 

X-*  -  a* 
Ex.  1.  Find  the  value  of  -^.  _^   when  x  =  a. 

OPERATION. 

X*  -  a*     (X-  aVx  +  a)(x2  +  d^)  ^^ 

Here  -^^^;^  -- ^JT^^ =  C-^'  +  «)(^   +  "  •> 

Now  making  a;  =  a  we  have  thus  =  2a  x  2a^  -  4a^. 

X™  —  a'" 
Ex.  2.  Find  the  value  of  -^  _  ^    when  x  -  a. 

OPERATION. 

Here =  x"'-i  +  ax'"  -  ^  +  a'^  a.'"  -  ="  -h  a^'x™"''  +  &c.,  fo  m 

X  -a 


244  TXDKTERMrNATE   EQUATIONS.         [Skct.  XIV. 

terms  and  when  x  ~  a  this  expression  becomes  =  a"'^^  ^  «"'-^  ^■ 
a™   »  +  u'"   »  -h  &c to  m  terms  ^  md"'  - '. 


X  -  a  +  •^2tfx  -  2a''' 
Ex.  3.  Find  the  value  of — when  x  -  a. 


OPERATION. 
T  —  a  4-  «/■'.«  (  r  —  II 

Here 


J-  -  ff  +  V2a  (.r  -  a)       ^x  -  a  |  V^  -  a  +  V2«  { 


V(^  -  a)(r  +  «)  V^^  V^+a 

_   Vx  -  g  +  V2a  ^  V«^+y2a       V2a 
V^  +  fl  V«Tn  .y'2rt 


Exercise  LXVII. 
Evaluate  the  following  vanishing  fractions  : 

^-  "r:^  "^^^^  -^  =  ^-  2.  ^,— ",  when  .T  --  a. 


1   1 
X  -  a='x' 


,                                   x2  +  2x  -  35 
when  X  =  «.  4.  __- ^ijgn  x  -  5. 

K    f+ 2^-2      ,  ,  3^  +  bx  -  ax"^  -  ab 

•^       i^  ^  ^  x^  -  flx  +  o^x  -  ab^ 

ai^  +  oc^  -  2acx 

^-   6x2-26cx  +  6c'^  whenx^c. 

ax  —  x'^ 
^-  a4Ti^xT2^^^r^  ^'^^^  ^  =  «• 

x^  +  2ax2  -  a'''x  -  2a? 
9-       x^  -  lia^x'Vna^  ^'^6°  ^  =  ''• 


INDETERMINATE  EQUATIONS. 
298.  It  has  been  already  stated,  Art.  122,  that  when 
there  are  two  or  more  unknown  quantities  involved  in  a 
single  equation,  the   number   of  solutions   is   unlimited, 
and  the  equation  is  indeterminate. 
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Thus,  Sm  4-  '2i/  =  11  is  an  indotoriniuate  ciiuation  because  the  numbor 
of  values  which  may  be  assigned  to  x  and  y  is  indefinite.  This  number 
may,  liowovcr,  be  decreased  :  1st  by  rejecting  all  fractional  values;  2ud, 
by  rejecting  all  negative  values;  3rd,  by  rejecting  all  numbers  that  are 
squares  or  cubes,  &c. 

299.  Theorem  I. —  The  indeterminate  equation  ax  +  by  =  c 
admits  of  at  least  one  solution  when  a  is  ■prime  to  b. 

c  +  6y 
Demonstkation. — ax  ±  by  =  c  .- .  x ;  and  substituting  in 

euccession    0,    1,  2,  3 («  -1)   for  y,  a    being   prime    to   6, 

tlie  several  remainders  must  necessarily  be  diftercnt.  For  if  any 
two  values  ofynsv  and  v'  give  the  same  remainder  r,  q  and  q'  being 
the  quotients,  then  c  ±  bv  =  aq  +  r  and  c  ±bv'  =  aq'  +  r.  There- 
fore +  6y  +  bv'  -  a{q  -  q'),  that  is  b(v  -  v')  =  a(q  -  q')  or 
h  (v'  -  v)  =  a  (q  -  q');  that  is  b  (v  -  v')  and  b  (v'  -  v)  are 
divisible  by  a  without  a  remainder.  But  by  hypothesis  b  is 
prime  to  a  .-.  v  -  v'  is  divisible  by  a  which  is  impossible,  since 

V  and  v'  are  both  by  hypothesis  less  than  a,  and  consequentlj' 

V  -  v'  and  v'-  v  are  less  than  a.  Hence  the  remainders  are  all 
different  and  their  number  =  a  and  each  is  a  positive  integer  less 
than  a,  consequently  one  of  them  must  =  0,  .•.  x  is  an  integral 
number  for  a  certain  integral  value  of  y  less  than  a,  and  these 
integral  values  of  x  and  y  satisfy  the  equation  ax  \by  -  c. 

Ex.  1.  Find  integral  values  of  x  and  y  which  satisfy  the 
equation  5a:  +  23i/  =  170. 

SOLUTION. 

170 -23y 
Here  x  = v and  substituting  in  succession  1,  2,  3,  &c., 

for  y  and  we  find  that  5  will  do. 

170-115      55 
Thus, „ -r  -  l\  -  X  .•.  X  :^  \\  and  ?/  =  5. 

300.  Theorem  II. —  The  equations  ax  +  by  =  c  cannot  be  solved 
in  positive  integers  if  a  aiid  b  have  a  divisor  which  does  not  also 
divide  c. 

Demonstration. — For  if  it  be  possible  let  a  and  b  have  a  com- 
mon measure  m  which  is  not  also  a  measure  of  c,  a.nd  let  a  con- 
tain m,  p  times,  and  let  h  contain  /«,  q  times.     Then  ax  ±by  -  c  is 
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equivalent  to  pinx  ±  giny  =  c,  or  px  ±  qy  =  — .     And  since  botliy* 

c 
and  </  are  integers,  and  —  is  a  fraction,  it  follows  that  x  and  y 
m 

cannot  both  be  integral. 

Note. — If  a,  h  and  c  Imvo  a  common  moafure  the  ('()iiution  may  bu 
divided  tlirougli  by  tliis,  and  thus  n  may  bi-  made  prime  to  h.  In  the  fol- 
lowing articles  this  is  always  assumed  to  be  done. 

301.  Given  one  solution  of  Ike  equation  ax  +  by  =  c  in  positive 
integers  to  find  the  general  solution. 

Let  X  =  )3  and  y  -  7  be  one  solution  of  the  equation  ax  +  by  =  c. 

a     y  -y 
Then  ajS  +  67  =  c  =  ux  +  ty  .-.  a  (;8  -  x)  =  i  (y  -  y)  .-.  -j-  =  - — ;. 

a 
Now  since  -r  is  in  its  lowest  terms,  a  being  prime  to  b ; 

.-.  whatever  multiple  y  -  7  is  of  a  the  same  multiple  is  j8  -  x  of 
b.  Let  y  -  y  =  at,  then  fi  -  x  -  bt  where  t  is  an  integer,  since  we 
are  only  to  obtain  integral  values. 

Therefore  y  =  y  +  at  and  x  =  ^  -  bt  is  the  general  solution. 

JSimilarly  writing  -  b  for  b  we  obtain  for  the  general  solution 
of  ax  —  by  =  c,  X  =  fi  +  bt  and  y  =  y  -^  at. 

Hence  if  one  integral  solution  of  the  equation  ax  j-  by  =  c  can 
be  detected,  the  others  can  be  readily  found  by  giving  different 
integral  values  to  t  in  the  equations  x  -  ^  f  bt ;  y  -  y  +  at. 

Ex.  2.  Given  3x  +  4?/  =  39  to  find  the  positive  integral  values 
of  X  and  y. 

SOLUTION. 

Here  x  =  1  and  1/  =  9  is  evidently  one  solution. 
Then  x=l  -  U  and  y  -  9  +  3^.      Now  let  /  =  -  1,  then  x  =  5, 
2/  =  6,  let  i  =  -  2  then  x  =  9,  y  -  3. 

Note.— Since  the  values  of  x  and  y  may  be  found  by  substituting  for  t 
in  the  general  solution  x  =  &  ^  bt,  y  =-  y  -ir  at,  successively  the  values  0, 
i  1,  i  2,  +  3,  &c.,  it  follows  that  the  values  of  x  and  y  taken  in  order 
constitute  two  arithmetical  series,  and  consequently  that  as  soon  as  two 
contiffuous  values  of  each  are  determined,  the  rest  may  be  written  at  once. 

302.  Theorem. —  The  number  of  positive  integral  solutions  is 
limited  for  ax  +  by  -  c,  but  unlimited  for  ax  -  by  =  c. 
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Demonstration. — I.  By  Art.  301  it  appears  for  ux  +  by  c  -  the 
general  solution  is  x  =  $  -  bt  and  rj  =  y  +  at  where  x  =  /3  and 
y  -  y  is  one  solution  and  t  i.s  any  integer  positive  or  negative. 
Now  since  by  hypothesis  x  and  y  are  both  to  be  positive,  it  is 
manifest  that  fi  -  bt  must  be  positive,  that  is  bt  must  be  less 
than  ;3,  that  is  t  is  limited  to  integral  values  which  are  less  than 

y.     Hence  the  number  of  positive  integral  solutions  of  ax  +  by 
=  c  is  restricted. 

II.  Similarly  in  the  general  solution  of  ax  -  by  =  c  we  have 
X  =  $  +  ht  and  y  =  y  +  at  where  x  -  fi,  y  =  y  is  one  solution  and  t 
is  any  integer  positive  or  negative.  Now  since  by  hypothesis  x 
and  y  are  to  be  positive,  ^  +  bt  and  y  +  at  must  be  positive  and 
since  $,  b  and  y  are  positive  it  is  manifest  that  t  may  be  any 
negative  integer  such  that  bt  <&  and  at  <y  and  that  t  may  be  any 
positive  integer  whatever.  Therefore  the  number  of  positive 
integral  solutions  of  ax  -  by  =  c  is  unlimited. 

303.  In  addition  to  the  method  indicated  in  Arts.  299, 
301,  for  finding  the  values  of  the  unknown  quantities  in  an 
indeterminate  equation,  the  following  method  may  be 
studied  with  advantage. 

Ex.  3.  Solve  4x  +  13i/  =  123  in  positive  integers. 

SOLUTION. 

Divide  by  the  least  coefficient,  which  in  this  case  is  4,  then 

y 

X  +  3y+  --  =  30  +  I.      And  since  x  and  y  are  to  be  integral 

3-2/ 
X  +  3i/  -  30  is  integral  and  .-.  — — -  which  is  the  equal  of 

X  +  31/  -  30  is  integral. 

3-y 

Let  =  t,  an  integer,  then  Z  -  y  -  U  .• .  y  =  o  -  ^t. 

Substitute  this  in  the  given  equation  for  y,  and  4x  -   123  - 

13  (3-40  •••  X  =  ^-J9_±^^  =  8^  +  5^^  .  21  +  13^ 
4  4 

Hence  x  -  21  +  13f  i 

y  =  Z-U 
Take  /  =  0 ;  then  x  =  21  +  0  =  21,  i/  =  3  -  0  =  3. 
Take  ^  =  -  1 ;  then  x  =  21-13  =  8,  2/  =  3  +  4=7. 
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NoTK.— 'I'licso  HIT  tilt'  only  pofiilivo  into^riil  colutionH,  bocntiHc  i»»  */  ih  to 
Ih'  a  posKivc  iiito^rer,  :i  -  it  iiuK^t  1h'  ii  poi*.  inf.  .-.  4/  •.,  3  .  .  /  v,^;  J  llial  in  (. 
may  l)i'  any  jiositivf  inti'itcr  wliicli  is  Ic-^s  than  J.  but  (t  is  tlio  only  positivo 
integer  Ics.-i  than  ]  .-.  M-annot  bo  a  ponitivcintoKerKrcatortlianO.  Similarly 
nince  .c  ninsit  bo  a  i)o8iti\('  iiitojicr  21  -f  Vil  niiint  bo  a  \mh.  inti'K.,  i.e.  t  may 
bo  any  no;;ativo  inte^'cr  which  will  not  makt  "il  +  VM  negative,  i.e.  1.'!^ 
<21  or  t  <t  J,  i.e.  t  when  taken  negatively  inu!<t  be  an  integer  lest*  than 
tj  or  in  other  words  can  only  be  -  1. 

Ex.  4.  iSolvQ  3x  -  ITy  =  20  in  positive  integora. 


2y  2 

Divide  by  the  least  cocflRcient,  3.  Then  x  -  by  — ^,:-  _  6  +   — » 

•5  3 

2  +  22/  .    .  4  +  42/ 

•".  — ^ —  IS  integral,  .-.  multiiilying  by  2,  —  —  is  integral, 

1  +  2/  1+2/ 

or  1  +  2/  +  — o~  IS  integral,  .-.  -      •  is  integral  =  t,  say. 

Then  \  +  y  =  Zt  and  y  =  3t  --  1.     Substitute  thisinthe  given 

20-17  +  5U 
equation  and  Sz  =  20  +  17  (3/  -  1)  .-.  x =  17^+1. 

Hence  x  =  lit  +  I)        x  =  18,  35,  52,  69,  86,  &c. 
y^    3t-\\   ■'■  y  =    2,    5,    8,  11,  14,  &c. 
According  as  <  -  1,  2,  3,  4,  5,  &c. 

NoTK. — Wo  multiply  here  by  2  in  order  to  render  the  cocflRcient  of // 
divisible  by  the  denominator  with  a  remainder  1,  and  this  we  seek  to  do  in 
aU  cases. 

Ex.  5.   Solve  in  positive  integers  5x  +  lOi/  -  207. 

SOLUTION. 

42/  42/  -  2 

Here  dividing  by  5  we  have  x  +  32/  +  —  =  41  +  |  .-.  — , —  is 

162/-  8 
integral.   .-.  multiplying  by  4  we  have —    integ.,  .-.  3y  -  1 

y  -  3  y-3  y-3 

+  — fT-  is  integ.,  .-.  — —  is  integ.     Let  —  —  -  t  then  y  -  3  =  3t 

and  y  =  5t  +3.  Substitute  this  value  of  y  in  the  given  equation  and 
we  get  5x  =  207  -  19  (5/  +  3)  =  207  -  57  -  19  x  5/. 

.-.  X  =  30  -  19/; 
2/  =  5f  +  3 

Now  when  /  =  0  we  have  x  =  3Q,y  =  3. 

When  /  =  1  we  have  x  =  11,  y  =  8. 
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.-.  The  pos.  int.  solutions  are  x  -  30  or  11  and  y  =  3  or  8. 
Ex.  6.  Solve  in  positive  integers  41x  +  68]/  =  2789. 

SOLUTION. 

27y  27?/ -I 

Dividing  by  41   we  have  x  +  y  +  —rr-  =  68  +  /,,  .-.  —  .,-    is 

81y-3  81y-3 

int.  ;  multiplying  by  3  we  have  — — —  int.  .-.  2y  -  — - —  is  int. 

82y-8ly  +  3  y  +  ?,  y  +  3 

•  '• :, ,  that  is  -. ,  -  is  int.    Let  —,-7--t  then  v  =  4U-  3. 

41  '41  41  ^ 

Substitute  this  value  of  y  in  the  given  equation  and 

41x  =  2789  -  68  (4U  -  3)  =  2789  +  204  -  68  x  4U. 

2993-  68  X  4U 


=  73  -  68t. 

!  when  t  =  I 


41 
Hence  x-  =  73  -  68n      x  =  5      ( 
2/  =  4U-3  )•'■  y~  38.  '  ' 
It    is   evident    that   this   is   the   only  int.    pos.  solution,  for 
73  -  68t  must  be  pos.  int.,  so  also  must  41^  -  3  .-.  6fa^  <  73  or 
^<§3;also4U>   3  or  t^-^^  and  the  only  positive    integer 
between  ^?,  and  -^^  is  1. 

Note.— The  student  will  not  fail  to  observe  the  artifice  made  use  of,  in 
the2n(l  line  of  the  solution,  to  avoid  using  a  large  multiplier,  and  the 
trouble  of  searching  for  it,  since  it  mu.'Jt  be  such  as  to  render  the  coeffi- 
cient of  y  divisible  by  41  with  a  remainder  1. 

^      PP-  3x  -  1y  +  z  -  IG    }   to  find  the  positive  integral 

t-x.  b.  uiven  5^  +  3j^  _  4-  =  _  4  ^   values  of  x,  y,  and  z. 

SOLUTION. 

Multiplying  the  upper  equation  by  4  and  adding  the  two 
together  we  have 

8y  9 

l7x  -  2oy  =  60,  and  dividing  by  17  we  get  x  -  y  -  —  =  3  +  pr 

.-.  ^y  "^  ^  is  integral. 

17 

If.,,  .TO  16!/ +  18 

So  also  is    li  J  _,  and  so  also  is  J/  -   — — integral. 

17 


17 


-•.  y 2.^  is  integral  =  t,  say,  then  y  =  17/  +  18. 

17 
Then  I7x  =  60  +  25y  =  60  +  25  x  17/  +  450  =  510  +  25  x  17/. 
x  =  30  +  25/  and  y  ^  17/ +  18. 

R 
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Hence  x  =  5,  30,  55,  Ac,  and  y  =  1,  18,  35,  &c. 

But  z  also  has  to  be  positive  and  integral,  and  therefore  the 
only  values  of  x  and  y  which  are  admissible  are  x  =  5  and  y  -  1, 
and  consequently  c  =  8. 

Ex.  7.  What  is  the  least  number  wliich  wiien  divided  by  4,  C 
and  7  shall  leave  remainders  1,  3  and  5  ? 


Let  the  number  =  4x-  +  1  =  Gy  +  3  =  7t  +  5.     Then  4x  -  Cy  =  2. 

y             y  +  1 
.'.  (i)  2x  -  3y  =  1  .'.  X  -  y  -  -  -  \  .■. is   int.   -    ?«,  say 

Then  y  =  2m  -  1. 

Also  (ii)  Cy  -  7:  =  2,  that  is  12w-  G  -  7r  =  2  .-.  12w  -  7:  =  8 

5m  1       5m  -  1  15m  -  3 

.'.  in-  z  +    ^   =  1  +-=  .•.  — =- —  is  int.  .•.  — is  int. 

7  7  7,  7 

m  -3 
.-. is  int.  =  t,  say,  then  m  =  it  +  3. 

Hence  y  =  27;i  -  1  =  14i  +  6  -  1  =  14/  +  5. 

6v+2        3  1       42f+15       1 

X  =  — =  -;;  y  +  - +  -  =  21/  +  8, 

4  2^2  2  2 

6y  -  2     84<  +  30  -  2 
Andc  = ^  = -^ =121  + 4. 

Consequently  x  =  8,  y  =  5,  and  z  =  i. 
And  the  required  number  =  4x  +  1  =  33. 
Ex.  8.  In  how  many  ways  can  £80  be  paid  in  sovereigns  ancJ 
guineas  ? 


Let  X  =  number  of  sovereigns  and  y  =  number  of  guineas. 

y 

Theni.  n  shillings  20  x  +  21  y  =  IGOO  .-.  ^  +  2/  +20  ~  ^^• 

.-.  y  =  20f.  And  20x  =  1600  -  21y  -  IGOO  -  21  x  20^ 

,-.  X  =  80  -  2lt. 

Thena  ince  80  -  21f  must  be   pos.  and  int.   .-.   80   must  be 

80 
greater   ban  21f,  and  since  2lt  <  80,  t  <—  and  .-.  cannot  exceed 

^,  and  consequently  there  are  only  three  ways  of  payment. 
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Exercise  LXVIII. 

Solve  in  positive  integers. 

l.4x  +  3y=U  2.  5.r-13y=ll  3.  2x  +  ?!/ =  59 

4.  5x  +  Uy  =  26  5.  9x  -  Ify  =  2  G.  13x  +  2ly  =  89 

7.  12x-4l7/=-l7         8.  37x  +  437/ =  357  9.  22x  -  43y  =  6 

10.  7.T+  25!/  =  177         11.  99x-  -  160y  =  335  12,  I7.r  -  4y  =  22. 

Find  a  positive  integral  solution  of  the  following  : 

13.  2a;  +  3j/  +  4z  =  29  ?  14.  4.r  -  5y  -  6z  =  11  ) 

3x  +  5y-3s==    9S  2.c  +  i/ +  11- =  47  $ 

15.  In  how  many  ways  can  the  sum  of  $697  be  made  up  by 
bank  notes  of  the  respective  value  of  $3  and  $5  ? 

16.  In  how  many  ways  can  $27.30  be  paid  in  twenty-five  cent 
and  ten  cent  pieces  ? 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  £7  10s.  6d.  to  another  who  has  only  half 
crowns  ? 

18.  Find  two  integral  square  numbers  whose  sum  is  a  square. 

19.  Find  two  integral  square  numbers  whose  difference  is  a 
square. 

20.  A  basket  of  apples  is  known  to  contain  between  90  and 
100,  and  it  is  found  that  when  they  are  counted  four  at  a  time, 
there  are  two  over,  and  when  counted  six  at  a  time  there  are 
also  two  over.     How  many  are  there  in  the  basket  ? 

21.  Find  the  least  integer  which  when  divided  by  6,  8  and 
10  respectively  shall  leave  remainders  1,  5  and  3. 

22.  ITow  many  fractions  are  there  with  denominators  10  and 
15,  whose  sum  is  |§? 

23.  A  person  bought  50  barrels  of  fruit,  consisting  of  apples, 
pears,  and  cranberries,  for  $250  ;  the  apples  cost  $2  per  barrel, 
the  pears  $5  and  the  cranberries  $4,  how  many  barrels  were 
there  of  each  ? 

24.  How  can  a  debt  of  jGIOO  be  paid  with  £5  notes,  £1  note 
and  crown  pieces  ? 

25.  Divide  25  into  two  parts,  one  of  which  may  be  divisible 
by  2  and  the  other  by  3.       . 

26.  Divide  24  into  three  such  parts  that  if  the  first  be  multi- 
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jilicil  by  :u;,  tlie  second  by   24,    tind    llio  third  by  8,  Uic  siiiii  of 
the  three  products  may  be  51G. 

27.  Find  a  perfect  number,  i.e.  one  \vhich  is  exactly  ecjual  to 
the  sum  of  all  its  divisors. 

28.  What  is  the  least  odd  integer  wliicli  divided  10,  12,  14 
shall  leave  remainders  7,  9  and  11  respectively  ? 

29.  A  person  buys  100  head  of  cattle  of  three  dill'crent  kinds 
for  S500.  For  the  first  he  gives  $50  a  head,  for  the  second  $30, 
and  for  the  third  $2,  how  many  were  there  of  each  kind  ? 


MISCELLANEOUS  EXERCISES. 

1.  Simplify  h  Ua  -  ")}  -  KMK9"  -  G){). 

2.  Prove  that  (x-^  +  1  -  x "  ''f  -  (x^  -  1  -  x  "  '^f  ^  4  {x'  -  x   ■'). 

3.  Find  the   G.   C.  M.  of  a^  +  2ab  +  b",  o'  +  b'',  a*  -  b'^  and 

va=»  +  2irb  +  2ab'^  +  6^ 

X  -b     X  -a  b'^ 

4.  Find  the  value  of  -^  -  — ^—  where  x  =  ■^^. 

.5.  Given  x  +  y  +  ^  =  3  (x  +  =  -  !/)  =  5  (=  -  x  -  y)  =  15  to  find 
the  values  of  x,  y  and  z.      _  

6.  Find  the  value  of  5^135  -  3^40  +  2^625  -  4^320- 

7.  Given  x*  +  1  =  0  to  find  the  values  of  x. 

8.  If  a  :  b:.b:c,  and  b:c.:r:d,  show  that 

a  +  b:b  +  c::b  +  c:c  +  d. 

9.  Shew  that  if  a:c::  2a  -  6:26  -  c,  then  will  a,  lb  and  Ic  be      1 
in  harmonic  progression. 

1  2 

10.  In  the  series  a  +  a  (l  -— j  "■  -1-  a  f  1  -  -  j  '' 

3 
<  a  ( I  -  — )'''  +  'S'C.,  the  sum  to  infinity  is  p  time?,  the  sum  of 

the  first  n  terms. 

!l        -  —  12     2  4 

„  2  __    2  x-i  +a'x'  +a-* 

11.  Reduce." and  — 7-~, s   to   their   simplest 

JL      - 1.  x-*  +a^x-'  +a-' 

form.  x^-x    * 

12.  Find  the  cube  root  of  343xS  -  AUx^y  +  lllx'^y'  -  531xy 
+  444xV  -  144xy'^  +  64y^. 
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13.  Simplify  x-"'~-^xx-"'-v  X  x"''?-'",  and  also  —  x''-' 

be  ca 

X  —  x'^-'-x  -J-  x"-''. 

(I  0 

14.  Fiud  the  product  of  2x2+  y  ^  1,1.-2,^2  j^^^  2x--  7/  +  Ix-h/; 
of  x^  +  ax  +  b-  into  x^  -  ax  +  b\  and  of  x'"  +  if  into  x'"  +  y''. 

15.  Simplify  ^^e^^'    +    ^-V5:i^V3 

3V5  +  2V3  3V5  -  2V3* 

1 

16.  Find  the  value  of ^j 


2x  + 


1  ■ 

!x  +— - 

4x 


17.  Find  the  value  of 

1  1  1  2x  +  1 

472x^no  ~  r(2x  +  1)  ■*■  Y'(2x-  l)(4x2TT). 

18.  Find  the  values  of  x  in  the  equations 

a  c  a  -  c 

^^'  x  ■\-  a  ~  X  +  c   ~   X  +  a-  c' 


(n)  V(a:  -  l)(a;  -  2)  +  ^/(x  -  3)(x  -  4)  =  2. 
1  1  1 

("'^  x^  -  2x  -  15  ■*■  x2  +  2x  -  3^  ~  x2  -  13x  -  48  ^  ^' 

bi-c 

19.  If  71  =  , ,  and  h  be  the   G.  mean    between    a   and  c. 

b  -  c  ' 

a'^-  b'^  1 

then  -5 —  will  be  the  H.  mean  between  n  and  — . 

a^  +  62  n 

20.  A  and  B  can  together  perform  a  piece  of  work  in  a  days, 
which  ji  and  C  can  finish  in  b  days,  and  S  and  C  in  c  days. 
Find  the  time  in  which  each  can  perform  it  separately. 

21.  Find  the  values  of 

a'-'  fc'-'  c2 

(a  -  bXa-c)  ~  (c  -  6)(6  -  a)   ~  (6  -  c)(7^^)  ' 

22.  Shew  that  a^  -  I  -r 

(g  +  2b  +  3c)(a  +  26  -  3c)(ffi  -  26  +  3c)(26  -  a  +  3c) 
166^  " 
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23.  Find  llio  two  factors  of  a^  -\-  t*,  and  tlic  two  factors  of 
a*  -  11%'^  +b*. 

x  +  y  +  j 
■24.  Simplify    -^g- 

•'       X 

25.  Find  the  /.  c.  m.  and  also  the  G.  C.  M.  of  x'^  +  3.i-i/  -  2Si/, 
X-  -  2xy  -  8(/-  and  x-  -  bxy  +  Ay'^. 

26.  Find  the  general  expression  for  the  sum  of  a  geometrical 
series  when  r  =  +  1. 

27.  If  by  the  notation  a,  we  represent  the  /th  term  of  a  series  ; 
then  in  an  A.  series  (p  -  <7)(a„,  -  «,)  -  (m  -  70(f';.  ~  «,)  and  in 

(""A  P  ~  ?      /";.  \  »i  -  n 
—  1  =1  —  1  .     Required  proof. 

28.  In  comparing  the  rates  of  a  watch  and  a  clock,  it  was 
observed  that  one  morning  when  it  was  12h.  by  the  clock,  it 
was  lib.  59m.  49s.  by  the  watch,  and  two  mornings  after  when 
it  was  9h.  by  the  clock  it  was  8h.  59m.  58s.  by  the  watch.  The 
clock  is  known  to  gain  one  tenth  of  a  second  in  24  hours.  Find 
the  gaining  rate  of  the  watch. 

29.  Sum  to  12  terms  the  series  8  +  12  +  18  4-  &c.,  and  find 
the  series  both  A  and  G,  whose  3rd  term  is  4,  and  Gth  term  i^f . 

30.  The  receiving  reservoir  at  Yorkville  is  a  rectangle  60 
yds  longer  than  it  is  broad,  and  its  area  is  5500  square  yds. 
What  are  its  dimensions  ? 

31.  Divide  (i)  x^  -  2x^4-  y^  by  x''  -  2xy  +  y-  by  the  method  of 

factoring. 
(u)  Tx*  +  bx*  -  4x3  +  3x  +  9  by  x''  +  2x  -  1  by 

Horner's  method. 
(Ill)  X™  -  x'*"  by,x  -  X"  1  to  five  terms.  Also  find 
the  rth  term,  and  if  n  be  an  even  integer, 
prove  that  the  complete  quotient  can  be 
separated  into  two  parts  of  which  one  is  x"* 
times  the  other. 

32.  Find  the  square  root  of  37  +  20V3,  and  of  4x  +  2V4x^T 

33.  Find  the  fifth  term  of  the  expansion  of  (a*  -  x"4)-3 

34.  In  how  many  ways  can  a  party  of  seven  men  be  formed 
out  a  company  of  28  ? 
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35.  Find  the  square  root  of  x'-  -  Ax^  +  9x  '  *  -  12a;  -  ^  10  by 
inspection. 

36.  Find  the  three  cube  roots  of  unity,  and  show  that  their 
sum  is  equal  to  the  sum  of  their  squares. 

37.  Find  the  values  of  x  and  y  in  the  equations  : 

X       y  X  —  a     y-b 

(I)  —  +  -f  ^  1  =  -T-  + . 

^ '    ab  b  a 

(ii)  X-  =  6x  +  4y  ] 

j;^  =  4x  +  6j/  ] 

38.  A  and  B  sold  130  yards  of  calico,  (of  which  40  yards 
were  A's  and  90  yards  J5's)  for  $42.  Now  A  sold  for  $1,  one- 
third  of  a  yard  more  thftu  B  sold  for  the  same  sum.  How  many 
yards  did  each  sell  for  $1  ? 

39.  Insert  five  H.  means  between  I  and  |. 

40.  What  is  the  difference  between  an  identity  and  an  equa- 
tion, and  to  which  of  the  two  does 

a-^-  c  b  +  c  X  +  c 

(a  -  6)(x  -  a)  ~  (a  -  6)(x  -  b)  ~  (x-a)(x-b)  ^^^^^S"^ 

41.  Solve  the  equation  j^x^+  I  +  aJx  -  1. 

42.  Simplify  ab  -  [(a  +  c)  b  -  3ac  -  {ab  -  2c  (a  -  b)]]. 

43.  Simplify 

|x^  -  Ixy  -  -1^(72/^  -  mx  +  ny  ±  Qx^  +  xt/  -  ^^gy^  +  px  —qy). 
(x^  -  2x  -  48)(x2  +  3x  -  28) 

44.  Reduce  (^^^^^_-24)(x^_  3^  _  4^  to  its  lowest  terms. 

45.  Find  the  value  of  x  in  the  equations 

X  a  b  \ 

(^)  (X  -  a)(x~^)  ■*■  (a  -  b){a  -  x)  '^  (b  -  a){b  -  x)  ~  a-b' 

(»)  U'i  +  |')-H2x-J)  =  ii. 

46.  Find  the  value  of  x,  y  and  2  iu  the  equations 

X-  +  xy  +  y^  ^  31 ;  y'^  +  yz  +  z^  -  28,  and  z^  +  zx  ■{■  x~  =  19. 

47.  Find  the  least  possible  value  of  2rt'^+.2a'''6  +  a^b'^  -  2abx 
+  b'^x'^  for  all  real  values  of  x. 

48.  Find  the  square  root  of  x^J'  +  9x  "  e?  _  4xiJ'  +  4(x-J=-3x  "  '^p)+6 
by  inspection. 

49.  Sum  to  8  terms  each  of  the  series  3^'  +  65  +  9f  +  &c.,  and 
Slx^-  -  54xi"y  +  36x  ■  !/2  -  &c.  Also  find  the  sum  of  the  latter 
series  to  infinity  when  x  =  2y  =  1, 
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50.  Find  a  geometrical  scries  sucli  dial  the  sum  of  any  three 
consecutive  terms  may  be  7^^  that  of  the  succeeding  six  terms. 

51.  Simplify  X'"  "-'•'.  i"fP-'n  .  x''"*-"^, 

52.  Reduce  j^tZTx^  +  ox^-x  +  1  ^"  ^^^  lowest  terms. 

53.  Solve  with   respect  to  .r  tiie  ecjuation  x-  -  2ux  -  'Ibx  -  Sa^ 
+  Idab  -  3b'^  -  0. 


54.  Given  'Jy  -  ^y  -  x  =  ^20  -  x,  and  also  Vi/  -  •»•■  '■  V^O  -  x 
: :  2  :  2  to  find  the  value  of  x  and  y. 

55.  Find  by   inspection   the    product  of  (x^   -  2x  -i-  3)  by 

(i^  +  2x  +  1),  and  (x*  +  2x'^^  +  33/')  by  (x''  -,  2xV  +  J/'). 
56.»Solve  the  equation  x*  +  y^  =  «',  and  xhj  +  xy'^  =  b^. 

57.  A  company  at  a  tavern  had  $35  to  pay;   but  before  the 

bill  was  paid,  two  of  them  left,  and  in  consequence  of  this  the 

remainder  had  each  $2  more  to  pay.     How  many  were  there  in 

the  company  at  first? 

1        1 

58.  Find  the  ninth  term  in  the  expansion  of  (a^  +  //*)*. 

59.  Find  by  inspection  the  coefiBcients  of  x*  and  x^i  in  the 
expansion  of  (1  +  ax  -  iax^  -  2ff'''x*  -  x'  +  ^ox^  -  Sax'')'^  ? 

60.  Find  two  numbers  such  that  the  greater  shall  be  to  the 
less  as  their  sum  to  a,  and  their  difference  to  b. 

1  /xHV 

61.  Reduce  2  +    j—  and  also  /  ^^ 

to  simple  quantities.  x  -  1 

62.  Find  the  value  of  the  expression 

x+6  x-4  x+2 

x2  +  2x  -  35    ■*■  x^+  lOx  +  21   ~  ~x^^  2x  -  15' 

X'^  yZ  /    X  \j\ 

63.  Find  the  square  root  of  -,•  +  ~  -  /  —  +  —    +  2|  by  inspec- 

y     x'~    yy     xj 

tion,  and  also  of  x*  -  2x^  +  ^x'^  -  I  x  +  -^i-^. 

64.  Multiply  (r™  -  2i/")  by  (x"*  -  y"),  and  also  (x'""  +  ax""  -  b) 
by  (x™'"'  -  ax™  +  b). 

65.  Divide  (12x*  -  192)  by  (3x  -  6),  and  (20a*b*^  -  22a^6' 
+  lla^i*  -  3a&9),  by  (iaW  -  2a6*  +  6«).  The  former  by  factor- 
ing, and  the  latter  by  the  method  of  detached  coefficients. 
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66.  If  four  quantities  arc  in  continued  proportion,  the  first 
has  to  the  fourth  the  triplicate  ratio  which  it  has  to  the  second 

67.  Find  the  integral  values  of  a;  which  satisfy  the  inequality 
x^<\Ox  -  16. 

13  -  2Vx-  5 

68.  Given ==-  =  -A  to  find  the  value  of  .r. 

13  +  2Va;-5 
a 

69.  If  -T-  be  any  fraction  whatever  the  sum  of  it  and  its  recip- 
rocal is  greater  than  2. 

70.  Shew  that  the  sum  of  the  cubes  of  any  three  consecutive 
numbers  is  divisible  by  three  times  the  middle  number. 

71.  Divide  (a^  -  4a-'  +  la^  -  5a  +  6)  by  a'^  +  5a  -  i  synthe- 
tically. Also  divide  (x''  +  x"  ^  _  2)  by  (x^  +  a;"^  -  2)  by  inspec- 
tion. 

72.  Find  the  continued  product  of 

^x^^-'         -a^^^        ^  \x- +a^  jyx"^ +a* ) &c.,  to  7t  factors. 

13  7  x-4 

73.  Simplify  ][^2T^  "  12(2x  +  3)  "  4PT9- 

74.  Find  the  product  of  (^x^  +  Jxy  +  f?/''')  into  (jx^-  ^xy  +  |^^), 

and    of    (2x'  +  3y^)  (2x^-31/')  (4x^+6x^2/' +9^0    into   the 

/I  II  IN 

quantity   \4x' -  Gx*y^  +  9y' ) . 

75.  Given  2xV3  -  3y^J  2=6  and  3xV  2  -  2i/V  3  =  5V  t5  to  find 
the  values  of  x  and  y. 

76.  Prove  that  if  the  series  1  +  3  +  5  +  7  +  &c.,  be  continued 
to  any  even  number  of  terms,  the  sum  of  the  latter  half  is  three 
times  the  sum  of  the  former  half. 

a       b 

77.  If  the  j1.  mean  between  two  quantities  be  -r- +  — -+2, 

*  b        a        ' 

a       b  a       b 

and  the  H.  mean  be  -7-  H 2,  then  the  G.  mean  will  be  -r-  -  — . 

b        a        '  b        a 

78.  If  a,  b,  c,  be  in  H.  progression,  then  will 

111  1 


79.  If  r  +  s  +  f  =  v,  where  r  is  constant  and  s  oc  — and  t  cc  xy"^, 

y 

and  when  x  =  y  =  1,  t;  =  0,  and  when  x  =  y  =  3,  v  =  8,  and  when 
3;  =  0,  V  -  I,  find  V  in  terms  of  x  and  y. 
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SO.  Solve  with  respect  to  x  the  equations 

(i)  j(u  +  i)  X  +  a  -  b\\{a  +  b)  x  ^  b  -  a]  =  4</6. 

ax      b  b 

^  '^    b        a  ax 

81.  Find  the  continued  product  of  (a  -  b)(jii  +  i)(rt-'i  /<*)  +  &c. 
to  n  +  1  factors. 

82.  Divide  x*  -  («  +  6  +  p)x^  +(ap  +  bp  -  c  +  q)x-  -  {tnj  -i-  bq  - 
cp)x  -  qc  by  x''  - px  +  q  synthetically. 

83.  Find  the  square  root  of  h-'x''  +  2abx^  +  (b''+  2ac)x'+  c^x"* 
+  2bc. 

84.  Simplify 

"[(z  +  a)(x  -  b)  +  (X  -  a)(x  +  6)J-r-|(x+a)(x+6)  ■^(x-c)(x-6)j" 

85.  Find  the  G.  C.  M.  of  x*  +  p^x^  +  p*  and  x*  +  2;)z''  +  p'^x^  -  p*. 

86.  Find  the  /.  c.  m.  of  2J(x-  +  x  -  20),  Z\{x'^  -  x  -  30)  and 
4j(x2-  lOx  +  24). 

87.  Solve  with  respect  to  x  the  equation 

(a?  -  l)x2  -  2(a6  +  l)x  +  6''=  -  1  =  0. 

88.  Simplify  the  following  expression 

x^+x-^  + 2(x +x -1)       /x--l\^ 
x3-x-*-2(x-x-i)  •  (^ x^  +  1  J 

89.  Prove  that  if  to  any  square  number  there  be  added  the 
square  of  half  the  number  immediately  preceding  it,  the  sum  will 
be  a  complete  square  ;  viz.,  the  square  of  half  the  number  imme- 
diately following  it. 

90.  A  cistern  is  furnished  with  two  supply  pipes  A  and  B, 
and  a  discharge  pipe  C.  If  A  and  C  be  left  open  together  for 
three  hours,  and  C  be  then  closed,  the  cistern  will  be  filled  in  \ 
an  hour  more  ;  if  B  and  C  be  left  open  together  for  five  hours  and 
C  be  then  closed,  the  cistern  will  be  filled  in  IJ  hours  more; 
or  it  can  be  filled  by  leaving  A  open  for  Ij  hours,  and  B  I  hour. 
In  what  time  can  the  cistern  bo  filled  or  emptied  by  A^  B,  and 
C,  separately. 

91.  Find  the  G.  C.  M.  of  2x^  +  2x4  _  5^3  +  4x'i  _  9,  and  3x* 
+  3x*  -  lOx^  -  X  +  3. 

92.  Find  the  /.  c.  m.  of 

apx'^  +  (aq  +  bp)  x  +  bq^  and  aqx'^  -  {ap  -  bq)  x  -  bp. 

Also  of  (x^  -  xy)  ;   (x^  ~  2/'  )  and  (xy  +  y'). 
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93.  Solve  the  equations 

(0 


X  ■ 

-  2a 

2x  +  6a 
7       ■ 

x  +  2a 

3 

13 

X  - 

~~2 

1 

a:+l 
3 

3 

2 
x-1 

(in)  V-i'  +  4  +  V2a;  +  6  =  V3x  +  34 
(iv)  x2(2/  -  1)  +  3y(x2  -  1)  =  V-^^  +  3i/  and  x^y  =  5 

94.  Form  the  equation  whose  roots  are  2,  3  and  -  2  +  V  -  3 

95.  Simplify  a  -  (a  -  m)  -  \  -  (  -  {-  a  -  (  -  m  -  \  -  (m-a)\)\)\ 

96.  Resolve  a*  +  6'  into  its  component  factors. 

97.  If  ^.,  G.  and  H.  be  the  arith.,  geom,  and  harm,  means 
between  two  quantities  a  and  b,  then  will 

£  _         (H-aXH  -  b) 

3^  -   1  +  —  Q2  . 

98.  Find  the  time  between  two  successive  transits  of  the  minute, 
hand  over  the  hour-hand  of  a  common  clock, 

99.  The  opposite  sides  of  a  rectangle  are  each  increased  by  a 
units  in  length,  and  the  other  two  sides  decreased  by  b  units, 
and  the  area  is  found  to  be  unaltered ;  but  if  these  changes  in 
the  sides  had  been  respectively  c  and  d  units,  the  area  would 
have  been  diminished  by  e  square  units.  Find  the  sides  and 
examine  the  nature  of  the  problem  when  ad  =  be,  and  be  +  e  =  cd 


(x-aN^      x-2a  +  b 


101.  Divide  5x^  -  3x-  +  1  by  x^  -  2x  +  3  by  Horner's  method, 
exhibiting  both  the  complete  remainder,  and  the  continuation 
of  the  quotient  in  descending  powers  of  x. 

102.  Find  the  G.  C.  M.  of  x^y  +  xy^  -  3x^  +  3i/-  _  9x  +  9i/  -  2y^, 
and  x'-y  +  '2xy^  +  x^  +  4xj/  -  5j/^  +  2x  -  2y  -  3y^,  and  examine  what 
the  result  becomes  when  y  -  1. 

103.  If  a  oc  V^  and  c^  oc  b^  shew  that  ac  oc  b'^. 

104.  Resolve  a}^  +  in}^  into  four  elementary  factors. 

,«=    T,  J        m'-(p-qy     p^-(q-m)\  q'-(m-py 

105.  Reduce  7 — , — ^n *  +  7 — ; — \2 a  +  ; — ; — \2 2  to 

(m  +  5)^  -  p"      (in  +  fY  -  q'-     (p  +  5)''  -  in/' 

its  simplest  form. 

lOG.  Given  2'  +  i  +  4'  =  80  to  find  x. 
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107.  If  .r  be  real,  prove  tliat  x'' -  8x  +  22  can  never  l.c  less 
than  6. 

108.  If  a  oc  (f-',  i^  oc  (/'  and  ^  oc  inversely  as  d,  shew  that  the 
product  oAc  varies  as  if  each  of  the  three  varied  directly  as  d. 

109.  Shew  that  the  sum  of  n  consecutive  odd  numbers  begin- 
ning with  2m  +  1  exceeds  the  sum  of  the  first  n  odd  numbers 
beginning  with  unity  by  twice  the  product  of  in  and  n. 

110.  If  the  roots  of  the  equation  ax^  +  bx  +  c  =  0  are  in  the 

,         ,       6^      (m  +  ny 

ratio  m:n,  shew  that  —  =  ^^ 

ac  mn     ' 

ill.  Prove  that- — ,,-t -^ — r.,~ —  -  = 

a-  (b-  c)  +  b-  (c  -  «)  I-    c-  (a  -  b) 

(a  +  b){b  +  c)(a  +  c) 

112.  Every  square  number  is  eitlier  divisible  l)y  3  or  becomes 
so  by  the  addition  of  2,  and  the  product  of  any  three  consecutive 
integers,  the  middle  one  of  which  is  odd,  is  divisible  by  24. 

113.  Prove  that  {  «  (n  +  l)f-\(n-l)n}-=  4n^. 

...    -c-   A  .^         ,         ,(«*  +  1)  (a:'+  1)  x-i-1 

114.  Find  the  value  of  > :r~^, — rr-  -   when 

(xy  +  1)  (a^+  1)  y+l   *°^° 

1  +  a  1  +  6 


and   y  = 


I- a  ^      1-6 

115.  Divide  synthetically  7x5  +  21x*y  +  SSx^  +  35xV 
+  21xy*  +  7y«  by  x  +  y,  and  the  result  by  x'^  +  xy  +  y'^. 

116.  Employ  the  method  of  detached  coefficients  to  find  the 
G.  C.  M.  of  18x*  +  9x^  -  llx-  -  4z  +  4,  and  8x*  +  4x'^  -  6x'  ~ 
X  +  1. 

117.  Resolve  the  quanties  given  in  the  last  'j  K'Stion  into  their 
elementary  factors. 

118.  Reduce  to  a  single  fraction 

3  3  1  Jl-x 

4(l-.x)3    ■*'8(l-x)    "*"  8(l  +  x)  ~   T(r+^') 

119.  Is  the  following  expression  an  identity  or  an  equation 

^  +  ~]   (^ ^)+  «^  =(r +  5a)  (x-3a)  -!-  lU? 

If  a  =^  1,  how  then? 
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ab        ac 

120.  Ifa,  fiandcbein//.  progression  then  will  — -r, 

be  b  +  c       c  +  a  a  +  b 

and  -; also  be  in  ff.  progression  and ,  — 7 —  and 

b  +c  ^  a  b  c 

will  be  in  j1.  progression. 

121.  Ifa  cc  b  and  c  cc  d  then  will  ad  oc  6c. 

122.  If  there  are  two  circles  each  of  radius  3,  and  four  others  of 
radii  4,  5,  6,  and  7  respectively,  shew  that  they  can  all  be 
made  into  a  single  circle  of  radius  12,  assuming  that  the  area  of 
a  circle  varies  as  the  square  of  its  radius. 

123.  Given  the  first  term  of  an  Jl.  series  =  11,  and  that  the  sum 
of  the  first  3  terms  =  the  sum  of  the  first  9  terms,  to  find  the 
series. 

124.  Given  any  two  terms  of  a  G.  series  to  construct  it. 

125.  Find  the  G.  series  whose  Ist  term  =  3,  5th  term  =  ^7, 
and  sum  of  first  five  terms  =  2^1-f. 

126.  Prove  that  the  latter  half  of  2n  terms  of  an  J.  series  ie 
one-third  of  the  sum  of  3/t  terms  of  the  same  series. 

127.  If  5'  denote  the  sum  of«  terms  of  the  series  1  +  5  +  9  +  &c. 
and  S.^  denote  the  sum  to  (n  -  1)  or  to  n  terms  of  the  series 
3  +  7  +  11  +  &c.,  prove  that  6\  +  S.^  =  (S^  -  SnJ^ 

128.  Find  the    7th,  the  10th    and  the  general   term    in    the 

expansion  of  (1  +  x"^)"^' 

129.  Form    the  equation  whose  roots  are  1,  -   1,   2,-2  and 

3  + V^^- 

130.  Assuming  that  -  1,  1  and  1  are  three  roots  of  the  equation 
x*  +  2a:*  -  3x^  -  3x^  +  2x  +  1  -  0  to  find  the  other  two  roots. 

131.  Find  what  quantity  must  be  added  to  each  term  of  the 
ratio  a  :  6  in  order  to  make  it  four  times  as  great  as  the  ratio  c  :  d. 


/2-V3\i_      V2 


Shew  that  1  „--  ,  ^  1    -  1    ,    /o 
'^2  +  V  3y       1  +  v3 


133.  Given  ^  J  1  S  +  32  =  T  ^  to  find  x,y,2  in  positive  integers. 

134.  Find  the  value  of  the  vanishing  fraction    -,f-^- 


when  X  =  y. 

135.  The  sum  of  two  numbers  is  45,  and  their  I,  c.  »i.  is  168, 
what  are  the  numbers  ? 


'2^ 
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'    $   (-^+0(3^-3)    I     1     (J  +  3)(J-5) 


13G.  Given  y  ^  -_-—__  ^  +  -  .  -^  ^  ^^^^  _  ^^ 

2   (X  +  5)  (X  -  7)        92 

13(x  +  6)(z-8)"=  "SSS"  '°  ""^  •'■• 

''xu  —  4w''  +  x^  =  4  ) 

137.  Given  "  "  ^  _    2  _  og       \^o  find  the  values  of  x  and  ?/. 

138.  Prove  tbat  the  fraction  -^\-  on  being  converted  into  a 
decimal  will  continually  produce,  successively  in  order,  the 
digits  0,  1,  2  ....  9  inclusive  with  the  exception  of  8. 

139.  Prove  that  the  roots  of  ax^  -  bx  =d^x  -ab  are  rational. 

140.  Solve  the  equation  (a  +  x)(6  +  x)  =  nab. 

141.  Find  the  value  of  x  in  the  equation  1  +  V^  ~  Cx. 

142.  Given  ^x  +  ^x  -  I  ~  )/x  +  1  to  find  x. 

143.  Solve  with  respect  to  x,  y  and  z  the  equations 

_  a^  _  6*  _  c^ 
^'y     ~  ~  X  ~  y  "  z 

144.  If  a  number  be  multiplied  by  4,  and  the  same  number 
reversed  be  multiplied  by  5,  the  sum  of  the  products  is  exactly 
divisible  by  9. 

Prove  this,  and  infer  the  general  proposition  of  which  it  is  a 
particular  case. 

145.  Simplify  (a  +  /;)  (b  +  c)  -  (a  +  1)  (c  +  1)  -  (a  +  c)  {b  -  1), 

146.  Find,  without  actually  multiplying,  the  product  of 


(^-y--^l/+9  jinto(^-^  +3J 


147.  Find,  without  actually  dividing,  the  quotient  of  («x  +  byY 
+  (cx  +  dyY  +  (ay  -  bxY  +  {cy  -  dxf  by  x-  +  y^. 

148.  Extract  the  square  root  of  a^  (x^  +  4)  -  2a  (x  +  2)+  4tt-x  +  1 
by  inspection. 

149.  Find  the  G.  C.  M.  of  a^  +  6^  _  £.2  ^  2a6,  and  a-  -  H'-  -  r  + 
26c  by  factoring. 

150.  Divide  synthetically  4x*  +  Sx^  +  1  by  j'  +  2x  -  1  obtain- 
ing the  exact  remainder,  and  also  four  terms  of  the  remainder 
expressed  in  descending  powers  of  x. 

151.  Expand  :j — 5  in  ascending  powers  of  x. 
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fa  b    \       f    a  b    \ 

152.  Simplify   (  —-7  + 7  )  x  ( r  - — -,  ) 

'■     ■'    \a  +  b     a-bj      \a-b       a  +  bj 

153.  Divide  (— ■- )  by  (~ —) 

\a  +  c      b  +  c  J    ''  \b  +  c        a  +  c  J 

154.  Reduce  to  a  single  fraction  in  its  lowest  terms 

3(x  -  2)  1  1  I 

(x  -  l)(x-  3)~  X-  1  ~  (X  -  2)~x  -  3 

155.  Prove  that 

(xy  +  1  +  2x)(xy  +  l  +  2y)+(x-  y)'^       (x  +  l)(y  +  1) 
x2j/2  +  1  -  x'-i  -  ^  ~   (x  -  \){y  -  1) 

156.  Find  the  conditions  necessary  in  order  that  the  equations 
nx^  +  ix  +  c  =  0  and  aix^  +  6,x  +  c,  =  0  may  have 

(i)  One  root  common. 
(11)  Roots  equal  in  magnitude,  but  of  contrary  signs. 

^„,  X+12X-1       3x  +  4-    .5x-6 

157.  bolve  the  equation •  = — 

^2343 

(x-l)(x  +  4)     (3  +  x)(2-x) 

158.  Given  ; — -^^r —  = to  find  the  value 

(x  +  3)  1  -  X 

of  X. 

159.  Find  the  value  of  x  in  the  equation 


1  +  2x       1  +  X+V1+2X 
1  -  2x       1  _  a-  _  ^\~2x 
IGO.  Find  x  in  the  equation 

(X  -   1)'-  (71-  l)2+47i_ 

(x+"l)^~(«"^iy+~47i  ^^" 
and  shew  that  if  n  be  positive  and  x  real,  the  value  of  the  left 
hand  members  always  lies  between  n  and  \ 

161.  Find  the  A.,  G.  and  H.  means  between  %  and  ^. 

162.  If  H.  be  the  harmonic  mean  between  a  and  b,  prove 
that  it  is  also  the  H.  mean  between  {H  -  a)  and  (H  -  b) 

163.  Find  the  37th  term  of  the  series  6  +  ^i.-^^}  +  &c.,  and 
also  the  sum  of  the  sums  of  the  first  31  terms  and  42  terms. 

164.  Find  the  sum  of  n  terms  of  the  series  3J  +  2  +  l^  +  &c. 

165.  Find  the  sum  of  n  terms  of  the  series  1  -  0-4  +  0-16  - 
0-64  +  &c.,  and  also  the  difference  between  the  sum  to  infinitj' 
and  the  sum  to  n  terms. 


2G4  MISCELLANEOUS   EXERCLSES. 

IGG.  TliiTC  lire />aritliincticiil  series,  cacli  continued  Ion  term  3  J       ( 
tlieir  first  terms  arc  tiic  niilural  numbers  1,  2,  3,  &c.,  and  tbeir 
common  differences  arc  t'ho  successive  odd  numbers  1,  3,  5,  Ac. 
Prove  that  the  sum  of  all  of  them  is  the  same  as  if  there  were 
n  such  series  each  continued  to^  terras. 

167.  Find  the  continued  product  of  x  -  ^xy  I-  y,  .c  -I-  -Jxy  y  y 
and  x'^  -  xy  +  y'^. 

1G8.  Find  the  value  of  y  {x'^  -  3yy  +  x  (a.-  +  Syy  wiien  j-  -  5 
and  y  -  8. 

169.  Extract  the  4th  root  of  IGfl-*  -  OOii'-'b  +  2lGaW  -  21i}ab'  -f     \ 
8\b*. 

170.  U  a  :  b  ::  c  :  d  shew  that 

1       1       1       1       I    /a      b 


a      2b     3c'^ id     ad\4.       3  ~  2  "^'^ 

2a:  +  3       4x  +  5        3x  +  3 

171.  Solve  the  equation - +  — - — -  giving  the 

rule  and  reason  for  each  step  of  the  operation. 

172.  Solve  with  respect  to  x  the  equation 

1111 
X      x  +  b~  a      d  +  b 

a  +  1  ab  +  a  x  +  y  -  ] 

173.  When  x  =  — and  y  =  —, reduce to   it's^ 

ab  +1  ^      ab  +  I  x  +  y  +  I 

lowest  terms. 

174.  Shew  that  2(x  -  7/)(x  -  =)  +  2(y  -  z){y  -x)  +  2(z  -  x) 
(j  -  y)  can  be  resolved  into  the  sum  of  three  squares. 

175.  Divide  a*  +  6*  -  c*  -  2d-b'-  +  4a6c-'  by  (a  +  b)'-  -  c\ 

176.  Find  the  G.  C.  M.  of  x«  -  1  and  x^"  +  x''  +  x*  +  2x''  + 
2x*+2x'  +  x'-^  +  x  +  1. 

2x  +  3  x  +  2  x-7 

177.  Reduce; — -. r. — -  -   ^ -— — -  to  a 

(x  +  5)(x+l)     x''+l        (x  +  5)(x  -  1) 

simple  quantity. 

a  +  b  ^Z  -  I      a  -  b  'J  -  \ 

178.  Reduce. ■=   +  ■==!  to  a  simple  quantity. 

a-b  'sl  -  I      a  +  b  'J  -  I 

179.  If  four  positive  quantities  be  in  J.  Progression,  the  sum 
of  the  extremes  is  equal  to  the  sum  of  the  means ;  but  if  in  G. 
or  H.  Progression  the  former  sum  is  the  greater.  Required 
proof. 
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180.  Shew  that  in  an  ascending  ^.  series  if  the  least  term  bo 
the  common  difference,  the  sutij  of  ('J/i  -  1)  terms  is  n  times  the 
greatest  term.  

u      Ja^  -  x^      X 

181.  Solve  with  respect  to  x  the  equation  —  +  


*  *  0 

183.  Given  3x"*  +x''  -  3104  to  find  the  values  of  ». 

183.  Find  the  value  of  x  in  the  equation 

x+a         X  —  a         b  +  X         b  -  x 
X  -  a         x+a        b  —  X         b  +  x 

184.  Given  x  +  V  |^^  +  V  -^^  +  96}  =  11  to  find  the  values  of  x, 

185.  Find  a  number  of  two  digits,  such  that  when  divided  by 
the  difference  of  the  digits,  the  quotient  is  21  ;  and  when  divided 
by  the  sum  of  the  digits  and  the  quotient  increased  by  17, 
the  digits  are  inverted. 

186.  Two  horses  ji  and  B,  trot  twice  round  a  course  two  miles 
long.  B  passes  the  post  the  fii;st  time  2'  before  j^,  b^t  in  the 
second  round  Jl  increases  and  B  slackens  his  pace  by  2  miles 
per  hour,  and  J  does  the  round  in  2'  less  than  B.  Find  their 
rates  and  which  horse  wins. 

187.  With  any  five  consecutive  integers,  the  continued  pro^ 
duct  of  the  first,  middle,  and  last,  added  to  the  cubes  of  the  other 
two  is  equal  to  the  product  of  the  middle  number  by  the  sum  of 
the  squares  of  the  middle  three.     Required  proof. 

188.  Prove  that  x*  +  ?/  +  (x  +  i/)*  =  2{x^  +  xy  +  y'^. 

189.  Multiply  x^  +  y^  +  xhj  +  xy'^  by  x^~y^  -  x'^y  +  xy'^. 

190.  Find  the  value  of  ax^-  i  x'*  when  x  =  (a  +  6)^  +  (a-  6)*. 

191.  Divide  ax^  +  2cxyz  +  by^  +  ax\y  +  2)  +  by\x  +  z)  + 
Icxy  (x  +  1/)  by'x  +  1/  +  s,  synthetically. 

192.  What  is  the  quotient  of  x"^  -  1  divided  by  x"  -  1. 

193.  Simplify  1  -  {1  -  (1 -x)}  +  2x- (3  -  5x)  +  2 -(- 4  + 5x). 

194.  Express  a{b  +  c)*  +  b(c  +  a)*  +  c{a  +  6)*  -  {(a  -  6)(a  -  c) 
(6  +  c)  +  (6  -  c)(6  -  a){c  +  a)  +  (c  -  a)(c  -  b){a  +  b)\  in  its  sim- 
plest form. 

195.  Express  in  the  simplest  form  the  sum  of 

(6  +  c  -  a)x  +  {c  +  a-  b)y  +  (a  +  b  -  c)z 
(c  +  a  -  b)x  +  (a  +  b  -  c)y  +  {b  +  c  ~  a)s         -    ^ 
(a  +  b  -  c)x  +  (6  +  c  -  ayy  +  (c  +  u  -  6)« 
S 
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196.  Find   tho  product  of  (x*  +  6i*y  +  12xy»  +  8y*)  by 
(X*-  6xhj  +  \2xi/  -  8i/)  also  of  (a  +  b  <J~l)(a^b  V  -  1). 

197.  Find  the  vulue  of  (« +  6  + c)(6 +  c- u)(c  +  a-b){a-\-  b~c) 
Also  Ihe  product  of  (x''  +  1  +  x-i)  by  (x^  -  1  +  x^). 

198.  Divide  (2x*  -  3x^y  +  4xV  -  5xi/  +  6i/*)  by  6xy ;   iind 

also  (X*  +  4x  +  3)  by  (x^  +  2x  +  1).    • 

1 

199.  Find  by  inspection  the  quotient  of  (8x  -  j/^)  f  (x   -Ji/) 

and  of  (x'  -  apx'^  +  a'^px  -  u^)  -:  (x  -  «). 

200.  Find  by  factoring  the  G.  C.  M.  of 

(i)    x^  -  3x  -  4,  x^  -  2x  -  8  and  x"'*  +  x  -  20. 

(II)  3x*  +  4x'''  -  3x  -  4  and  2.r*  -  7x^+5 

(III)  (x"*  +  a"*)(x"  -  a")  and  (x"  +  a'»)(x™  -  a*"). 

201.  Find  the  /.  c.  m.  of 

(i)  x''  -  ax  -  2a^,  x^  +  ax*  and  ax^  -  a^ 
(ii)  i'  -  x^  -  a^x  +  a-y  and  x"  +  ax^  -  xy^  -  mf- 

202.  Find  the  value  of 

(a  +  6  -  c)=»  -  d*  ■        (6  +  c  -  ay  -  di      (c  +  a  -  by  -  d? 


(a  +  6)2_(c  +  d)^       (6  +  c)^-(a  +  d)2^  (f -l-a)^- (6  +  (f)2 

203.  Reduce  —^ r, rr^o;,    to  its  lowest  terms. 

X    —  1/    —  »,    +  i]jZ 

a'' +  a'^b        a(a-b)  2ab 

204.  Simplify  the  expression -,  - ---, — — -, 

•^  '  a^b  -  ¥       <a  +  6)6        a?-b'' 

ax    \         /a  +  X       a  —  X 

—  + 

a—  X       a  +  X 


205.  Reduce  (  a+ )    ( a-  - 

\       a  -  xj    \       a 

to  a  simple  quantity. 


4a' 


^.    ,    ,         ,  X  +  2a        X  +  26  4a6 

206.  Find  the  value  of + when  x  = — '—r 

X  -  2a       x  -  2b  a  +  b 

207.  Find  by  inspection  the  square  roots  of 
(i)    X*  -  4x^  +  8x  +  4 

(li)  4x*"  -  ix^^  +  Ix^* 

a^       b^       c^  a  c  b 

(«')  F  +  ?r  +  ;^  -  2-  -  2y  +  2- 

206.  If  aV  +  bx  •(-  be  +  6^  be  a  perfect  square,  shew  that 
1  c 

-r    •  1 
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209.  Solve  with  respect  to  x  the  equations 

(i)  mux  +  ami  =  nH  +  am? 
8-x       2X-11       x-'J 

<")  "r  -  ^T  =  "^ 

210.  Find  the  values  of  x  in  the  equations 

Ix  +1     _  80/x-  f 

(ii)  X-  -  lax  -  2bx  -  3a^  +  10«6  -  ?.b-  =  0 

211.  Find  the  values  of  x,  y  and  =  which  satisfy  the  equations 

X  -  ay                 ax  +y 
(I)    -—^  =    1    = 

(ii)x-  -r-  x)/  +  y'^  =  37  and  x  +  y  =  7. 

212.  Solve  the  simultaneous  equation 

2  (X  +  y)  =  a-  +  i^  i  X  (2/  +  2)  =  6-  +  c- ;  1/(2  +  x)  =  c''*  +  a- ' 

213.  The  difference  between  the  ages  of  ^  and  B  is  twice  as 
great  as  the  difference  between  the  ages  of  B  and  C,  and  the 
sum  of  the  ages  of  A  and  B  is  half  as  much  again  as  the  age 
of  C;  six  years  ago  it  was  only  one-third  more.  Find  their 
ages, 

214.  Sum  the  following  series  : 

(i)  IJ  +  3  +  A\  to  12  terms, 
(n)  1§  +  2J  +  3/^  to  ft  terms. 
(Ill)  V'-i  +  3V3  +  iV^  to  infinity. 

215.  Ua^.ai.a^....a^  -  a^'  then  will 

a,-'*-l 
a,  +  a.j^  -'r  «;,  + «„  =  rti .  —2 — ,"•     Required  proof. 

216.  Given  (x  +  5)(x  +  1)  -  4V2x  +  1  (x  -  1)  to  find  x. 

217.  Find  the  value  of  x  in  the  equation 

(3x  -  4)(5x  -  1)(1  -  2x-)  =  4. 

218.  Find  to  4;t,  4«  -V  1,  4ft  +  2  and  4«  1-  3  terras  the  sum  of 
the  following  series 

1  +  1  +  2  -  2  +  3  +  4  i-  4  -  8  +  5  +  16  h  &c. 

219.  The  number  of  matches  in  the  side  of  a  certain  rectangular 
bunch  is  >  10  but  <  20,  while  the  number  in  the  end  is  <  10. 
When  the  digit  expressing  the  number  in  the  end  is  written  to 
the  left  of  the  expression  for  the  number  in  the  side,  the  number 
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80  formed  is  to  the  wbolo  number  of  mutclies  in  the  bunclj  as  n 
certain  nuuibur  a  is  lo  2  ;  but  if  tlii3  digit  is  written  to  the 
right  of  till-  expression  for  the  number  in  tlie  side,  the  number 
thus  formed  is  the  whole  number  of  matches  us  «  -  10  ;  4. 
Also  a  second  bunch  similar  in  form  to  the  first,  and  con- 
taining as  many  matches  in  its  perimeter  as  there  are  matches 
in  the  first  bunch,  contains  four  times  as  many  matches  as  the 
the  first  bunch.  Find  the  whole  number  of  matches  in  the 
bunch. 

220.  Shew  that,  in  the  preceding  problem,  if  the  last  condi- 
tion had  not  beeu  given,  the  solution  found  above  would  have 
been  the  only  integral  solution  of  the  problem. 

221.  A  person  travels  by  railway  from  Stratford  to  Toronto  and 
back.  In  coming  down  he  finds  that  when  he  travels  by  express  he 
is  as  many  hours  on  the  way  as  his  fare  is  cents  per  mile,  but  when 
he 'travels  by  the  accommodation  train  he  is  half  as  many  hours 
on  the  way  as  there  are  units  in  the  square  of  the  number  of 
cents  in  his  fare  per  mile,  the  fare  being  the  same  by  both  trains. 
In  returning,  the  express  by  which  he  travels  goes  slower  than 
the  express  by  which  he  came  down  by  an  average  (including 
stoppages  in  both  cases)  of  as  njany  miles  per  hour  as  there  are 
cents  in  his  fare  per  mile,  the  fare  being  the  same  as  in  coming 
down.  He  now  calculates  that  if  the  fare  had  varied  as  the 
speed  of  the  trains,  he  would  have  gained  a  cent  a  mile  by  taking 
the  accommodation  train  to  Toronto — the  fare  on  the  express  to 
Toronto  remaining  the  same — and  in  returning  he  would  have 
gained  as  many  cents  as  there  were  miles  in  the  average  speed 
(including  stoppages)  of  the  train.  Find  the  distance  from 
Toronto  to  Stratford,  and  the  fare  between  them. 

222.  Given  V^'  +  25  {x-(i2  x  9)  (^xH25-  1)  -45]  =  5x='+  225 
to  find  the  values  of  x. 

223.  Two  persons  engage  to  dig  a  trench  100  yds.  long  for 
$100,  but  one  end  being  more  difficult  to  dig  than  the  other 
it  is  agreed  that  the  one  digging  the  harder  end  shall  receive 
$1-25  per  yard,  while  the  other  receives  but  $0-75  per  yard. 
At  the  termination  of  the  job  it  is  found  that  they  each  receive 
$50.     How  many  yds.  did  each  dig? 

Shew  algebraically  that  this  problem  is  impossible. 
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224.  A  Square  and  a  rectangle  are  (i)  equal  in  area,  (ti)  equal 
in  perimeter.  The  number  of  square  inches  in  the  area  of  the 
square  is  m  times  the  number  of  linear  units  in  its  perimeter,  and 
the  number  of  square  units  in  the  area  of  the  rectangle  is  n 
times  the  number  of  linear  units  in  its  perimeter.  Find  the 
length  of  the  sides  of  the  rectangle. 

225.  Two  boys  find  upon  trial  that  the  distances  to  which 
they  can  respectively  thi-ow  a  stone  are  in  proportion  to  their 
ages,  and  that  the  throw  of  the  elder  is  24  feet  longer  than  that 
of  the  younger.  After  the  lapse  of  a  year  they  try  again  with 
the  same  stone  and  find  that  the  elder  can  throw  it  but  22  feet 
farther  than  the  younger,  and  that  the  gain  of  each  is  iu  the 
same  ratio  to  the  age  of  the  other.  Also  the  H.  mean  between 
their  ages  at  the  latter  trial  is  equal  to  the  quotient  obtained  by 
dividing  the  length  of  the  longest  throw  made  by  the  difference 
between  the  A.  mean  of  .the  1st  throws  and  that  of  the  2nd 
throws  ;  and  if  the  antecedent  of  the  ratio  compounded  ofthe  ratio 
of  the  throw  of  one  to  his  age  in  the  first  instance  and  the  ratio  of 
his  gain  to  the  age  of  the  other  on  the  second  trial,  be  multi- 
plied by  i  of  the  product  of  their  ages  on  the  second  trial  the 
ratio  of  which  the  resulting  ratio  is  the  duplicate,  will  be  the 
the  same  as  the  ratio  compounded  of  the  ratio  of  the  throw  of 
one  to  his  age  at  the  first  trial,  and  the  reciprocal  of  the  ratio  of 
his  gain  to  the  age  of  the  other  at  the  second  trial.  Find  their 
ages  and  the  distance  to  which  they  throw  the  stone. 
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Exercise 

IV. 

1. 

0 

o 

18 

3. 

14 

4. 

2 

r, 

n 

C. 

0 

7. 

48 

8. 

10 

9. 

48 

10. 

0 

11. 

24 

12. 

2700 

14. 

r,  <  6 

15. 

each  -  0 

16. 

6>r, 

17. 

oacli  - 

-  10 

18. 

each  -  2 

m. 

2 

20. 

44 

21. 

i;) 

oo 

-112 

•yo 

-  .3 

24. 

22 

2.1. 

8 

Exercise  V. 
1.  43a.  2.  -2Ca.'/-. 

3.  19(fl  +  i-r2).  4.  2la(^x-y^)K 

.I.  27a-13y  +  23.  6.   lGCx  +  i/)+ 28(;  -  20a6r. 

/ir.   7.  ^a  +  l,)x  -  19(c  +  d)y  -  23{d  +f)z. 

8.   Ifxt^bV  +  12fl-^6^x'  -  UaV^"-  I7a'i^x2. 


ExEnci.sE  Vr. 
XI.  3a  +  3r  ;  a  +  3c  ;  4a  J-  4^  -  7c.         2.  8«^  -  lay  +  13a/. 

3.  -  rt^x^ -7(a  +  6)- 123;'7/-20.  4.   2a -2b. 

r).  :>xy  +  14a6  -!-  17.  6.  5  +  8a  -  56  -!-  8c. 

7.  C(jY»  +  Gx7/-rjcr£-/n+16c.  8.  17  -  257/i2x+ 20xy. 

Q.m/T?.  10.  18V«-8^3+14V4  +  6Va  +  19Vc. 

'  II.  20xy  -  lOay  +  2V-C  +  25^y. 

12.  4(ffx  +  by  -  czY  +  12V''i  +  «  +  lG(a:  -  2/). 


Exercise  VII. 
l.rt  +  6  +  c  +  m  +  3;^  +  x  +  7/.         2.-  3xc  -  5c^ 
3.   7c  +  4x^+2  (X  ~  y).  4.   lOx^y  -  a^t  +  7 

5.  6a  +  1 56  +  5a6  -  Sw'^n  +  5x  f  y.     6.  G-Jx  ~  b^a  +  y  +  1 8 
7.  4x''  -2if~iif^2y.     8.  3-^x2  +  xy-yz  +  am  -  7d'y  +  x^y  -  m' 
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Exercise  VIII. 

1.  aV-  -  11^2/*  +  11<^~"  +  4xy  +  20m. 

2.  14a  -  14c  -  I3y/a^^  +  4xy2  +  m*. 

3.  2cd  -  3(a  +  b)^x^~. 

4.  4(xy  +  y2  _  ,3^.1  +  i4a^x^  -  H^m. 

5.  16+  7^8-  23y-d'^a-b. 

6.  6in  -  2c  -  lie  -  2jx  +  12]/  +  abed. 


Exercise  IX. 
1.   14-7n-5c-e.       2.  2a-26-2c.  3.x~5a-2 

4.  G  +  m.  5.   ll«-3c-5<i  +  OT        6.  2a^-c2-m*. 

7.  2  8.  5a2+7x  +  3m*+2x^     9.  8a^6c  -  2m. 

10.  a  +  1  11.  a-8&-6c.  12.  -  a -5am -2c -17 


Exercise  X. 

1.  (a-b)  +  (c-rf)  -  (e -  7ft) -(/+r) -(.■!-?;)  +  (w  +  x) 

2.  (a  -  b  +  c)  -  (d  +  e  -  m)  -  (f  +  r  -^^  s)  +  (v  +  w  ■{■  x) 

3.  {a  -  b  +  c  -  d)  -  (e  -  m  +  f  h  r)  -  (s  -  V  -  w  -  x) 

4.  (a  -  6  +  c  -  (i  -  c  +  m)  -  (  /■+  ?•  +  -s  -  r  -  1/;  -  x) 

5.  {a-{b  - c)}-{d+  {e -m)}-{f+  (r+  s)}-i-{  V ■{■  (w -hx)} 

6.  {(a-6)+c}  -{(rf+e)-7H  j  -{(/+7-)  +  .'!J  +  {(t;  +  w)+xJ 

7.  {a-(b-c  +  d)\-  {c-(77i-/-r)  j-{s-(y  +  u;  +  x)} 

8.  {  (a-  b  +  c) - d\  -  { (e - m  +  f)  +  r  \ - \  {s -  V -  w)  - x I 

9.  {ff-(6-c)  -r/j-{c-(m  -f)-i-rl-{s-(v+w)-x\ 

1 0.  { a  -  6  +  c  -  (rZ  T  e  -  771) }  -  {/+  r  +  s  -  (u  +  w  +  x)} 

11.  {(ff-6  +  c-cf)-e  +  77i}-{(/+r  +  s-t))-«)-a;} 

12.  f  a  -  (6  -  r)  -  ,i  -  (c  -  771)  I  -  {/ +  (r  4- s)  - '^  -  (w  +  ^)  { 

Exercise  XI. 

1.  3a  •-3b;  4flx  +  4& V  -  4x3 ;  sp^j^  -  sbp^x  -  3c^p^x. 

2.  (7771  -  6^m  +  m^p  +  x^  -  3ax^  -  bx'^  -  Sm^x'^  +  6m^x^  +  m*!*. 

3.  7  +  ax  +  Say  -  46x  +  4x1/  -  ac^  -  3c^y  -  m^y. 

4.  a^m  -  a'''/t  -  2acp  +  2ac5'  -  c^m  +  c'n. 

X       y       c        d       m 

5.  a-6-—  -    „  +  —  --;-T- 

^3  *-**  *..  ^8  *^ 
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a  b  r  d 

6.  m  ; ^-  —  +  — . 

jryz        xyz        xyz       xyz 

t;«  tn  3p 

7.  ainjc -iixy -ii'c-abr +  ay •! 


2r        3  m  An 

8.   :ibcd  -  3abd  +  3hfm  -  :ibfn  -  -r^,  -  ,-^  +  - 

.'ir'  fir'  fi 


2a -c       2a -c 


ExEUCISK   XII. 

1.  5fl7ft  +  CI  +  9a).r  +  (3  +  15a  -  2m)»/. 

2.  (4  +  7/1)0  +  (2;/i  +  2a)x  +  (3x  -  4  +  m  +  3a).v. 
■  3.  5(2a  -  X  -  6c)  +  2(6  -  2c)  -  3m. 

4.  (2a  +  in)x  -  (3am  +  2c*a)xy  +  (3a  -  2cm  -  b  -  f)y''> 

5.  {3(a  +  6  +  c)  -  (6m  -  e)a]y  -\c  +  2(1 +  3a)m  }  x-c(2-a)2. 

6.  j  ll(a  +  6)m  +  3(cv  +  a)\y  -  {  3(a  -  6  +  c)  +  2(a+3)c}a;y + 
3(wi  +  a)c  -  2aqD. 


Exercise  XIIT. 

1.  a*-4a3y+7aV-6aj/'+2?/'' ;  a' -a'6  -  2a^6'+2a26'+ .la64-6*. 

2.  2a'm'  +  lOa^m^xy  -  3amx^y^  -  to'j/';  Qa'^x*  -  Sa'x'-  3a*a; 
-  9o'x«  +  3ax*  +  3ax-. 

3.  o'  +  771®  ;  2a*  -  2aVy  -  2a".c  +  4a"y-  +  2a'x"y  -  2axy^  -  2axy'' 
+  2y*. 

4.  x'  -  7x2  +  5a;  +  28     a"  -  a''. 

5.  a«  -  4a'62  +  4a=6'  -  I7a6*  -  126\ 

6.  a^b^  -  a^c^  +  2a6c'=  -  6''c^ 

7.  a^  -  6o*6«  -  10a»6'  -  6a2.6*  4-  6^ 

8.  Sx'  +  4a6x2  -  6a«6«x  -  4a»6»;  x*  +  x^  -  4x'  +  5x  -  3. 

9.  x«  +  2x6  4.  3a;4  4.  2x^  +  1. 

10.  6y6  _  5x2?/5  _  g,p4y4  +  2lx^y^  +  x'*!/^  +  i5j;4.  a-n  +  n  +  ^njw 
+  a"'6"  4-6'"*". 

11.  30a«  -  5a*  -  207a'  -  ll8a'^  +  78a  +72. 

12.  a^x^ +a(6 +  c)xy+6cy2;  a^'"  *' -  a'^*i6"- a'"6" -2'4-a'"  +  icP 
+  62«  -  p  _  6"  -  PcP. 

13.  a'^'-^-a^cP  +  a^g*"  -  a™??!^  +  c^m^  -  mY'+  d^x'-  c^x'-^q^x' 

14.  a''  -  2a*x  +  3a^x^  -  3o^x'  +  2ax*  -  x«. 

15.  { 6ac  (2c  -  771)  -  36c  (2c  -  12a  +  36  -  771)  -  96(2a  -  m)}m 
+  { 2o7n  (c  +  36)  +  4ac(f  -  36)  +  26c(c  -f  36)  -  67n  (c  +  36) }  x. 


ANSWERS  TO   EXERCISES.  2T3 

EXERCISB   XIV. 


5 

1.  56c;  6x-y;  3a;  .- xyz^ 

2.  -2bcm;  ~ax^;  9?n.ry ;  3x* 
36 *c  llbx      3axy  b" 

■    5xy  ' '  ~    Hot    '  Tj^*^"^ '  ~  Tgx 


EXKIICISK    XV. 

3y*        2lbc        ?,xy       2m. 

c  4x  r.  X     . 

3y  11         2x        1y 

oa        3oxy       oo       5fflx 

3a       Smary 
3.  4a*  -!-  m  -  —  +  ~,^-^ 

oAc  a*c^        iay       5a'^ 

47nxy        37nxy        3/tt       2xy 


Exercise  XVI. 

1.  X  -  y  ;  a-  +  2a6  +  b- 

2.  m^  +  2mx  +  x^    ,.i 

3.  9x*  -  lOx^  +  5x^-  30x 

4.  o^  +  4a6  +  6^ ;  x V  +  xy  +  I 

5.  x*4-  2x'  +  x2-  4x  -  11 

6.  a."  -  (i*m  -  am*  +  m' 

7.  1  -  o  +  a^  -  a'  +  &c. ;  a  +  a^  +  a^  +  &c. ;  1  -  2m  +  2m^  -  27ir 
h  &c. ;  and  1  -  3x  +  7x'-  -  lOx^  +  I7x*  -  &c 

8.  2a^  -  Gam  +  im'^ 

9.  2a^  -  Sab''  +  56' 

10.  a  +  6  +  c 

11.  36x3  _  2lx-y  -  IQxy^  +  Uy' 

12.  20""'-  36 


Exercise  XVII. 
1.  a2-6ay  +  9y'^;  Qa'' +  12ax  +  4x2  ;  9a:'y- -  42xy -f  49;  4o'?x* 
12ax»  +  9x«  ;  4a«  +  12a«xy2  ^  9a2x«y* 
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2.  (/•  -  Ox"  ;  4*/'''  -  Oy'-'  ;  9ff-ft*  -  x''y"  ;  4hi''  -  9x"y''\ 

3.  9fl-  -  4x^y-  ;  4(»*  -  49 ;  9  -  x*  ;  4  .+  'iOfli/  •(-  2r.rt-'«/«  ;  9./^ 
-  24ax*y''+  I6x*y^. 

4.  x'  +  5j  -  60;  9(t-  +  9n  -  10  ;  x''  -  13.r  +  30  ;  x-  -  4x  -  21  ; 
x«  -  3x  +  2. 

5.  o^  +  a^x  +  a*x'  +  a'x'  +  o'^x*  +  ax^'  + 1*'  ;  a"*  - a*x  +  h^x*  -  a*!-"" 
+  ax*  -  x'  ;  m*  -  w'a  +  in''a^  -  ma'  +  a*  ;  c*  +  x*  is  not  div.  by 
c  +  X.     (See  Theorem  xiir.) 

6.  o'"-a''xy  +  a"x'i/''-aUy+a'5xV-«'''3:'t/''+a*x''2/*"'-a»x'y^ 
+  o'x^y"  -  ax^y"  +x'"y"'  ;  a'ni*  +  a^jn'r  +  a^m^r^  +  a'^ni'^r*  + 
n*m*r*  +  a'/nV  +^^;n*r''  +  flwr'  +  r"  ;  a"  +  m*"*"  is  not  div.  by 
a  -  ms  (see  Theorem  xr)  ;  a*+  a^yz  +  ay^z''  +  y^r*. 

7.  x  +  4;x  +  8;2x-l;  Sa^x  -  a'^. 


ExBRCisii:  XVIII. 

1.  fl«  -  2ai  +  62  -  c«  ;  o^  -  6*  +  26c  -  c^  ;  a'  -  b^  -  2bc  -  c'. 

2.  16  -  9a*  +  12ac  -  4c2  ;  4a*  -  x-  +  G/n-^x  -  g/n"* ;  4x\i/«  -  4ff* 
+  12ay-  92/*. 

3.  4a«  -  12ar  +  9c'^  -  4x2  ^  i2xy  -  Oy'^'  ;    a'-  +  Gad  +  9'/*  -  4c^ 

-  IGciii  -  16m*. 

4.  9a-  -  6am*  -r  m*  -  4  +  4xy  -  x- y*  ;  4a''  -  12a*x*  +  9x*  -  1 

-  2y*  -  y\ 

5.  37a6  -  10a*  -  266*  -  30 

6.  75a*  -  I2axy  +  23x'i/* 

7.  l-x'**- 

8.  a^'^  -  x"-i y"-i 


Exercise  A' IX. 

1.  (a-m)(a*  +  am  +  7n*) 

2.  (a  +  c)(a*  -  ah  +  a^c^  -  ac^  +  c^) 

3.  Not  resolvable. 

4.  (a^  +  6»)(a3  -  6-')  (a  -f  6)  (a  -6)   (a*  -  ff6  +  6*)  (a*  +.a6  +  6*) 

5.  (a  -  x)  (a*  +  ox  +  x^)  (a'J  +  a^x^  +  x*') 

6.  (a-6)(a'o+a96  +  a''6*  +  a'6''+a«6*  +  a'65  +  a<6'5  +  a36' +a*6» 
+  a69  +  6"' 

7.  (a*  +  m?x'^){a  +  mx)(a  -  mx) 
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8.  (2a  +  xXlGa*  -  Sa^x  -1-  4a'x' -  2ax'' ^- x*) 

9.  (9  +'4c2)(3  +  2c)(3  -  2c) 

10.  (3m-2c)  (81m*+54OT^c  +  36mV+247Hc^+lCc*) 

11.  (a+x)(a''-a''a;  +  a*a;2-aV  +  a2x*-ax-^ +x'')(a"-a'a:'  +  x") 

13.  (c^ +x")(ci6 -c'x^-^xi'i) 

14.  (x2  +  »l2)^3.^_^S^2^2.4;;i4_a.2/„6  4.;;i»)(x2"-xl"m"'  +771*") 

ir>.  («  -  c)((/  +  c)(a2  +  (r)(a*+  c*)(a''  +  <:*)  (a^  +  ac  +  c^)  (a-  -  «r 
+  c^)(a*-aV  +  c*)(a''-a*c*  +  c'')(ai6-a>'c''  4-c'6) 

16.  (rt-^2  ^  rnP){a'-^ ^  -  a?^m^  +  mS") 

17.  (a  +  c)(o-(r)(a-  +  c-)(a-- ac  +  c^Xa'-*  +  ac +c^)(a* -aV +c*) 
(rt"  -a^c^  +  c'')  (a''+  aV  +  c")  (a^--  rt''c'>  +  c^-)  (a^**-  a'^c'*  +r"') 
(«'"  +a9c3  +  ci'*)(a-'«-a"'c"'+c36) 

18.  (m'6  +  c'fi)(m='2_,ftifici6+c3-')(m9fi-/7i'»^c-''  +c^«) 

19.  (a--f  ffr-)(ai--a^"wi-  +  rt''7n'' -a*'7n^+a'*/«*' -a^'"  +771^'') 

20.  (am  -  ;))  (a-771-  -f  am/j  +  ;r)  (a^m''  +  a^in^p^  +  7^^)  (a'^m'"  + 


ExEROISK   XX. 

1.  a  -  2x 

2.  140^  -  43x2  _  4^3. 

3.  3V3  +  6V6  +  2V.'>  -  8V-C  -  ^2  -  4a x~  +  aV  -  3a'x 

4.  a'*"  +  a'x''-"'  -(i^'x'"'-''-x"'*'i 

il""  ~ ''  x''  +  x" 

5.  a^-i  -a'^-^x  +  a^-'x^-a^-^xM-  a^'^x* — 

a  +  X 

6.  (X-  I7)(x  +  3) 

7.  1  +  1+1  +  1  +  1  +  &c.,  to  infinity,  -  oc 

8.  (a  -  x)(a  +  x)  (a^  +  ax  +  x^)  (o^  -  ax  +  x^)  (a".  +  a^x*  +  x*") 
(a^  -a'x'  +  x**) 

9.  x:^m\n'x  -  2pf 

10.  -89^ 

11.  xfi  -  2x''  +  1  and  a''  -  iaV  -  8a-P  -  l7ai-»  -  126''' 

12.  x^-  ax  +  6 

13.  (a»2+,n»2)(o'6  +  m'6)(a?+m'')(a*  +7n*)(a2+wi2)(a+7/i)(a  -  m) 

14.  a**- c**  15.  i  16.  .2a(a-+362)  17.  2a(a-m) 
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EXBRCISB    XXI. 

1.  6ah'm  4.    r  H  2  7.  .r  -  7 

2.  ^o^m^  5.  a '(a-. 7.)  8.  f/-=(x  -  1) 

3.  xy  6.  m-(o?  -  m^  9.   r  -  l 


1.  x^■  2 

2.  X  -  2 

3.  a  -  X 

4.  X  +  4 


EXRRCISK    XXIII. 

1.  Ua'^b-xY  6.  36a'-36a''6-3Grt6«  I  3G/;" 

2.  Ua^xYz^  7.  x8  -  lOi^  +  21x 

3.  (x'  -  x^y  -  xy  -i  y^)^  8.  a*  -  a'  -  ax'  +  x» 

4.  x''+x''y+x*y^-x-y*-xy'-y''     9.  n*- 100"+ 35a* -50a +  24 

5.  4x'-4x*-4xH4.r2  10.  60(a' "  +  a^6  -  a"i^- 2a'i''- 

2a«6'»^.2a<66+  2n'6'  +  a'^b" 
-nh^-b^") 


E.VKHCISK    XXn. 

.'-..   a  -2b 

9. 

rt-2 

6.  a  -b 

10. 

4(0-6)=' 

7.  5.1---3X-I-4 

11. 

a"  +0  «  -  5o  +  3 

8.  ab  -  by 

12. 

rr'-!  2a6-26* 

Exercise  XXIV. 
a  -  6  ^    a^^  -  a6  +  6''         ^  ^   x  +  2y  +  Sy''' 

'  x~y 
2a  +  m-  m^ 


3a^  +  m 


d'b 

X 

a  -h  c 
axy^ 


a'xm+ay-irx^y^z' 


3  -  5x 
7. 15 

X 

1  2x  +  3 

'  a  +  m  •     x-4  ■  a"'-a"x*4-a"x"-a*x^'''+x' 


1 1. 

2x='-3xy-5y^ 

18. 

a-b 

li"  +  a6  +  6» 

10. 

a''  +  7/1^ 
fl  -  /ft 

20. 

C  Jr  d 

m+~2p 

21. 

X  +  a 
X  +  c 

22. 

2x2  +  3:^  _  5 

7x-  5    • 

23. 

a  +  m 

x^-  a^  +  2am.  -  m^ 

a^  -a*x*  +  x' 

ANSWERS   TO  EXERCISES,  277 

Exercise  XXV. 


-  axy  +  3  -  2tt 
ax 

6. 

7. 

2X1/(2    1-  7W) 

z  +  'lm 
2b(3a^  +  62) 

2. 

a-  1 

a  +  6 

3. 

Sax  +  9a-  yx  -  3y  -  3a- 

+  30 

8. 

2W1.2 

x  +  3 

a'  +  m^ 

4. 

3ax  -  3ay  -  2a  -  y'^ 

9. 

2ax 

x-y 

a^  +  x'^ 

5. 

3a-x  -  ay^  -  2xy'^  +  am  +  nix 

EXEROISB  XXVI. 
1  •  3 

1.  4«i  -  4  +  7 —  4.  5?n^+57np+5/.''+ 


2.  a  -1-  X  + 


5//1.  ■  r      j^        m  -  p 

2x2  1 

6(4a4-  1) 


i/<'(l  +  ?/)  6(4a4- 

3.  x^y-V  x'  -  xy+  y'-  ~~--        G.  1  +  5a  -  -^^^ 


Exercise  XXVII. 
acdm      b'^din       bc'^m      bcdx 


bcdm  '  bcdiii  '  bcdn  '    bcdiii 

xy  am         by 

mxy  '  mxy '    mxy 

86x1/  3a^xy       Cabm 


4. 


I2abxy'  I2abxy'    12abxy 

(l+mY    (I -my  x(x^  -  y^)  x  +  y 


l-m^  '     1  -  TTi''  •    x(x^  +  »/)  »    x(x2  +  y^) 

6x2  ^  Q^y      gj.  .y  2y     2x2  _  j^-y  ^  3j^-s 


^-  2(x2-y2)>  2(x2-i/2)'        2(x2-i/2) 

ISa^/ft  16a^-  4a''x^     .Qm  -r  Swu.- 

'•  6a%(2  +  x)'  6a'''/;t(2  +x)'  G<^m(2Tx) 
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3ax- -  3a    4x^-4^     3x^  +  3  Sx^  +  2x^  -  3x  -  3 

*'  3(x'~^^^  3(x^-T)'  3(x»rr)  *'^"*  3(x'-  1) 

6(1*  -  ed^b  2a  a  -  i 


Exercise  XXVIII. 
4flm  +  3«-3''c 


26/tt 


0.  0 


x«i/+3xy  + 20-26  m'^-2mp-p^ 


3, 


4ab  14-1 2a 


i^-a"  ■   l-4a'^ 


332x  +  63x*  1 

4.  i). 

63  2  +x  abc 

x^  +  xw^+y*  2x 


11. 

0 

2«c  -  26c 

12. 

a6  +bc  +  ac+b'^ 

13. 

14X-20X* 

1  -  5x«  +  4x* 

14. 

m 

EXEBCISB  XXIX. 

Sx''                      a^  +  a^m  +  am^  +  m*  x  +  a 

1.  6. 11. : 

5a                                     my  x  +  d 

4(ix  -  4x2  J.2  ^  4x  -  21 

2.  2                  7.  V .  12 


3         ■  *  x2-  19X  +  88 

2a- 26  x2-llx  +  28  a*  +  a=«+l 


3.  — 8. ^ 13. 


3y 

Sx^*- 

3 

2a  +  26 

a(a~ 

b) 

am 

(a-  2)=* 

6.   -^ '-       10.      ——■ 

X  2a 


Exercise  XXX. 

a  -  6  *x  -  3 

1.  y.,  3.  ~  5.  = 

x-'  a  +  6  X  -  7 

a  +  X 

2.  4.  3a^  -  6a^+  3aj:y  -  6ax  6.  1 

a  -  X  ^ 
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3a'  -  3a  _         ab 


Exercise  XXXI. 

f5a-56  45- 18a;  +  18a  ^  1 

1   : 5. 9. rv 

10a +1 96  20a+20x-12  xhf 

7a-  2x  ^        4a  df+c 

^'       21  *"■  i  +  4a^    ■  '      df-c 

1  +  4/n2 


ax 


7.  -a 


a  +  2x  ■  '  4m'*  -  m 


63  -  36x 

4. 8.  a 

30a- -10 


Exercise  XXXII, 

1.  4iV          •   8.  41 

15.  8 

22.  80 

2.  5                 9.     3 

IG.   9 

23.     4 

3.  105          10.  n^^i 

17.   120 

24.     0 

4.2/,            11.     9 

18.  -  10 
19.     4 

25.     4 

f-6 

6.  19              12.     4 

a 

6.     7              13.     5 

20.  15 

21.  8 

36(6 -fc) 

^^-  -iT«-~- 

a-6^ 

7.  165            14.  12 

^^-   8b -3a.  6 

6a« 

20a6 
30.            ^ 

-1-6 
^6" 

\  -t-  5ac  -  15a6c 

""■  4a^6  +  2a-ai-6^ 

-i-  a6c  -  10c 

bdf 

32. 

10a  -  4a6^ 
36  +  4a 

6c(6  -a) 
33    — ^ 

bd  +  ad+  be 

""•  a6-a^-6''« 

b^+lQab-Aa' 

35. 

a 

a6 
3G    

""■      2a  +  86-2 

2(26-  1) 

a-i-6 

37.  4i,\- 

38. 

297a 
650 -99a 

39.  i 

180  +  396  -  35c 
40.  zr 

41. 

3a6  -  ac  -  a 

.1   ,    r,..\.       \,i 

;26' 



72a 
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ExKKCIiJE   AXXIII. 

1.  30;    17            5.    12  ;   18  ;   24           9.  5C  VJ.   14 

2.  21  ;  42            0.  $5G0                      10.   14  14.  23 

3.  $52-50             7.  30                           11.  20  15.  381;; 

4.  04                   8.   1G3                        12.   102  10.  $;i ;  12,  7 
17.  26J  miles                 ly.   134'it  hours  19.   1803;   1G89 

20.  A  ^  $2542  ;  B  ^  $2422  ;  C  ^  $2430 

21.  Music  $0-55,\  ;  drawing  $0-32f 

22.  70  vol.  Science;  210  vol.  Travels;  210   vol.  Biography; 
315  vol.  History  ;  G30  vol.  General  Literature. 

23.  Niagara  river,  34^^  miles  ;  Ridcau  canal,  130J  miles. 

24.  3^5  days. 

n  +  a  —  c  n  —  a  +  c 

25.  — and 

26.  (I)  1  h.  5i,-m.  ;  (ii)  12  h.  32Am.;  (in)  12  h.  16Am. 

27.  $155  and  $220 

28.  19U  Jays. 

29.  A,  $3594-50;  B,  $1055-57^  ;  C,  $1795-03  ;  D,  $743-89^ 

30.  gj^aV  days.  31.  68 

32.  $8142-85^  33.  72  lbs. 

abn 
34.  $11100  35.  7 feet. 

36.  11  times,  viz.:  1  h.  5-Sm.;  2  h.  10|?  m.;  3  h.  IGi^j-  m.;  &c. 

37.  90-,3f  and  5-,V 

38.  A's  ^  $808-42,%;  B's  =  $538-941^;   C's  =  $1212.63-,3,f 

39.  820  miles  ;  15  m.  per  h.  down  ;  10  m.  and  12  m.  per  h.  up. 

40.  5;  $9000  41.  18 

42.  A's  =  $657-14t;  B's  $731-42f  ;  C's  =  $711-42,6 

na  ma 

43.  2575  44.  and  — , 45.   15  and  45 

a  na  ma 

46.  36  weeks.  47. -—  ;  -— ; —  ;  and  -r- , — 

l+m  +  nl+7/i  +  n  l  +  m  +  n 

ana  amii  anp 

48. ; and 49.  189 

nq  +  mq  +  np    nq  +  mq  +  np  nq  +  mq  +  np 


Exercise  XXXIV. 
1.  a-  =  2  ;  1/  =  3  2.  x  =  5  ;  t/  =  6  3.  a;  =  20^  ;  y  =  5J 

4.  X  =  4 ;  y  =  10        5.  x  =  7  ;  2/  =  3  .        6.  x  =  24 ;  y  =  30 
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'•  a:  =  2U*  ;  V  =  S^Y^-  8.  x=12;y  =  0  9.  x  =  3;y=5 

2a  +  36  5a  -  26  an-bm  4m -3n 

10.  X  =  -  --  ;  y  =  -——         n.x  =  ^^^^  ;  y  =  ^^-^^ 

2ac  -  6^  ac  -  2b'-  a'  +  b  b  -  a* 

amc{a  +  c  +  m)  acm(2c  -  in) 

14.  X  =  — — — — — 5 :  V  = ?■ 

7nc  ■{■  ma  -  ac  -^  c"  '        cm  +  am  -  ac  +  c* 


mq  +  bn  bn  +  mq 

15.  X  =  --;—  ;  y  = 

aq  +  07t '  " 

16.  X  =  8  ;  y  =  3 

17.  X  =  8  ;  y  -9 

a^c^p  -  a*  -  c^)  c(a^p  —  c'  -  a^ 

18.  X  =         ^rr-^^i  ;  y  =  ^-^ 

19.  X  =  9  ;  y  -  7 

ab  ah 

20.  X  = r-  ;  y  =  — T-T- 

a  ~  b    ^  ^         a  +  b 


Exercise  XXSV. 
1.  X  -  11  ;  y  =  2  ;  2  :^  3  2.  x  =  2  ;  y  =  0  ;  z  =  3 

3.  x=l;y  =  2;z  =  -3  4.  x  =  4;y=l;2  =  -2 

5.  x=l|;  y  =  -2;=  =  2;i;=-li      6.  x=2;  y-3;  2  =  4 

7.  x=H;  y  =  4;  z=^ 

5/714-16/1-36  116 +  7/71 -8ra  236  +  4n  -  IStti 

8.  X  •-  ■         ^  ;  y  -  ^^^  ;  2  =  ^g 

c^  -  62c  +  0^6  26c  -a^  6'  -  6c^  +  a''c 

^-  ^^     ab'  +  ac^     '  y  ""      b'  +  c'    '  ^  ""     ab''  +  ac' 

10.  V  -  2;  X  -  5  ;  y=6;  2=  10 

11.  x  =  6  +  c-a;  y  =  o  +  c-6;  2  =  a  +  6-c 

ap  —  am  +  an  —  m  am-n  +  ap  —  an  arn  —  ap  +  an—p 

12-  a:  =      2a^  -  a  -  1      '  ^  ^      2a'^  -  a  -  1     '  *  ^      20^  -  a  -  1 


EXBRCISH   XXXVI. 

1.  4  and  2 

ac  ab 

2.  7-7—  and  r 

6  +  c  6  +  c 
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3.  $15  ftnd  $0-40 

4.  IZGi'V  yds.  long  and  40v\  yds.  wide. 

5.  12  and  15 

6.  84  and  60 

7.  32  and  16 

8.  -7;  -\  and-5J 

9.  380  sulphur;  620  charcoal;  and  3000  saltpetre. 

10.  16;  24  ;  and  32 

11.  40|2  shillings,  or  44J  ten  cent  pieces. 

12.  29  lines  and  32  letters.  13.  78 
14,  116  ten  and  280  twenty-five  cent  pieces. 

c 
^^-  (a-l)(6-d). 

16.  5  inside  and  9  outside  passengers  ;  $4J  and  $2J 

17.  36  18-  432 

(c  -  a)p  (a  -  b)p 

19.  —  and 

C  —  0  c  —  o 

20.  $81,  141,  Sll,  $21,  $11  and  $6 


Exercise  XXXVII. 

1,  8a6  ;  9a?b^  ;  IG/m*  ;  3a6V  ;  1  ;  1 ;  Sa'xf 

2.  a}^;  -I28a"6-ci*;  -  ^aWc^  ;  ^xY  ;  -32m'x''>y"> 
3    1     a^x^'^y^z^;  2laY  ]  -2la^y'' ;  81aVi  81a*i/" 


Exercise  XXXVIII. 

1.  a9  -Sa't  +  36a"6'''  -  84a«&3  +  126a"'6*  -  I26a*b'^  +  840^66 
_  36a='6'  +  906"  -  6« 

2.  c*  +  Ac^x  +  6c V  +  4cx3  ^  3.4 

3'  xio_ioi''y  +  45x''i/'^-120x^i/3  +  210a:''!/*- 252x^2/''+ 210zV 
-  120i''y"  +  45x==i/'  -  IQxy"  +  y'« 

4.  a"  4-  llai°ni  +  550^^771='  +  165a8m»  +  330a' m*  +  462a«m«  + 
462a"7n6  +  330a*//i'  +  165a'm«  +  55a'm^  +  11am'  »  +  m" 

5.  16  -  32a  +  24a2  -  8a'  +  a* 

6.  i'  -  I5x*  +  90x^  -  270x^2  +  405^  _  243 

7!  64a6  +  576a6  +  2160a*  +  4320aS  +  48600^  +  2916a  +  729 
8.  243  -  810m  +  1080m'  -  720m''  +  240m*  -  32m« 
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9.  243a''  -  810(4*1/  +  lOSOaV  -  720aY  +  240(t!/'  -  32y'^ 

10.  86^  -  GOb-c  +  1506c^  -  125c'' 

11.  81x*  -  432a:='i/  +  SGix-y-  -  I68xy^  +  256j/ 

12.  a'^b^  +  I5a%*c  +  9Qa%^c^  +  2l0a^bh^  +  i05abc*  +  243c''' 

13.  8aV  -  I2a\'^xyz  +  Gacx'y^z^  -  x'1/^2^ 

14.  c"  +  3a^b  +  3ab'^  +  P  -  3a-c  -  6abc  -  36-c  +  3flc'-  +  3bc^  -  c^ 

15.  16a*  -  32u^b  -  32a»c  +  24(1^  +  ASa^bc  4-  24a'V  -  8a6^  -  24u6^c 

-  2'ifibc'^  -  8ac^  +  b*  +  Ab'^c  +  66V''  +  46c^  +  c* 

16.  32a''  +  160«*6  +  320a'6-  +  320a-6-*  +  160a6*  +  326'=  »-  240a*r 

-  dGOa^bc  -  1440a^6V  -  960a63c  -  2406*c  +  720aV  +  2160a-&c^ 
+  2160a6V+ 7206V-  lOSOaV  -  2160a6c-'  -  10806V'  +  SlOac-* 
+  8106c*-  243c'' 

17.  I  +  ix  +  2x'^  -  8x">  -  Sx*  +  8x'  4  2x6  _  4J.7  ^  ^.s 

18.  a'"  -  50*6  +  10«^6-  -  iOa%^  4-  5a64  -  6''  4-  10a*c  -  40a36c 
4- 60a'''6V  -  40a6V  4-  106*0  4- 40aV  -  120a^6c'''  4-  120a6V  -  406V 
4-  80aV  -  160a6c«  4-  806'V  4-  80ac*  -  806c*  4-  32c'' 


Exercise  XXXIX. 

1.  4  4- 2x- lljx'^- 3x^4- 9x* 

2.  x^  4-  2x'  -  X*  -  2x'''  +  x« 

3.  4x''^  -  12x=»  4-  7x*  4-  3x5  ^  ^^.e 

4.  1  -  a  4-  Ha^  -  4:0?  +  5a*  -  4a*  4-  a^ 

5.  1  4-  2x  -  2x'  4-  ^x*  4-  fx'  -  3x6  -  x'  4-  X* 

6.  4:0.^  -  4a''x  4-  9a^x^  -  4a^x^  4-  Aa'x^ 

7.  1  4-  26x  4-  (62  -  2c)x2  -  26cx'  4-  c'x* 

8.  a^  -  2abx  -  (2ac  ^  b^)x^  +  (2ad  4-  26c)x^- (26(/-c^)x*-2r(/x''■ 
4- d^xS 

9.  1  -  2a  4-  a^  4-  262x-(l  -  a)  -  2c-'x^(l  -  a)  4-  (2(/*-  2a(i*4-6*)x* 
-  26Vx''  4-  (262rf*  4-  c6)x«  -  2c^<i*x'  4-  d''x'^ 

10.  a'^  +  6a''6  4-  15a*62  +  200^6=*  4-  15a^6*  4-  6a6''  4-  6« 

11.  a»  -  8a"c  4-  28aGc2  -  56a' c''  4-  70a*c*  -  56aV '  4-  28aVs  -  8ac' 
4-c» 

12.  a*x*  -  8a'V  4-  24a'''x2  -  32ax  4-16 

13.  4  -  12x  4-  25x2  _  2Qx^  +  ti^ix*  -  6x''  4-  ^^x^  -  Jx "  4-  ^x^ 

14.  1  -  4x  4-  2x2  4-  8x»  -  9x*  4-6x6  -  4x'  4-  x« 
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EXKRCIBH   XL. 

1.  -t  a'i  +^!/;  i  2im';  i  8fl  ;  f  lln*y* 

2.  -3a;  4aV,   ^wx"  ;  -  2aV*. 

4rt  12a:''y"  _8"*_ 

3-  i  5^i  i  •  ;  i  '  9a^i  '  i  ±    25mi 

4aV        2a"x*y<  Toi" 


4. 


*li7 


2  a        2o-x*  Sm'i*  a'm' 

5-  ±  "^i^  i        3^^       i  i       2a''      '   ~     x*y^ 


EXBRCISB  XLI. 

1.  2a  +  36;  a-2x;  2ax-7c  9.  a' -  Aac  +  Ac'^ 

2.  3am  +  5xy  ;  iax^  -  bV  10.   ]  -y  +  3y'  +  If 

3.  2x2  +  3x-l  11.  2a2  +  3ax +x* 

4.  3-z  -f-l  12.  x^  +  y^ 

5.  a  +  fr  -  c  13.  a^  -  6^  +  c^'  -  rf^ 

6.  3a- +  2a +  5  U.  1  -  ix  +  x=  -  ix« 

X       y 

7.  a  +  t  +  c  +  d  15.  Jx2  + 

8.  x^-  3x^1/  +3x1/--  I/' 


V 


Exercise  XLII. 

1.  2x  +  3  4.  a''-2a+l  7.  x*  -  x  +  1 

2.  a*  +  2a  -  4         5.  2ax  -  76x2  g.  a  +  t  +  c  +  d  +  c 

3.  1  -  2a  ti.   2x2  _  3^3-  4.  4^2 


Exercise  XLIII. 

•It     rl      il 

^     1.  a'  ;  a^  ;  a*  ;  a^f^c  ;  a-'bH-'  ;  a'iV^  ;  a'h-c 

2.  ^a ;  V5^  •,  V? ;  V'^' ;  V^c  ;  V'PS'  ;  ijTo^Wf ;  ^la>¥^c^Wf; 

3.  2fl6-^m-^;  2a-i;  Sam-i;  vn^a-ic'^;  lahm'^c-^]  la^c  i; 
3a~U^mS  a"H~'^"*m~T^*"  or  (aft^cm^  "  *  ;  a^m"^  or 
(am    1)^ 

•  See  Art.  142. 
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3         13  2  1  3 

ai     cb-^     a%-ic»      Sar^x'^y     ar^b-'^c-^    2ci^in'x-^y'^' 
4 5 

Sa-ici/nx   '  2{ab)^  (inn'^)^ x6 

^      1       2(i       3(aany      /niY     3c'/h^        .i  i    a 
a   '     b<'  '        6^       '    \bj    '    2a'b'  '  ' 


a3 


^?6« '  v«y 

6,  V«'y  ;   a"^**; 

1 

Vo 

7.  -2 ;  <t 

8.  ai'6*<*c» 

10.  a'-ia^b^  +Gab-4.aH'^^+b 

11.  a3  +  a'^'+X'* 

12.  8x2-4x^y^+  6  x^y~h^+  2y-H^  -  y~^  -  2  x^zf-y'^z^ 

13.  2x' V^  -  3.»;"° 

14.  J-ah'^+  ah'^  -b-^ 

15.  X  '^  -  X  ^+  1-x'  +  x' 

16.  a^-2a^  +  3a^-3tt  +  2(i^  +3-6a^  +  ar^  +  ^a"'^  -a-^-2a^  +«-'* 

17.  a^  +  1  -  a~^ 

18.  x'*  -  2x'*  +  3  -  2x  ^  +  x   ^ 

19.  x~' 1/  -  x^y     1 

20.  x'  -  2x^!/K  +  '3y^ 

EXEBOISB   XLIV. 
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(27J       '  {129)    '  '  1,8^7      '  V  2"7a'^V       '  VG^""?' j       ' 
(«*)i  i   (81)i  i  ('llrY  ;  (IGa"/^  ;  {SWb*)*  and    (25Cz''j/i^)l 


L     /10648\i      /1\V     /  262144    \i     /x  V  \  .' 

4.  V48i  V125;  Vlii;  Vl6^.   (y)^;  (^4)' 

2     a  1      4    —       3a    — 

5.  y  V3a*  ;  ^  V'J  i    J  V14  ;  ^^20  ;   ^^46 

_         _        /200\jL     /ISm'-'Xi  1 

6.  ^108  ;  V8a  ;  ^18  ;  ^^^c  ■,i^~-j'>  ;  {^^^^J' ;  (a'm'-fq'y 

_  _      1  J 

7.  3^5;  9\/2;  2\Jb  ;  21^12;  -h'j2l; -{a^m^)^ 

b  cm 

«•   W^  V{6a(a  +  ^)};  -Vn;  a7(a».) 


9.  3^3  is  the  greater;  2Vll  is  the  greatest,  and  3-^2^   the 
least. 

10.  50V2  ;  4V3  +  2'Ji5. 

c*       - 

11.  8V7-^3i  {3tib'+2a:'--^)'J(u: 

12.  (2aPb''  +  3a^'%  -  c')^c^b^ 

13.  15V72;  G0V2;  70VT5 ;  24^12150 
H.  4^32;  28a Va;  2^1944;  l^iiT 
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15.  xy  (a^b^c^x^y^z^)'^-  x^  ^1/ 

16.  4V6   +  6VT4  -  16Vf5-12V35;  3V30  +  V6  -  24-?V5 

17.  iV6;  iW'r4,  yiO;  .W'lSO 

18.  ^^64827  ;  -.'i^iooo";  ^^96  i-^V"^^'' 

19.  10  ;   2^3  -  ^  '^5038848  +  '^964467  ;  —  V(a-^6"-^  c^^^c/) 
20.-29;  l;-42;  2^^^ !  -  r/off 

91      L   '4A      0  /ov  2V10  +  6V3  4-2V15  4-9V2;. 

-34 

14V6  +8VTl  +  7-7 "22  +  4^/  "77 
—28  '' 

22.  3V  3  +  3^x  .  a  -  2  'Jam  +m  30V2  +  24  V^+  30'/3 +  36V10 
3— X  a-m         )  -19 


x2-  ^x^-x'^-  2x-  1 
X  +  1 

24.     2V3  +  V30  -    3V2  .   26V3  -  27V6  +  Siys  -  136   ■ 
'  12  '  92 

136-  3V3  +  25V6  -  14V2 
73 


Exercise  XLV, 

1.  1 +V5  5,   V6-2  9.    Vo^  -  1 

2.  V7-V5  6.  2V7  +  v'H  10.     '^a+'b+^  a~b 

3.  W126  +  y72     7.Y  (V6+V2)    11.  y(V26  +V3) 

4.  V22-1  8,  5-3V2  12,  ^{b'' +  ^d' -b^) 

Exercise  XLVI. 
I.  Vis  -  V2      2.  V20  +  V5         3.  V24  +  ^Q        4.  ^8  -  t/Z 
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ExKiicisB  XLVII. 

1.  8V^  ;  2a  +  (V  6  +  V  c)V-^     9-  "  ^V^  -  10V2 

2.  (  V5  !+    V7  +  V^)  V-^  10-    V  3  -  V~o 

3.  3+V~^-  11.  lV'2+_W^;iV2-iV^ 

4.  50  12.   7  +  3V-  2 
5_  _29-  6V6  13.    1  +  y-  2 

6.  UV2-V£^5)  14.  2  -  V^ 

7.  -  ui'^v-  1 ;  +  1 ;  V-  1 ;  -  1     is.  u^  +  i^ 

8.  u*  -  2aV-  "  -  " 

EXBRCISK   XL VIII. 

15.  81 
a(b  +  c) 

16.  ~ 

b  -  c 


18 


[-2r-)  - 


19.  2a 

a  (m*+  1) 
20. 


7.  ±iV-3       ^i-YoTr 


(a-i)^  ■         2m 

(a -I) 


Exercise  XLIX. 

2u      .- 

1.  ±3  6.  i5V-l  11.  i-^V^ 

/rf-fc-l\i 
2.iJ  V.i2  ^2.±(^^^-^j 

3.i3                8.  i6  13.   ±(^3-—, j 
(c  -  1) fr 

6.  i  a  10.  iV2a6-6^      15.  +  9V2 

V/6"  -  2a\  ; 
«^-(-3r-) 
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EXERCISK  L. 

1.  5or-9         8.   10  or -8  16.   15  or  -  14 

2.  9or-l         9.  liVl-a^  17.  lor-12_ 

3.  lOor-2  10.   7or-7J  18.  0  or  +  2Vl5  -  8 

4.  3  or -15  11.  4  or -11-  19.  1  or  -  ? 


b  +  c 


5.  5  or -5^   12.  4  or  3     20.  ±y/ —~^^  (-—-J   -   - 


f-a      \2f-2aJ       If -la 

6.  3  or  15        13.  3  or  J  21.  m  or  -  a 

7.  47ori       14.  -or--  22.  ^lllViEIS 
15.  4  or  1  or  ^  (-3  i  V-  7)  orO. 


Exercise  LI. 


1.5  or -5;^        G.  lJor-31         \\.  \^l<dd^^h'-~'iw 

2.  15  or  -  U     7.   1  or  -  -,\  12.  3  or  -  8-,^ 

3.  5or-4i        8.  -or 13.  i(5  +  V25  -  4m^) 

a  a 

—  'Jmn  Jmn 

4.  25ori       9.  i(4iV6i)     i^- .j;,;zr:^oT:j^^;-^^ 

S    ^0^-^^      ^°-  2~rV3"°'^  V3^      15.  H«lV«^~^) 

16.  2  or  -  2-7,- 


EXERCISB  LII. 

1.  x^+9x  +  14  =  0 

2.  X*  -  3x3  _  Qxi  +  8x  =  0 

3.  r"  -  13x*  ->-  362  =  0 

4.  x«  -  6x»  -  22x*  +  174X''  -103x'''  -  600x  -(-  700  =  0 

5.  x6  -  20x«  +  154x*  -  590x^  +  1189x2  _  hqox  -t-  456  =  0 

6.  x«  -  14x»  +  76x*  -  206x''  +  283x^  -  UOx  =  0. 

7.  i  (3  +  V-15)  10.0or2iV'^n~ 

8.  3  or-  1  11.  0  or  5  or-  2 
p.  -  10  i  6y  "^5'                              12.  0  or  2  or  -  J 
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13.  c  ^  2.  14.  cx''  +  bx  +a-0 

15.  p^  -  2q  ;  f  -  Aq  ;  +  p  (V;~'  ^y)  j  -  y  i  (/''  -  h)  Vl'"  -  4</ 


Exercise  LIII. 

1.  G4  or  4  2.  81  or  1 

3.  +  2  or  i  Vio  4.  9  or  V  1681 

5.  10  or  -  3  "  6.  i  4  or  i  iV-63 

7.  3  or^-  19  8.  4  or  -  1 

9.  2  or  -  3  10.  4  or  7J 

11.  60  or  235  12.  4  or  1 

13.  1,  0  or  i  V-  1  14.  5  or  -  2^V 

15.  3  or  +  V^  16-  3  or  2 


c      /c^  -  46'^ 
17.  1,1  or -2  18.  ±yV^_-^ 

19.  i  (6  ±  -^b^-lab)  20.  4  or  -  5 

21.  ±V"i;-i;i\/Ki±V~3y;  1,  Ui±V^)i  K-UV^) 

22.  3,  2,  or  1  23.  0  or  2  ±  V3 

c^  -  ah 
24.  4,  5  or  -  1  25.  ^rjT^T^ 

26.  15,  1,  or  2  27.  (Vi*  -  v'")'  

28.  2,  i,ori(9  +  \/"^l)  29.  4,  9,  or  i  (-33TV-67) 

30.  1  +  V+Vg  31.  i-J(Vr+l2_l)(Vr^+l){* 

32.  6,-1,  or  i  (5  ±  3  V^^) 

33.  4v'8aMT^~^^lac-6±V-8a2+262_4acT26V8a^  +  ^''-4aC 

4a 


34.  ±a  VuiiVS) 
35.  'a,  +  W  2  or  -  I  ±  5  V^H 


3a -1 
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37.  i  (5  i  V~17)  or  K5  ±  V~7) 

38.  .i(9  ±  Y  27  +  2  V^35]  or  !,f(9  ±  \/ 15i2V253)  j 

39.  +V^ 

40.  18  +  5  {V"^  +  Y    51  ±  10  V -^} 

41.  -^  (7  +  7^47) 

_  a  ,  -  2  +  V-2 

42.  ±  a'V^c,  -  a,  or^  (3  +■/  5)  43.  -i  or ^ 

44.  \{\  i  V"^9)  or  Kl  i  V~^ 


45. 


+  \j  Za  +  a  V  "^  +  2a  +  9  where  a  =  -^3  -  V5 


Exercise  LIV. 

1.  x=  7;  2/  =  2 

2.  X  =  13  ;   //  =  8 

3.  X  =  5  or  4 ;  i/  =  4  or  5 

4.  x  =  8or7;  2/--7or-8 

5.  x  =  +  5or  +  8;  2/  =  +  8or45 

6.  X  =  +  8  or  T  3  V-  1 ;  2/  =  ±  3  or  i  SV-  1 

7.  X  =  12-i\-  or  10  ;  y  =  -  -)ij  or  4 

8.  X  =  7  or  -  7I§  ;  i/  =  4  or  -  5J-5 

9.  X  =  11  or  \%  ;  y  =  IS^V  or  -  3 

10.  X  =  3  or  -  1  ;  y  =  1  or  -  3 

11.  X  =  2  ;  1/=  2 

12.  X  =  256  or  1  ;  i/ -  1  or  256 

13.  X  -  2  or-  46;  y  =  3  or  15 

14.  X  =  5  or  -  9i  ;  y  =  3  or  -  6^ 

15.  X  =  5  or  J ;  y  =  3  or  -  ^ 

16.  X  =  2,  4,_or  3  + V21  ;    )/  =^  4,  2,  or  3  +  V'si 

17.  X  =  5  or  lA  i  V  =  3  or  ~  V-*o 

18.  i  =  i7ori:VV2;  !/ =  ±  4  or  J-  2  Va 

19.  a:  :=  i  G ;  y  =  ±  5 

20.  *  =  4  or  8;  i/  =  8  or  4 
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21.  I  =  3  or  1  or  2  ±  V~33  ;  y  -  1  or  3  or  2  F  V  -  33 

32.  X  =  2  or  5  ;  y  =  5  or  2. 

23.  X  =  3or-2  ori(l  ±  V-sl);  y  ^  2  or-3or  J  (-  1  i-J-Sl) 

34.  X  =  3  or  4 ;  y  =  4  or  3. 

35.  X  =  2  or  4  or  H  -  13  +  ■^311);  y  =  4  or  2  or  i(  "  13  i  V377) 

36.  X  =  ±  G  J  y  =  ±  4. 

27.  X  =  3  or-  1^  i  y  =  C  or  m 

28.  x=   -(liV3)  or-  (l  +  JV3);  2/=    .^  V  +  V^) 

or'^  (l  + JV3) 

29.  x  =  ±3or  +  8;y  =  ±B 

30.  x  =  ±2ori3;y  =  +  3orl2 

31.  X  =  +  6  I  t  4-i8j ;  ±  78V  3  i  or  +  GOV  3 ;  y  =  +  3  or  +  39V3 

32.  X  =  5;  y  =  7. 

33.  X  =  8  or  152  +  64  V*5 ;  y  =  4  or  40  :f  IG  V*' 

34.  X  =  i  3  or  f  K7  +  V23)  or  +   0,2  +  V22);   y  -  ±  2  or 
i  J(7  -  V'23)  or  4  J(V22  -  2) 

35.  x  =  f  (19  +  V~10^5)  or  3(  -  13  +  V  -  87)  ;  y  =  ^(3iVTo5) 
or  U3  i  V^87.) 

36.  X  =  1  or  iV^  ;  y  =  0  or  ^-^4 

37.  X  =  i  V~l  or  ±  J  { V3  +  ^3"+  V  V3^"l[i  2/  =  i  V  -^  or 
i  \  {V3  +  3  ^9  +  V3'y9  -  1} 

38.  X  =  4,  -  2,  or  1  i  VrV^s";  y  =  2,  -  4  or  -  1  +  (SV33l 

-13  iV^  -  13  +  V-51 

39.  X  =  9,  4,  or ^ ;  y  =  4,  9,  or 

40.  x=±iV*(V''  +  2  +V^2);  y-il^b  (Va  +  2-fV«-2),  where 

T 
T 


v^ 
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41.  X  -  a  ov-a'(a  +  l),y  =  -a  OTia   ^/-(a^  +  \) 

42.  X  =  ±  tf  V'i'z';  2/=irtV  (-1  ±  V2) 

43.  X  =  ±  -iV  V  {  1 7(a3  -  9  ±  3VT^5a3 T^aS"}  ; 


y  =--^f    (  ea^  -  3  i  V9  -  15  ""  +  Za*^ } 

TB  +  a  m  -  a  

44.  X  =  -;^-  ;  y  =  — — ,  where  7;i  =  +  V(  i  2  V  2a*  +  2b*  -  Zd^) 

45.  X  =  ±  J  (Va'  -  c"  f  V^"3c^;  y  =  f  >  (^^^^  +  Va^  s"?) 

a2  +  V3a^-~26* 
where  c'  = 

46.  X  =  +  Vl4  or  ±  Y  K-  1  i  V~19); 
y  =  ±  VFs  or  i  Y  J(l   +  V -^9) 

47.  X  =  1  or  1  +  V  -  4  ;  y  =  ±^/6oT  ±\  2  +  4  V"^ 

48.  x»  =  1  ±  V  -97^  1  i  V  -  1»  52  +  V24To  or  4  ±  V^O 
2/2  =  -1  i  V-97,  -  1  i  V~--~l,-46  T  V24T0  or  2  +  VlO 

Exercise  LV. 
1.  12  and  7  2.   10  and  7  3.  52  and  40  rods 

4.   17  and  8  or -8  and -17    5.   12  and  4  6.  $90 

7.  16  8.  862  9.  75  ;  $3-20 

10.  6  and  4  11.  10  and  14,  or  84  and  -  60 

12.  i(l  +V5)  and  i(3±  V^)  13.  4  yds.  and  5  yds 

14.  i  and  j  15.  8  16.  3h.  23m 

17.  144  miles  and  180  miles  18.   16 

19.  36  20.  Coffee  12^c.,  Sugar  25c 

21.  B.  30  days,  C.  36  days  22.  10  x  10  x  5 

23.  75  m.;  J,  15  m.  per  hour  ;   B,  10  m.  per  hour 

24.  i  V5  and  i  (1  +  V5)  25.  Bacchus  6h.  and  Silenus  3li 


Exercise  LVI. 

1.  1  :  rf  2.  1  :  a  3.  x  +  7  :  x  +  1  4.  The  former 

be  —  ad 

5.  The  latter  6. j-  7.  oc  8.b:a+b 

c  -  d 
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EXBIICISK   LVIl. 
6c  -  ad 
^•^TTTcTd  4.  iGftnui4  5.  C 

2p  2p 

8. ^  and  — -—  9.8:7  10.  $300  and  $350 

13.   3i  14.   20n'',]  :  m'p  IC.  c^a  -  c) 

EXKRCISE  LVIII. 
2.  X  =  iy  3.  a  4.  x  =  i  y  Vi/ 

36  5x'^  9945 

5.  X  =  -— 6.  y  =  3+2x-x*     T.y= +  

15  +  y  "  ^         .-^02  302x 

X* 

8.  y  =  6  +  -^  10.   143 


Exercise  LIX. 
1.  2883  ;  n{n-\-  62)  2.  -  1C28  ;  n(Qn  -  20G) 

3.  238;  ^(27n +p)  +  i(2m +;))^  4.  -  29i 

5.  50  ;  83 ;  3n  -  I  6.  -  77  ;  -  132  ;  8  -  5n 

7.  13-i3^- ;  211i- ;  ii  (5  +  2n)  8.  3  -1-  10^  +  18  +  25i  +  33 

9.  9-6-21-36-51-66 

10.  -  1  +  llH24i  +  36j-  +  49HG2H743+87f  +  100 

11.  2701  12.  2n-  1 

14.  aP  15.  39a  ;  a{2t  -  1) 

16.  i  14,  f  10,  +  6,  ±  2  17.  i  14,  +  10,  4  6,  ±  2 

18.   1,  3,  5,  7,  9,  or  9,  7,  5,  3,  1  19.  $l-00-,'Vo  22.  11 

23.  2,5,8,11,14,17,20,23,26,29,32,35     24.   11,  10,  9,  8,  7,  6,  5 

2b.b-c  +  2ct      28.  —  (27-n)  29.  ±  1,  i  3,  i  5 

30.  2,  4,  6  and  8,  or  8,  6,  4  and  9 

Exercise  LX. 
1.   729;  1092  2.  256;  511  3.  18f  ;  36f 

4.  -  6144  ;  -  4095  5.  -  12-//,- ;  _  5^  6.  -  ^  ;   19^,? 
7.  -J           8.   IL           9.  4§        10.  42§      11.  ^11 

12.  I  13.  ^U        14.  %^ll  15.   i(3"-l) 
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a?"  +  P  -  a'' 

16.  V-  {1  -  (  -  in        17.  62  (1  +  V2)         18.        ^,_^ 

19;  l+§  +  -5  +  i!V  +  ir 

20.  2  +  6  +  18  +  54+162  +  486+1458  +  4374+13122 

21.  9  +  3  +  1  +  :V  +  i     22.4,  24,  144  and  864 

23.  5,  10,  20  and  40  or  -  15,  30,  -  60  and  120 

24.  $180,  $90  and  $45,  or  $375,  -  $300  and  $240 

25.  2,  4,  8,  12  and  16   29.  5,  10,  and  20,  or  46j,  -  23^  and  11? 
30.  248  

Exercise  LXI. 
(OnV,i^f,  J,i,:^,-i.  1,-1,-i 
(")  ^V,  iV.  -h,  -iV>  tVi  -i-^iT,  hh-i 

(Ill)-i,  -  i,  CO    I,  i,  t,  i, -i^<T,  iSf 

/'tit\  _  J--1    _  11    _  9     14.    li    i*    Xi     1-A    anrl  J-* 

(V)  -.V,  i,  A,  A,  li,  -  11,  -  .S  -  if,-ii 
(Ti)  -  i,  -  i,  -  i,  -  ^,  «  ,  ^,  i,  ^  and  i 

2.  (I)  2  +  2-2i-  +  2|+  2.^  +  3 
(II)  5  +  5A  +  5f  +  6 1^  +  7 
(ni)  11  +  6i  +  4t  +  3|  +  3 
(iv)2i  +  2^  +  2t^V+2i?f +  Sf 
(V)  6  -  2  -  f  -  A  -  i 

5  13 

3.  ^i  ;  3"2  ,  and  ^^^         4.  1^  :  1-i^  and  --^ 

5.  tV  and  -^^  6.  2  and  H 

a6  _        a6  1 

'^'  7a-66'6(2-n)+a(n-l)  '    '» 

9.  6i  ;  6;  S/j      10.  5iV;  5;  42f  13.  Half  of  the  middle  term 

14.  18  and  2  15.  14  or  f  16.  20  and  10 

17.  201  and  4 

Exercise  LXII. 
1,  720  2.  (i)   1680;   (a)  20160  ;  (m)  40320 

3.  360360  4.  136  yrs.  222  days  5.  n  =  6 

6.  Loss  =  $25465000  when  the  money  is  not  paid  till  the  end  of 
the  period. 

Loss  =  $22536215  when  the  $5000  is  paid  down  and  placed 
at  interest  for  the  whole  period 

7.  n=6  8.  3634108800;  39916800;  1680;   1729728 
9.  2520;  778377600;  420  10.  n  =  12 
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EXBROISE   LXIII. 

1.   120,252;  45        2.  3003;  6435.;   435         3.   702.       4.  n  =  0 
5.  439824;   52360  6.  30164400 

7.  362880  or  181440  according  ns  B,  A,  0  and  C,  A,  B  are 
regarded  as  giving  A  diflerent  or  tlie  the  Kame  neighbours 

8.  n  =  7  9.   15  and  6 

10.    }  71-  1  or  j  [71-1  (See  Ana.  7)  11,637  12.511 


EXBRCISE   LXIV. 

1.  1  -  3x  +  6x^  -  lOa:"  +  15i*  -  &c 

2.  1  -  2a:  +  8x^-  4x»  +  5a;*  -  &c 

3.  1  +  2x  +  4x^  4-  Sx'  +  16x*  +  &c 

4.  1  +  t  X  +  -l^  x*  +  ^„^  i^  +  V  a:*  +  <fet 

5.  1  -  6x  +  27x2  _  108x3  ^  ^Q^-^t  _  ^^ 

6.  1  +  lOx  +  60x=^+ 280x3+ 1120x*  + &c 

7.  1  +  4x  +  lOx^  +  20x^  +  35a*  +  &c 

8.  1  -  2x  -  2x2  _  43.S  _  lox*  -  &c 

9.  1 -S  x+f  x2-iaa;3  +  ^fi2.4_4c 

10.  1  -  gx  -  ^^-x^-^Hux'-  ^WjtjX*  -  &c 

11.  1  +  §x  -  -/fx2  +  j<^x«  -  -rig^j^t*  +  &c 

12.  1  +  JX  +  Ifx"  4-  -i%x3  +  ^99x*  +  &C 

13.  a-*  +  Sa-^x^  +  6a-*x*  +  lOa-'x^  +  I5ar^x'^  +  &c 

14.  0-2  -  a-*x»  +  a-6x6  -  a-^x^  +a-i"x"2  -  &c 

15.  a-i  +  2a-?xi  +  Scr^xz  +  4a-|x  +  Sa'^xJ  +  &c 

16.  a.^-§  a  yx»-^a   •'x    -  t,\  a  ^  x    --l.^a'^x      -Ac 

_        -4  -IB    -i  _2S.  -31.  -ii 

17.  a  3  -  4(1   3  a;     +  iQa   »   x  *  -  20a   ^   ^  «  +  35a  ■>   x"'  -  &c 

18.  anV  +  J  a"i*<x'^  +  |  a'iVx'R  +  |-f  o'^x  '  +  -'^J^  a'^^^x-b  +  ^q 

19.  a  ^m  '  +  §  a"SV'^xi  +  §  a  '3^77i-!x+  Jo  a-^i^7tt-Vxl  + 

-2  ft  -M 

i|§a  5  ,ft  3  x» 

20.  a?  +  §  a-«x-»  -  ^3.  a-sx^  +  yf;-  a'VxS  -  -^^%  a-^  x^^  +  &c 

21.  a'i  +  i  ari  bx  +  ^  a'i  b'^x'  +  -^  a-Wx"  +  -^^hg  art  6*x*  +  &c 
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EXKRCISE    LXV. 


3.4.5....(2  +  r) 

1. x*"  and  21x« 

L 


/4,5.6....  (3  +r)\ 
2.   (  -  ly  I — ' '-  J  X'  and  -  56x» 

,    r     ,,,  /2.5.8....(37--l)\  308 


/4.I.  -2 (7-3r)\  8 

^-  (  -  'y  ( ^3r3^ J  ^'  -'i  7^  -' 

/7.9.ll....(5  f  2r)\  9009 

10472 
729 
7.  a-''-*i'x'-anda-6x* 

°-  (-  i)   [ — tt;;? )a      X  and- -  a        x« 


/8.n....(5  +  3r)\  1( 

6.  (-l)'-(^ ^^^3^: jx'and--, 


irxlO'  J-       -  """     250000 


9.  (r  +  I)  2''  x'-  and  160x5 


^     /5.7....(3  +  2r)\  385 

).  ( - 1)'     -  „.. ^     "       ' 


10.  (  -  1)' -_ x^-  and  i» 

^       '     \^  |rx3'         /  216 

,1     /     ixr      2.7....(5r-3)     ^,i      .,,         .  119    ,3      a 

11.  (-l/x  ^5, a**.x     a-and-^-^a'^   x'a 

12.  (r+  1)  a   2    X       5  ;  and  5a^  x"^. 

13.  1024  14.   128  15.  0  16.  4096 

17.  The  4th  term  -  32         18.  The  4th  =  the  5th  ^  4^ 

19702G83 
19.  13tb  term         20.  9th  =  10th  =    o„„^oc^ 


ExKaoisE  LXVI. 

1.  X  <5  2.  x>  12  3.  X  <;3 

4.  *  >  -  10         6.  I  >  a  and  <;  6         9.  x  =  5 

U 
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EXBRCIBB    LXVII. 

3a 


1.     71 

2. 

2 

3.  i 

4.   1.J 

X^  +  b 

7. 

a 
T 

8.  oc 

3tt 

2i 


ExEncisB  LXVIII. 

(i  =  10,  23,  36,  49,  Ac 
l.x-2,y~-l  2.   \^__    3^    g^   13,   18,  &c 

(x  =  2r,,  19,  12  or  5 
3-    iv=l,3,5or7  4.  .r  =  3  and  y  =  1 

(x  =  4,  21,  38,  55,  Ac 
5-    5j,  =  2,  11,20,29,  &c  6.  .r  =  2andy  =  3 

X  =  2,  43,  84,  125,  &c 

1    lo   ne   o>7    t  8.  X  =  5  and  v  =  4 

1/  =  1,  13,  25,  37,  &c 


I 

(x  =  12,  55,  98,  &c 

ltf  =  6,  28,50,^--.    ^  !0.x=  Handy 


Ac 

(x  =  5,  165,  325,  Ac  (x  =  2,  6,  10,  14,  Ac 

^^-    |y  =  1,  100,  199,  Ac  '^-    (y  =  3,  20,  37,  54,  Ac 

13.  X  =  2,  y  =  3,  2  =  4  14.  x  =  11,  y  =  3,  c  =  2 

15.  45  16.  54 

17.  He  pays  8  guineas  and  receives  back  7  half-cro-wns 

18.  X  =  2n  and  y  =  n^-  1  where  n  maybe  assumed  at  pleasure  = 

any  integral  number ;  and  it  will  be  found  that  x^  +  y* 
is  a  square 

19.  X  =  — — — y  where  n  and  y  may  be  assumed  at  pleasure 

and  it  will  be  found  that  x^  -  y^  is  a  square 

20.  98.         21.  109. 

22.  No  two  fractions  with  denominators  10  and  15  added  to* 

gether  will  make  ?'?■,.     Prove  this. 

23.  The  problem  is  impossible     Prove  this. 

24.  3,  6,  9,  12  or  15  £5   notes  ;  81,  62,  43,  24  or  5  £1  notes  ; 

16,  32,  48,  64  or  80  crown-pieces. 

25.  22  and  3;  16  and  9  ;  10  and  15  ;  or  4  and  21 

26.  3,  15  and  6  ;  7,  8  and  9;  or  11,  1  and  12 

28.  2"  X  (2"*  ^-  1)  where  n  may  be  assumed  =  to  any  integral 

number. 
29.  417  30.  1  at  $50,  9  at  $30,  and  90  at  $2. 
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MiSCELLANBOaS    ExBROISBS. 

a 
3.  a+  b         4.   —  5.  X  =  1,  y  -  5,  2  -  9 

— —  1  111 

6    3^3  '■  ^  ^  ^'^~  ^  11.  x"+l+jc-";  x'-a  x  +a 

12.    7x2  _  3j.y  ^  4ya  13_  ^m  +  n  +  i>  .   ^^^ 

14.  4x*  +  y^  +  i  x-*)/*  ;  x*  +  6-»  f  2/rx2  -  a-x^ ;  x*"  *  "  +  x'^^/'  +  x^i/P 
+  yP  +  'J 

15.  ^V  (69  -  17  V15) 
12x^+1  4x'2+2x+l 

16.—-^ — „  17. — —--7 — ; —    18.  X  =  -Ja;  (ii)  xhasno  p03- 

12x'  +6x  16x*-l  I    I  V   /  1 

sible  roots      (iii)  x  =  12  ±  ^2i59. 

2abc  2abc  2abc 

20.  X  =  — — r -7  ;  y  = 


ac  +  be  -ab'  ^  ~  bc-ac  +  ab'  "        ab  +  ac  ~  be 
21.  1.     23.  i<i^  +  ah^2->rb^)(a^-ab  ^J2^b'^);  (a^  +  ab  ^/3  +  b^) 
(u^  -  ab'JS  +  6^) 

X 

24.    — .    25.    G.  C.  M.  ~  X  -  iy  ;   /.  c.  m.  =  x*  +  4x'!/  -  27x'V 

-  34x1/'  +  56y* 

26.  "S,  =  Tia  or  iS„  -  0  or  a  according  as  r  =  +  1  or  -  1,  and  n 
an  even  or  odd  number 

27.  4-9s  per  day      29.   (i)  2059|ji^  i  (")   5J|+4jf  +4  +  &C 
(III)  9,  6,  4,  25,  &c 

30.    110  X  50       31.  (i)  X*  +  2x^y  +  3xY  +  2xy^  +  y^  ■ 

„      ^  ,  59x^  -  lOOx  +  23 

(n)  7x'  -  14x3  4.  7j.2  4.  33_j.  ,32 — 

^  x''  +  2x  -  1 

(ni)  z"  - 1  +  x">  -  '  +x"'  •  5  +  X  ™  -7  +  &c.,  rth  term  =  x  "  -  ^-^  * 

32.   (1)5  +  2V3;   (ii)  ^/2x  +  1+V2a;-1     33.    15a    x  

34.1184040      35.  x''-2 +  3X-2      36.  1  Or  J  ("  '  i  V^^ 

37.  (i)   X  = ;  y  ^  r ; 

^  a  -  b  b  -  a  ' 

(11)  X  =  0,  10,  4  or  -  2  ;?/  -  0,  10  -  2  or  4 

38.  3  and  3,V     39.  J  +  tV  +  i^r  +  5  +  A  +  ^«r  +  J 

40.  An  identity 

41.  0  ori  (1  i  3V-7)      4:2.  ab -^-bc+ac 

43.  \i  x'^  +  k ^y -  30  y^  +  (p-^^  ^  +  ("  -  9)  yi  or 

T^jx^  -  *xy  -  -^^y'  -  (m  +  p)x  +  (n  +  q)y 
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x  +  7 

44.  y     45.   (i)  X  =  aoT  b  ;  (ii)  a:    -   ?,     4G.  x  =   ±  3  or 

i  W3  ;  y  =  i  4  or  ±  V  V3  i  2  =  i  2  or  +  J  V3     47.  «-  (/)  +  1)» 

G561ii*  -  256x-^u'' 

'  '  81x' +  54y  '        * 

x^  +  x+  1 
50.  Any  series  having  r  -  2      51.1      52.  -— i — , 

63.  X  =  3a  -  &  or  3b  -  a     54.  i  -  15  ;  y  =  20 

55.  X*  +  4x  +  3  ;  x''  -  4xy'  +  Si/" 


56.  x^Ka^  +  Si^)*   (l   ±     h'  -  ^') 
\   _'Ja?+  36V 

(^^  V"'+36V 


y  -  J  (a«  +  36»)* 


57.  7     58.   4a'  6'^      59.  (4a-*-'i^  a^)  ;  (12a»-a) 

{aJrbf  30X-23         x(x='+l)' 

^°-  ""  =  2  (« -T) ;  2/  -  H«  +  6)      61 .  y^^^-TY^  ;  i^Z^^^ix^l 
x^  -  9x  +  24  x         I        y        „ 

64.  (i)  x'-^  -  3x'"  y"  +  2y""  (ii)  x-'"^  -  a^  x-""  +  2aix'"  +  b'^ 

65.  4x'  +  8x3  ^  iQ^  ^  32  .  5^^  ^3  _  0^54  gy,  3^  4^  5^  g,  or  7 

4507a -3166 
68.30   71.  (I)  a*-5a3+ 25a--  138a  +  700 --^^_j;  5^-  ^- 

(II)  X*  +  2x^  +  3  +  2x-^  +  X  -•*. 
36x2  4-  18x  +  29 
'-•"-"   ^3-  -   16x^-81 

74.  i^x*  +  ^  y*  ;  64x2-  iQ^yi  4.  scx'y  -  729y'' 

75.  X  =  3V3  ;  y  =  2V2 

79...1-i'^4.^xy-^    80.x.  +  l;x--H^_±VE±i^Ei?) 
13y       13    -^  -    '  2a  (a -6) 

81.  a^^-t^"     82.  X'^- (a-f  6)  X  -  c     83.  ax"  +  6x  +  ex  ^ 

x^  —  ab 
84,  -2 r-      85.  x^  +j)x  -fp^     86.  =/  (x"  -  Sx^  -  26x  +  120) 

6-1  x5-  1 

87.   —-7       88.    -s r       90.  By  j1   \n   2,   B  in  3,  and   C  m 

a  +  1  x«  +  1  •'  '  ' 

4  hours     91.  x^  +  x-S 

92.  apqx^  +  (aq'^  +  bpq  -  ap^)  x-  -  (apq  +  6//-  -  ^5*)    x  -  fcp^ 

11)  x^y  -  xy* 
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93.  (i)  11a  ;    (ii)  +  V7  ;  (iii)  5  or  -  12  ;  (iv)  x  =  1  or  ±  >^T5, 
V  =  5  or  ^ 

94.  X*  -  x^  -  7x2  -  1  Ix  +  42  =  0  95    „j     gg    ^g*  ^  ab^^2  +  b  ) 

(a*  -  a^  62  V2  +  i*) 

a(rd  —  e-  he)            b  (rd  -  e  —  ad) 
98.   U  5,\,;t   99.  x  .         ^..^^ ;   V  ~     -^_^_ J 

Problem  indeterminate. 

61x  -  70 
100.  J  (a +  6)      101.  5x^  +  lOx^  +  5x  -  23  -  ^.^  _  .^^  ■     ^ 

or  5x*+  10x-+  5x-  23  -  61x-i-52x-2+  79x-^  +  &c 
102.  X  -  7/ ;  if  1/  =  1  the  G.  C.  i»f.  is  x^  +  4x  -  5 

104.  (a^  +  amV2  +  7/1*)  (d^-am  V2  +  iri^)  (a*  +  a'  iri^  'J3  +  m*) 
(7H*  -  u'^  m'^  \J?,  +  /«*) 

105.  1     lOG.   3 

114.0         115.  7x2+ 7xy  +  7^2         116.  2x2  +  x-l 
117.  (2x  -  1)  (x  +  1)  (3x+2)  (3x-2)  and  (2x-  1)  (x  +  1) 
(2x+  1)  (2x-  1) 

1   +  X  +  X2 

118. 7 T         119.  An  indeterminate  equation  ; 

1  -  X  -  X*  +  i'' 

an  identity 

123.   11,  9,  7,  5,  &c  125.  3  -  2  +  J  -  f  + -^f  -  &C 

2618    -'^         391391      "'*  2. 5.8. . .  (3?--l)    -*" 

129.  x6  -  6x''  +  6x*  4-  30x^  -  Slx^  -  24x  +  44  =  0 

46c  -  ad 

130.  H-3  +  V5)  131.  "T^-J^- 

71  +   1 

133.  x  =  2,1/ =  3,  2:^4  134.-^ 

135.  21  and  24  136.  1  +  V^O  137.  x  =  10,  1/ -  8 

140.  1  {±V4«a6  +  (aIl0' -(«  +  '')}     141.  i  or  Jr     142.  f  V3 
a*  6^  c=' 

143    X  ~  4   —  —  •  ■)(  =  4.  — ■  z  =  +  —  — ^ 

145.  62  -  1.         146.   -||-  +  27.         147.  02  +  62^.^2  +  ,^2. 

148.  +  { a  (x  +  2)  -  1{.         149.  a+b  -c. 

3x2  _  43;  _  ]^ 
150.  4x = :  4x  -  Sx^  +  4x-2  +  7x  '  -  llx"*  — -Ac 

xH  2x  -  1     ' 


302  ANSWERS   TO    EXERCISES. 


151.   1  4-x-x»-a*  +  iO  +x'  -  z"  -  r'"  +  Ac 

a*  +  2a^''  +  b*  1 

I'^'S.    — -T-TlT-^T-         1^3-    1         154. 


a*  -  2o'6''  +  6*  ■  (x  -  1)  (X  -  2)  (x  -  3) 

156.  I.  They  must  have  a  common  measure;  ii.  The  coefTi- 
cientsofxmust  be=but  of  opijosite  sign3,and  the  coeflicients  of  x''' 
must  be  =,  and  also  those  of  x"  must  be  - 

157.  21         158.   1  i  2V3         159.  i  ^  V3,  or  0 
1  +P 


161.  ^.  M.  =  UV;   G.  M.--1;  H.  M.  =  f*  163.  0  ;  217 

25     3"  - 1 

^^*-  3  ~  5^-~       ^^^-  Ml  -  (-  ^)"{ ;  ^  (-  ?)"• 

167.  x<+xY  +  i^*  168.  43  169.   2a  -  3//.         l7l.   5. 

ft  (a  +  6)  c  .      , 

172.  a  or ^^ -~  173. , — -  175.  (a-b)^  +  c^ 

2  0  +  b  a  +  ab+l  ^         ' 

14x-4x*  +14  2  {d^-b"') 

176.  T+1  177.   7 ^  v-^— Ts  173.    --,^,2--- 

(X  +  5)  (x*-  1)  a''  +  /j2 


181.  +  Vi(2  «  -  6)  182.  61  or  V  ^7857  183.  f  V"'' 

184.  5  or  64^3       185.  42 

186.  A's  rate  1st  round  is  10  miles  per  hour,  2nd  round  12 
miles  per  hour  ;  B's  rate,  12  miles  per  hour  first  round,  and  10 
miles  per  hour  second.     Neither  wins 

189.  x'5  +x*y2_2.2^.i_yfi       ^90    ^2       ^gj    «r'''+2ci/x+  by'' 

192.  x"  +  1         193.  X  +  4         194.  12a6c 

195.  (a  +  6  +  f)(x  +  j/+2)  196.  x6-12xV+48xV-64j/S  ; 

a-  +  62  197.  id^ip.  +  2aV  +  26V  -  a*  -  6*  -  c*  ;  x'-^  +  1  +  x"^ 

198.  ixV'  -4  2;2/  '^  +  I  -  §x-iy  +  x-y ;  x^  -  2x  +  3 

199.  8x^  -t-  4xi  7/  +  2y2 ;  x'-*  +  (1  -  'p)ax  +  a''' 

200.  x-4:  x''*-  1  ;  x^^  -  d'^  where  j)  is  the  G.  C.  M.  of  m 
and  n 

201.  ax'^  -  2a-x*  -  a*x^  +  2a*x2 ;  x^  -  x'Y  -  d^^''  +  '^V 

2(f  X  +  V  +  c  3a 

202.  1  +  —r-- r  203. 204. —,- 

a  +  b  +  c  +  d  X -y  +  z  a  +  b 

a* 

205.  -—-5 J-        206.   2  207.  x2  -  2x  -  2  :  2x2"  _  ia;3n 

2(a*  +  x2)  3 

a         6         c 

b         c         a 
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am 


209.  —  ;  6  or  J  210.  2-14  or -0-49;  3a  -  6  or  3b  -a 

n 

ac  +  b  c  -  ab 

211-  ^  =  I^TIT^     y  =  iT^*  ;  X  -  4  or  3,  y  =  3  or  4 

212.  x  =  ±^;y  =  ±~,z^±''^         213.  J,  15-;B,21;  C,  24: 
214.  117;  k  {n(n+l)+4-(f,)"};  3V2  +  2V3      216.  5  ±2^/1 

217.  0,  1,  -/s  (4  i  1  V^54)- 

218.  2/i(4«+l)+^(l-16");  (2;i  +  l)(4rt  +  1)  +  J{1 "  (-2)^ 
(4/1  +  3)(2n+  1)  +  Kl-^'""^);  2   (71  +,1)(4«  +  3)  + 

219.  72  221.  90  miles;  $2-70 

222.  x  =  0,  or  2"(V  10V5-  '70  )  or-2  (  V  10V29^46)or±3V^ 

4;7i  Am       _ 

224.  I   — (mi  ^Jm^-n^)  and — (m  +  V'"^  -  «^) 


\in*  1). 


11  4(m  +  Vm^  -  OT'O  and  4  (m  +  V"^^  -  "'«) 
225.  Ages  at  first  trial  =11  and  15 

Tlirows  at  first  trial  =  66  and  90  feet, 
And  at  second  trial  =  74  and  90  feet. 


P 


'>-/.•,,'.';;.  iw. 


